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Abstract
We construct Lie symmetry generators of some fourth order difference
equations. We use these generators to derive similarity variables that
make it possible to obtain exact solutions. In some cases, we study peri-
odicity and asymptotic behavior of the solutions.

2010 Mathematics Subject Classification: 39A11, 39A05.
Key words: Difference equation; symmetry; reduction; group invariant solu-
tions

1 Introduction

Several years back, Sophus Lie studied the invariance property of equations un-
der a group of transformations. The approach used was later known as Lie
symmetry method. This method has been used to solve differential equations,
and recently it has been applied to difference equations. Although Maeda stud-
ied difference equations via Lie symmetry analysis in twentieth century [9, 10],
it is Hydon who really rekindled the interest for solving difference equations via
symmetry. For Hydon’s work, refer to [8].

Most often, difference equations arise as a result of discretizing differential equa-
tions, especially in phenomena that depend on time. There are many ways in
which a differential equation can be discretized (see [4]). Difference equations
have numerous applications. For example, biological systems, population dy-
namics, economics, physics (see [1, 2]). Although difference equations appear
simple, finding their solutions can be incredibly difficult. The symmetry ap-
proach to finding solutions of difference equations is recent and the reader can
refer to [8] and some recent articles [5-7, 11, 12] for further knowledge on this
method.

In this paper, we consider the system of difference equations

TnTp41 (1)

Tnt4 =
xn+3(an + bnxnanrl)

where (an)nen, and (b, )nen, are non-zero sequences of real numbers. For equa-
tion (1), we derive all Lie point symmetries and give formulas for solutions in
closed form. We also discuss periodicity and asymptotic behavior of solutions
in some cases.
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1.1 Preliminaries

In this section, we give a background on symmetry methods for difference equa-
tions. Our definitions and notation come from [3, 8, 13].
Consider the difference equations

Tn+4 :Q(xn7xn+laxn+3)7 (2)

where n denotes the independent variable; x,, the dependent variable. In this
case Uy4; denotes the ‘i-th shift’ of wu,,.
Consider the group of transformations

(n,xn) = (n, &, = 2 +Q1(n, ) + O(?)), (3)

where @ is the characteristic of the group of point transformations. Let

X = Q(n,xn)% (4)

be the corresponding infinitesimal generator. The group of transformations (3)
is a symmetry group if and only if

Q(n+4,Q)—X(Q) =0, (5)

whenever (2) holds. Here,

0 0
X=Qn,z,)— +Q(n,zx — +Q(n+3,z —_—
Q( n) 8(En Q( n—i—l) a$n+1 Q( n+3) 8$n+3
denotes the prolongation of X to all shifts of x,, appearing in the right hand sides
of equations in (2). Equation (5), known as the linearized symmetry condition,
can be solved for @) by applying the appropriate differential operators. The
characteristic, together with the canonical coordinate

dz,,
s= | ——, 6
/ QU ) ©)
are necessary in the reduction of order of (2). The following definition can be

used to check if a given function is invariant under a given group of transforma-
tions.

Definition 1 [13] Let G be a connected group of transformations acting on a
manifold M. A smooth real-valued function ( : M — R is an invariant function
for G if and only if

X)) =0 for all x € M.
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2 Main results

2.1 Symmetry and difference invariant

To obtain the the criterion which gives the Lie point symmetries of (1), we force
(5) on

TnIn+1 (7)

Tn44 = .
anrS(an + bnxnanrl)

This leads to

xnzn—}-l(an + bnxnxn+l)Q(n + 3, xn+3)
xn+32(an + bn-'L'nx'rLJrl)2
Can[TnQn + 1, Tng1) + Tn1 Q(n, 0] 0 s)
xn+3(an + bnmnxn—&-l)Q

Q(TL + 47 l’n+4) +

The methodology of solving these functional equations is given as follows:

Tnt1 o)
Tn 8{1?71+1

e Firstly, apply the differential operator % + on equation (8).

This leads (after simplification) to

Gnp
anrlQ/(n +1, anrl) - $n+1Q/(n7 xn) - Q(n +1, xn+1) + ;Q(nv xn) =0.
n

e Secondly, differentiate with respect to x,,, separate by powers of x,,;1 and
solve the resulting system of over determining equations for . This gives

Q(n, ) = a(n)zn + B(n)
for some functions « and 8 of n.

e Lastly, substitute the latter in (8) to eliminate any dependency among the
arbitrary functions that appear in ). This leads to the constraints

am)+an+1)=0and p(n)=0. 9)

We have omitted the details in the computation. The constraints in (9) are
readily solved (a(n) = (—1)") and we have

Q= (-1)"zn. (10)
Consequently, Equation (1) admits a one dimensional Lie algebra:
0
X = (—1)"z, -2 11
(~1)an s (1)

The canonical coordinate is given by

Sp = /(dx" = (=1)"In |z, (12)
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and the difference invariant which is inspired by the form of the final constraints
(9) is given by

u, = (—1)"s, + (=1)" s, 1. (13)

It is not difficult to verify, using Definition 1 together with (11), that (13) is
indeed invariant under the group of transformations of (1). For simplicity, we
prefer using the compatible variable

|un| = exp(—up) (14)

which is also invariant. This gives a convenient choice of the change variables
which does not require lucky guesses. With this variable u,,, it follows that

Unt3 = Anplpy + by (15)
whose solution is given by
n—1 n—1 n—1
U3ntj = Uj (H a3k1+j> + Z <b3l+j H a3k2+j> , J=0,1,2. (16)
k1=0 1=0 ka=I+1

To obtain the solutions of (1), we go up the hierarchy created by the changes
of variables. By evaluating (13) as a telescoping series, we have

n—1

(=" = (=1)"" > (=DM, + (=1)"so (= 1Infz,| from (12)), (17)
k1=0

i.e.

Ty = exp {(1)"1 i (=1)*ruy, + (1)n50} ) (18)

k1=0

n—1
= exp{ Z (=1)"*F Inwuy, +Inzg}, (19)
k1=0

where all the ug,’s are obtained using (16).
Note. Equation (19) gives the closed form solution of (1) in a unified manner.
Looking at the form of u; in (16), we rephrase (19) as follows:

6n+j—1
L6ntj :exp{ Z (—1)5m IR gy, + lnxo} , (20)
k1=0

o T (H —— ) 7 (21)

im0 \p—p U6i+j+2r+l
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7 =0,1,...,5. More clearly,

S
|
—

U3(2¢) U3(2i)+2 U3(2i+1)+1

(22a)

ZTen —I0

—

-
I
=}

)
U3(23)+1 U3(2i+1) U3(2i+1)+2

i
L

U3 (24 u3(2; U3(2;
T 3(2i)+1 3(2i+1) 3(2 +1)+2’ (22b)

U3(2i)+2 U3(2i+1)+1  U3(2i42)

<.
Il
=]

S
|
—

Pong2 =72 U3(2i)+2 U3(2i+1)+1 U3(2i42) (22¢)
7 - 9’
- U3(2041) U3(2i4-1)+2 U3(26+2)+1

«
Il
=

i
L

U3 (2 us3(2; U3(2;
Tenis =T3 3(2i+1) 3(2i4+1)+2 U3(2 +2)+1’ (22d)

U3(2i+1)+1 U3(2i+2) U3(2i+2)+2

~
Il
=]

S
|
—

" — U3(2i+1)+1 U3(2i+2) U3(2i+2)+2 (22¢)
6n+4 =T4 ,
0 U3(2i41)42 U3(2i4-2)+1  U3(2i+3)

«
Il
=}

i
L

" — U3(2i4+-1)+2 U3(25+2)+1  U3(2i4-3) (22f)
6n+5 —45 .
o U3(2i42) U3(2i+2)+2 U3(2i+3)+1

o
I

We then substitute the expressions given in (16) in (22) to get

2i—1 2i—1 2i—1 2i—1 2i—1 2i—1
ne1  uo[lasy +3 bs;[]as, uzflau+24*§:bw+2IIakb+2
_ H 11=0 =0 lp=j+1 =0 l2 =j+1
Ten =T0 2i—1 2i—1 2i—1
=0 Ha3l+1 + 255]4-1 [Tasi+1  wo Ha3z + Zbi’)] Haklg
=0 lo=j+1 Jj=0 la=j+1

u1 H asi+1 + Z b3j+1 H Akly41

j=0 la=j+1 )
= - , (23a
U2 H asi+2 + Y bsjr2 [[ ariy+2
j=0 lo=j+1
2i—1 2i—1 2i—1
ne1 Ui lTasi+1 + D bsjrr[lasi+1 wo Hasz + Z b3; Ha312
" — H 11=0 7=0 lo=7+1 j: la J+1
6n+1 =1 2i—1 201 21
=0 g H1131+2 + > bzjro [l asi+2 w Hasz+1 + Zb3]+1 Ha312+1
j=0 la=j+1 j=0 lo=j+1

U2 H asi+2 + Z b3jt2 H a3ly+2

j=0 lo=j+1
2i+1 2i4+1  2i41 ’ (23b)
U H asi + Y bs; [[ asi,
Jj=0 la=j+1
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27—1 27—1
o1 W2 [Tasi 42 + > bs;+2 H a3ly4+2 Ul H asi+1 + E b3j+1 H asly+1
11=0 7—0 l2 =j+1 Jj=0 la= J+1
=0 uo H as; + Z b3; H asi, U2 H asi+2 + E b3jt2 H a3zl +2
Jj=0 la=j+1 Jj=0 la=j+1
2i+1 2i+1  2i+41
Uo H asi + > bs; [Tas,
Jj=0 la=j+1
2141 2i+1 2i+1 ? (230)

{751 H asi+1 + > b1 [ asio+1

j=0 lo=j+1
21

% 2%  2i
ne1  uollasiy, +> bsj[las, ue H asi+2 + Y bajt2 H asiy+2

11=0 j=0 12:j+1 j=0 la=j+1
Ten+3 =T3 H 2i 2i 2i+1 2i+1  2it1
=0 H asi+1 + Y. b3j+1 H asiy+1 Uo H azi + Y bs; [ asi,
j=0 lo=j+1 j=0 la=j+1
2041 241 2i41
u1 H asi+1 + Y bsj+1 [[ asip+1
j=0 lo=j+1 (23d)

2i41 2041 2i41 ’

U2 H asiy2 + > bsjyo [[asin+2
j=0 la=j+1

2i 2i 2 2i+1 2i4+1  2i+1
_qur [Tasi+1 + > bsj+1 [T asis+1 uo H az + ) bsj [[ aa,
H llf j:0 l2:j+1 j=0 la=j+1
Ten+4 —T4 2i+1 2i+1 2i+1
=0 qy H asi+2 + Z b3jt2 H asly+2 U1 H asi+1 + Y b3j4+1 [ ario+1
7=0 lo=j+1 j=0 lo=j+1
2i+4+1 2141 2i+1
Uz H asiy2 + > bsjye [[asio42
=0 la=j+1 ( )
2i+4+2 2i42 242 ’ 236
() H as; + Z bs; H a3,
J=0 la=j+1
21 21 2i+1 2i+1 2i+1
g U2 1'[ asi 12 + > bajro [ asipt2 w1 H asit1 + 2 bja [T asi, 11
z . H 11=0 Jj=0 la=j+1 Jj=0 la=j+1
5 =
6n+5 5 J 2i+1 241 2i+1 2i41 2i+1 2i+1
i=0 U H aszi + > bs; [ asi, U2 H asi+2 + Y bsjt2 [] asig+2
J=0 lo=j+1 =0 Jj=0 la=j+1
242 2142 2i4-2
uo H aszi + > bs; [Tasi,
J=0 la=j+1
242 242 2042 ' (23f)
u H azi+1 + 2 bsjv1 [] asip+1
Jj=0 lo=j+1
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We rewrite (23) in terms of initial conditions only as follows:

27—1 2i—1 2i—1 2¢—1 2i—1
ne1 Iasy +xows 30 bs; [Tase, H asit2 + 2223 ) bajiz [[ w42
JER—— H 11=0 Jj=0 la=j+1 Jj=0 l2 =j+1
6n =10 2i—1 27—1 2i—1 21
=0 H asi41 + x1x2 Y bajr1 [[ asip+1 H az + ox1 Y b3j H Akl
j=0 lo=j+1 Jj=0 la=j+1
21
H asi+1 + T1x2 Y b3j41 H Aklyt1
j=0 lo= J+1
: (24a)

H a3l4+2 + T2x3 Z b3j 42 H Akly+2
j=0 lo=j+1

2i—1 —1 2¢—1 21
ne1 Ll asi+1 + 122 Z bzji1[]asi, 1 H asr + Tox1 Z bs; [ as,
. — Hh— Jj=0 la=j+1 7=0 Iz J+1
6n+1 =1 2i—1 2i—1 2i—1 2i
=0 H asi+2 + T2x3 Y bajt2 [ asip+2 H asi+1 + 122 Y bzjt+1 H a3l5+1
Jj=0 la=j+1 j=0 la=j+1
21 21
H asi+2 + T2x3 Y bgjto [| asig+o

j=0 la=j+1 (24b)

2341 2341 2341 ’

H az + xox1 Y baj [[ as,
Jj=0 la=j+1

2i—1 27—1
ne1 L1 a3, +2 + 23 Z b3;+2 1T asiy+2 H asi+1 + 172 Z b3j+1 H asly+1
- — Hh— Jj=0 l2 =j+1 Jj=0 la=j+1
6n+2 —L2 21 21 21 21
=0 [Tas: + zoz1 > bs; H asi, H asi+2 + 2wz Y bzjta [] asip+2
=0 Jj=0 la=j+1 = Jj=0 la=j+1
2i+1 2i+1  2i+41
H as; + xox1 Y baj [ asi,
Jj=0 la=j+1
, (24c¢)
2i+1 2141 2i+1

H asi+1 + z1x2 Y bgjt1 [[ asip+1

Jj=0 lo=j+1

21 21 27 21
S H asi;, + xox1 Y bsj [[asi, H asi+2 + T2x3 Y b3jt2 [ asio+o
. — H 11=0 j=0 la= J+1 j=0 lo=j+1
6n+3 —L3 2i 201 2041 201
=0 TTagi+1 + z122 Z b3j41 H asiy+1 H asi + zox1 Y bsj [[ asi,
=0 j=0 la=j+1 Jj=0 la=j+1
2i4+1 2i41 2i+1
H aszi+1 + z1x2 Y b3j4+1 [[ asip+1
j=0 lo=j+1 (24d)
2741 2¢+1 2141 ’

H agi+2 + T2x3 Y b3jt2 [ asiy+2
j=0 la=j+1

21 21 21+1 2i4+1  2i4+1
ne1 11 asi+1 + 122 Y bajy1 H a3ly+1 H aszi + zox1 Y bsj [[asi,
Hllf j=0 2 J+1 j=0 la=j+1
Ten+4 =T 2i+1 2it1 2i+1
=0 H asi+2 + T2x3 Z b3jt2 H a3ly+2 H asi+1 + 12 Y b3jt1 [ Grig+1
j=0 lo=j+1 j=0 lo=j+1
2141 21+1 2141
H agi+2 + T2x3 Y b3jt2 [ [ asiy+2
j=0 la=j+1 ( )
2i42 2i42  2i42 ’ 246
H az + xox1 Y bs; [ ] aa,
j=0 la=j+1
7
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2i+1

2i+1 2i+1

n—1 H asp,+2 + 23 Z b3j 2 H a3io+2 [[ a1 + 122 Y bsj1 [T asi41

11=0
Ton+s5 =Ts H 2i 11

j=0

la=j+1

1=0

Jj=0 la=j+1

2i+1

2i+1

2i+1

=0 [Tasi + zoz1 > bs; [ asiy
1=0 =0 lz=j+1
2142 2i4+2  2i+42
H as; + xzox1 Y baj [ asi,
Jj=0 la=j+1
2i+2 2142 2i+2

’

H asi+1 + 12 Y b3jt1 [[ asip+1

where x4

Jj=0 lo=j+1

xor1/(x3(ag + boxox1)) and xj

2i+1 2i+1

H asit2 + T2x3 Y bsjta [ | asig+o
i=

j=0 la=j+1

(24f)

zox3(ag + bowor1)/(zo(ar +

bixz122)). In the following subsections, we study some special cases.

2.2 The case where (a,) and (b,) are 3 periodic sequences

Let ap = {a05a1;a2;a0;a1;a27'°'

tions in (23) reduce to

Ten =T0

Ten+1 =T1

Ten+2 —T2

Ten+3 =T3

Ten44 =T4

Ten+5 =I5

} and bn = {bo,bl,bg,bo,bl,bQ,...}. Equa—
2 2i—1 2i—1 241 24
2
w1 Q8 bowoxt Yo ad a3t + boxoxs Y al aP T 4 bizian Y al
H Jj=0 j=0 7=0
2i—1 e 2i a2 )
'— ¥ ¥
=0 g2 4 bizize Y a) al T + bozor1 Y a) a + bazozs Z al
7=0 7=0 7=0
2i—1 20 2i o
¥ ¥
o1 aY Fbiziae Y al a2 + boxox: Y. al a + bazozs Z al
H 7=0 7=0 7=0
2i—1 2_+1 2 . 9it2 2i4+1 7
;— ¥ T
i=0 q2¢ 4 hywows Z a2 T+ bizize Y al ag' " 4 bozox1 Y af)
Jj=0 Jj=0
2i-1 bis1 2 i 241
7 7
w1 @3 bomoxs Yal ¥ 4 bimize Y af a2 4 bowox 3 al)
H j=0 j=0 j=0
2t 2i 2t 2i 2 42 2i4+1
p— 1 1
=0 gt £ bozoxt Y ad a5’ + baxaxs Y a2 bz Y df
§=0 j=0 j=0
bit1 2 bii1 2 i, 241
1 1
no10g o Fbozora 3oah u2ay™ +b23 ay ay" +bamiws Yo ay
H j:O Jj=0 j=0
a2+ a2it? 2l aZit? 2l
; — 7 7 7
=0 + biz122 Z al + bozox Z aO + bozoxs Z a2
j=0 Jj=0 Jj=0
2 1 2642 2i+1 | 2642 2i+1 |
7 7 7
no1 @ —|—b1x1x22a1 + bozox Zao +ng2x32a2
H Jj=0 j=0 j=0
sitt 2i g2 2l 2its 2i12
;— 7 2 X
=0 q3"" + bowoxs Y a2 +bizize Y. al ag’™" + bozox1 Y ad
=0 =0 3=0
2 1 2612 2i+1 | 2643 2i+2 |
7 7 7
n-1@ +52112$32(12 +biziza Y al af " + bowoz1 Y af
Jj=0 Jj=0 Jj=0
2342 2i4+1 2342 2i4+1 2943 2i4+2
— 3 7 7
=0 q&" T 4 bozoxy Zao +b2x2x32a2 al'"™ + bz Y al
j=0 j=0 j=0
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2.3 The case where (a,) and (b,) are real constants

Let a,, = a and b,, = b. Equations in (23) give rise to

2i-1 2i-1 i
2i i 2 i 2041 i
_a¥ +bzors Y. al a® +brazrsd.a’ @® T +briwe Y a?
11 i=0 7=0 i=0
Ten —T0 % % s (25&)
=0 g2 4 br1xe Y, af a1+ bxox Y al a4 broxs Yy a?
3=0 i=0

2¢—1

j=0
0 21

1
ne1 @7+ briz2 )Y d’ a

2% 2%

B 4 brox: S a? o 4 baoas Y af

B i=0 j:
Ten+1 =T1 Py

j=0

T (25b)
=0 20 4 howaxsz » al a1l 4 bryxg Z a’l a2 4+ broxy Y. al

J=0 7=0
2 =y g2+t 242 Range
o1 @2 broxs Y al +b1x1x22a3 + bxoz1 Y’
j=0 j=0
21

j=0

Ten+2 =T2

[Jam

—— (25¢)
21 2i+1 ’ 25C
=0 @21+l 4 hroxy Y, ad a4+ broxws Y al a2 + bz Y al
=0 Jj=0 Jj=0
2i+1 2i+1 2i+2 gy
ne1 @ T ] Z @’ a® ! 4 bozoxs Z @ a®? + brixe Sa’
_ H Jj=0 Jj=0 Jj=0
Ten+3 =T3 27 2i+1

21+1 ,(25d)
i=0 g2+l 4 bixixe > al a2 + broxy Z al a? 2 4 bxoxsy . al
7=0 7=0

Jj=0
g2+l 2642 2i4+2 Tl
0% by Z a? a®2 + bxoxy Z aJ 2 4 braxs S af
J:0 J70 j=0
Ten44 =Ta H

2i4+2 7 (256)
i=0 g2+l 4 hroxs Z a’ a?it2 4+ bxixo Z a’l a?t3 4+ broxy Y af
J=0 j=0

7=0
2441 2i+2 2i+3 2Lz
ey 02T 4 brows Z a? a®? 4 brixo Z a] 3 4 browr Y af
]=0 J—O j=0
Ten+5 =I5 H 272 " (25f)
i=0 q2i+2 4 hroxy Z al a?it2 4 bxoxs Z a’l a3 4+ brixe Y af
j=0

J=0

7=0

2.3.1 The case where a =1
Equations in (25) simplify to
n—1

— H 1 + 2tbxox 1+ 2tbxaxs 1+ (Qi + 1)b$13}2
"m0 A T 20w w14 (20 + Dbzow 1+ (20 + 1)bzazs

(26a)

" — H 1+ 2ibr1z2 1+ (Qi —+ 1)bx0:c1 1+ (Qi —+ 1)bx2:c3
bnl =l 0 1+ 2tbzoxzs 1+ (2’5 + 1)b.’1?1$2 1+ (2’5 + 2)[).’1?01’1

(26b)

14 2ibzoxs 14 (20 + 1)bziza 1 4 (2 + 2)bxoxs 9
n = C
Tont2 =T2 H 14+ (26 4+ Dbzorr 1+ (26 + 1)bzozs 1 + (2 + 2)bzr1z2’ ( 6 )
9
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1+ (20 4+ 1)bzox1 1+ (20 + 1)bzazs 1 + (26 + 2)bx122 26d
Ton+3 =T3 H 14 (20 + 1)bz1zo 1+ (21 + 2)bzoz1 1 + (26 + 2)bz2zs’ ( )

1+ (20 + 1)bzixza 1+ (20 + 2)bzoz1 1 + (26 + 2)bxazs 9
n+4 = &
Tontda =T4 H 1+ (26 + )bzows 1+ (26 + 2)bx1w2 1 + (26 + 3)bxoz1’ ( 6 )
14 (26 4 1)bzozs 1+ (20 + 2)bziza 1 + (20 + 3)bzox: 26f
Tonts =I5 H 1+ (20 + 2)bzoz1 1+ (20 + 2)bwaws 1 + (20 + 3)bxixe ( )
2.3.2 The case where a = —1
Let a, = —1 and b,, = b. Equations in (23) result in
= . $0($11'Qb — 1)” z o ml(momlb — 1)”(2721‘3() — l)n
bn = (:Iioxlb — 1)”(%2%31) — 1)”7 bntl = (331:1}2() — 1)” ’
z o 1‘2(1:11‘2[) — l)n = o xg(l‘ol'lb - 1)"(2721‘3() — l)n
bnt2 = (1‘0$1b — 1)"(1:21)31) — 1)” rents = ($1$2b — 1)" ’
1‘01‘1(1‘11‘2b — 1)” o3 (momlb — 1)n+1(562.1‘3b — ].)n
Ten+4 = Ten+5 =

1’3(1’01’1()— 1)"+1(a:2333b— 1)”’ xo(xﬂtgb— 1)"+1

2.4 Existence of six periodic solutions

From (26), if @ = 1 and b = 0, then the solution of (1) is periodic with period
six as long as ug # x9 or 1 # z3. It should also be noted that the solutions are
periodic with period two when xy = x2 and z; = x3.

The graphs below are cases where the solutions are six periodic.

08

IAVWAY
: JT W\/"W”V\

Figure 1: a = 1,0 = 0,20 = 0.1,z1 = Figure 2: a = 1,0 = 0,20 = 0.7,21 =
0.2,29 = 0.3, x3 = 0.44. —0.2,22 = 0.33, 23 = —0.8.
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2.5 Existence of 12-periodic solutions

Using (27), we have that if a = —1 and b = 0, then the solution of (1) is periodic
with period twelve.
The graphs below are cases where the solutions are twelve periodic.

T

Figure 3: a = —1,b= 0,20 = 2.2, 71 = Figure 4: a = —1,b= 0,20 = 0.2, 71 =
1.1, 20 = 0.9, 25 = 0.3. 1.1,20 = —0.9, 25 = 0.3.

3 Asymptotic behavior of the solutions for con-
stant coefficients

Theorem 1 Let {z,}nen be the solution to the sequence in (1) where a, = 1
for allm >0 and b, =b# 0. Then

lim z, = 0.
n— oo

Proof 1 Using (26), we have that

. ”lif 1+ 2ibzozs 1+ 2ibwazs 1+ (20 + 1)baias
O Ll T 2ibaras 1+ (20 + Dbzozs 1+ (20 + 1)bzazs

e H 1+ 2ibxox1 1+ 2ibxoxs 1+ (20 + 1)bz1x2
L T 2i + Dbwozs 1+ (20 + Lbzazs 1+ (20)ba12

b:Eo:El -t b{EQZE;g -t b:E1{E2
= 1 1+ —— 1+ —
o H ( + 1+ Zbeoxl) ( + 14 2ibxazs + 14 2ibx1z2

We know that 1 + 2ixgxpy1 — 00 as © — oco. Hence, there is a sufficiently
large integer t such that for i > t, we have

1+ 2izpxis1 ~ 20Tk Th1-

11
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Thus

s 1\ 1\ 1
ZTen =xol'(t) H (1 + 21,) < + Zi) ( + 22)
i=t+1
1\ " 1\ " 1
=xzol'(¢ H exp ( % ) +1n (1—}—27) +1n (1_‘—27')

i=t+1
t -1 -1
bl‘ol‘l bIzI:; bIlmg
= 1 1+ —— 1+ — .
1;[ ( + 1+ 2zba:ox1) < + 14 Qiblfglfg) ( + 1+ 2ib$1l’2)

Utilizing the expansion In(1+ ) = 2z + O(2?),(1 +2)"! = 1 — x + O(x?), for
x — 0, we obtain

ron sttt T o[£ v0 (1)

i=t+1

—wol(¢) exp [— :z:l (211)] :1:[_:1 exp {o <Zi2)] .

lim zg, =0 as n — oo.
n— oo

where

Therefore,

Similarly,

lim zgp4+; =0 as n — oo,
n—oo

for j=1,2,3,4,5.

References

S oy garwal, 1erence quatlons an nequa. ltleS7 eKker, ew YOI
1] RP. A 1, Diff Equati a1 lities, Dekker, New York
(1992).

[2] L. Berezansky and E. Braverman, On impulsive BevertonHolt difference
equations and their applications, J. Difference Equ. Appl. 10:9 (2004), 851—
868.

[3] G. Bluman and S. Anco, Symmetry and Integration Methods for Differen-
tial Equations, Springer, New York (2002).

[4] V. A. Dorodnitsyn, R. Kozlov and P. Winternitz,Lie group classiffcation
of second-order ordinary difference equations, J. Math. Phys. 41 (2000),
480-504.

[6] M. Folly-Gbetoula and A.H. Kara, Symmetries, conservation laws, and
integrability of difference equations, Advances in Difference Equations,
2014:224 (2014).

12

656 Folly-Gbetoula 645-657



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

[6] Folly-Gbetoula M, Ndlovu L, Kara A H and A Love , Symmetries, As-
sociated First Integrals, and Double Reduction of Difference Equations,
Abstract and Applied Analysis 2014, Article ID 490165, (2014) 6 pages.

[7] M. Folly-Gbetoula and D. Nyirenda, On some sixth-order rational recursive
sequences, Journal of computational analysis and applications, 27:6 (2019)
1057-1069.

[8] P. E. Hydon, Difference Equations by Differential Equation Methods, Cam-
bridge University Press, Cambridge, (2014).

[9] S. Maeda, Canonical structure and symmetries for discrete systems, Math.
Japonica 25 (1980), 405-420.

[10] S. Maeda, The similarity method for difference equations, IMA J. Appl.
Math.38 (1987), 129-134.

[11] N. Mnguni, M. Foly-Gbetoula, Invariance Analysis of a Third Order Difer-
ence Equation with Variable Coefficients, Dynamics of Continuous, Dis-
crete and Impulsive Systems 25 (2018), 63-73.

[12] M. Mnguni, D. Nyirenda and M. Folly-Gbetoula, On solutions of some
fifth-order difference equations, Far Fast Journal of Mathematical Sciences,
102:12 (2017) 3053-3065.

[13] P. J. Olver, Applications of Lie Groups to Differential Equations, Second
Edition, Springer, New York (1993).

13

657 Folly-Gbetoula 645-657



