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Abstract
This paper is devoted to give exact solutions of the variable coefficient fractional Zhiber -Shabat
equation with space-time-fractional derivatives. Moreover, by using the Hermite transform and the
homogeneous balance principle, the white noise functional solutions for the Wick-type stochastic
fractional Zhiber-Shabat equation are explicitly shown. Detailed computations and implemented
examples are explicitly provided.
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1 Introduction

The main task of this paper is to explore exact solutions for the following fractional Zhiber-Shabat
equation with variable coeflicients:

Oyor Opost + p(t)e” + q(t)e ™ +r(t)e 2" =0 (1.1)

where Oger, 02 (0 < g, a2 < 0) are the modified Riemann-Liouville fractional derivatives defined
by Jumarie [6] and ¢(t),p(t) and r(t) are bounded measurable or integrable functions on R .
Random waves is an important subject of random fractional partial differential equations. Recently,
both mathematicians and physicists have devoted considerable effort to the study of explicit solu-
tions to nonlinear integer-order differential equation. In the past decades, an important progress
has been made in the research of the exact solutions of nonlinear partial differential equations
(PDEs). To seek various exact solutions of multifarious physical models described by nonlinear
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PDEs, various methods have been proposed. There are many authers studied this subject. Wadati
first introduced and studied the stochastic KdV equation and gave the diffusion of soliton of the
KdV equation under Gaussian noise in ([10]-[12]). Xie firstly researched Wick-type stochastic KAV
equation on white noise space and showed the auto-Bachlund transformation and the exact white
noise functional solutions in [14], furthermore, Chen and Xie ([1]-[3]) and Xie ([15]-[17]) researched
some Wick-type stochastic wave equations using white noise analysis method. Recently, Ugurlu
and Kayal9] gave the tanh function method, Wazzan [13] showed the modified tanh-coth method,
these methods have been applied to derive nonlinear transformations and exact solutions of non-
linear PDEs in mathematical physics. If Eqn.(1.1) is considered in random environment, we can
get random fractional Zhiber-Shabat equation with space-fractional derivatives. In order to give
the exact solutions of random fractional Zhiber-Shabat equation with space-fractional derivatives,
we only consider this problem in white noise environment. Wick-type stochastic generalized frac-
tional Zhiber-Shabat equations with space-fractional derivatives is the perturbation of Eqn.(1.1)
by random force W (t) o R®(U,Uyt) , which represented by:

Opor Dy U + P(t) 0 eV 4+ Q(t) 0 ) 4+ R(1)e*2Y) = W (#) o R°(U, Upor ya2) (1.2)
where W (t) is Gaussian white noise, i.e., W (t) = B'(¢) and B(t) is a Brownian motion, R(u,ugae1se2)
= — 310301 02w — [oet — [Fze™™ — Bue 2% is a functional of u, o1 Dpesu = % = Ugergoo

for some constants f(i,...,04 and R° is the Wick version of the functional R. ” ¢” is the Wick
product on the Kondratiev distribution space (S)—; and P(t),Q(t) and R(t) are white noise
functionals. Eqn.(1.2) can be seen as the perturbation of the coefficients p(t),q(¢t) and r(t) of
Eqn.(1.1) by white noise functionals.

This paper is devoted to give white noise functional solution for Wick-type stochastic general-
ized fractional Zhiber-Shabat equations with space-fractional derivatives. Moreover, the Hermite
transform and the homogenous balance principle are employed to find the exact solution for stochas-
tic fractional Zhiber-Shabat equation with variable coefficient. Finally, implemented examples are
explicitly shown.

2 Preliminaries

There are different definitions for fractional derivatives, for more details (see [5, 6]). In our paper
we use the modified Riemann-Liouville derivative defined by Jumarie [6]:

ey @ =) )~ O, a <o

D} f(z) = ﬁ% JE@ = y) ) - FO)ldy, 0<a <1, (21)
U(a—n)(@ﬂ”% n<a<n+1l, neN

which has merits over the original one, for example, the a-order derivative of a constant is zero.
Some properties of the modified Riemann-Liouville derivative were summarized in [5] , three useful
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formulas of them are

0wpg_ TA+P) LB

Dmxﬁ_—l"(l—kﬁ—a)ﬂ ) ﬂ>0a

(u(a)o(@) = u(z) DE0(@) +v(z) Du(z), (22)
fuw)] = F05uo) = () Diftw)

U

D3
Dz

Now, we outline the main idea of the modified fractional sub-equation method. Many authors
considered nonlinear FPDE, say, in two variables

F(u,ug,ut, Dou, D{u, ...) =0, 0<a<l (2.3)

where F' is a nonlinear function with respect to the indicated variables. To determine the solution
u = u(z,t) explicitly, we first introduce the following transformation

u=u(§), §=E&(x,1) (2.4)
which converts Eq.(2.3) into a fractional ordinary differential equation
G(u, v, u”, D', Dgau, ..)=0. (2.5)
Next we introduce a new variable Y = Y (&) which is a solution of the fractional Riccati equation
DY =ho+mY +hY?, 0<a<l, (2.6)

where hg, h1 and hg are arbitrary constants. Eq.(2.6) is the fractional Riccati differential equation,
where « is a parameter describing the order of the fractional derivative. In the case of a = 1 Eq.(2.6)
is reduced to the classical Riccati differential equation. The importance of this equation usually
arises in the optimal control problems. The feed back gain of the linear quadratic optimal control
depends on a solution of a Riccati differential equation which has to be found for the whole time

horizon of the control process [18, 19]. Then we propose the following series expansion as a solution
of Eq.(2.3)

u(@, t) = u(€) = ap(z, )Y (€) + > bi(x,t)Y *(¢), (2.7)
k=0 k=1

where ai(k = 0,1,...,n),bx(k = 1,...,n) are functions to be determined later and n is a positive
integer which can be determined via the balancing of the highest derivative term with the nonlinear
term in equation Eq.(2.5). Inserting Eq.(2.7) into Eq.(2.5) and using Eq.(2.6) will give an algebraic
equation in powers of Y . Since all coefficients of Y* must vanish, this will give a system of algebraic
equations with respect to ay and by, . With the aid of Mathematica, we can determine a; and by, .
According to the recent paper by Zhang et al. [19], we can deduce the following set of solutions of
Eq.(2.6).

Yi(€) = Ea(6) — 1, ho=hy =1, hy =0,
Y2(€) = cothy (€) £ cschq (€), Y3(€) = tanhy (€) £ sechq(€), ho=—ha =3, h1 =0, (2.8)
Yi(€) = & tanq (2€), Y5(€) = & cotq(2¢), ho = the =1, by =0,

3
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with the generalized hyperbolic and trigonometric functions

sinh, (z) cosh,, (z) 1 1
tanh, = T N the = T ho = T N h
anba(z) cosh,, (z) cotha(2) sinh,, (z) cscha(w) sinh, (z) secha(w) = coshy (z)’
Ea o _Ea -z Ea @ Ea -z a
() = ZE ) g () = Bl Bl gy () - Sele)
[e% Ea %) — Ea —ix® Eoz ‘ —ix®
COta(l') = Z?ja((i)), sina(a:) = (Z.T ) T ( T ), COSa(iU) _ (lﬂf ) 5 ( 1T )
J
defined by the Mittag-Leffler function E,(y) = >_72, m. For more details about the gener-

alized exponential, hyperbolic and trigonometric functions see [8].

3 Exact Solutions of Eqn. (1.2).

Many authors considered nonlinear equations of the form
P(uautau:muzt:uz:muz:m:a-'-) =0 (31)

where P is a nonlinear function with respect to the indicated variables. Introducing the one wave
variable ¢ =z — ¢t carry out the two independent partial differential equation (3.1) into an ODE

N(u, v ;" u",..) =0 (3.2)

Equation (3.2) is then integrated as long as all terms contain derivatives. The tanh technique is
based on the priori assumption that the travelling wave solutions can be expressed in terms of the
tanh function [7]. We therefor introduce a new independent variable

Y = tanh(u()
that leads to the change of derivatives:
d d
— 1-Y?
dC & )dY
d? 9 d d?
— =1 -Y?)(-2V =+ (1 -V —

The solution can be proposed by the tanh method as a finite power series in Y in the form:

u(pg) = Z a,Y*, (3.3)

limiting them to solitary and shock wave profiles. However, the extended tanh method admits the
use of the finite expansion

u(pl) = Z apY"® + Z arY 7, (3.4)
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where M is a positive integer, in most cases, that will be determined. Expansion (3.4) reduces to
the standard tanh method [7] for ax = 0,1 < k < M . Substituting (3.3) or (3.4) into the ODE
(3.2) results in an algebraic equation in powers of Y. In this section, we will give exact solutions of
Eqn(3.2). Taking the Hermite transform of Eqn.(3.2), we get

Byt By U (2,1, 2) + Aa(t, 2)eV @) 4 2y (¢, 2)e"U@h2) 1 xg(t, 2)e20@h2) — (3.5)

where z = (21, 22,...) € CN is a parameter. Using the transformation

¢ = pxt n vt2
CT(l+a1) T(A+ay)’
that will carry out Eqn.(3.5) into
MU + Aot 2)e7©) 4 25t 2)e~ T2 4 Ay (1, 2)e 720 = 0. (3.6)

where, A\ = uv, /\ =: Aa(t, 2) = ﬁ{ﬁ(t 2)+ 02}, Az =:A3(t,2) = Tlﬂl{@(t,z)-l-ﬁ?,} and
Ay =: Mt 2) = {ﬁ(t 2) + 4} . Denote u(¢,z) = U((,z) and assume that the solutions of
(3.6) is the form

F(¢(¢, 2))

U(C7 Z) - aa—cg + V(C? Z)

Let v((,2) = e%?) | then Eqn.(3.6) becomes

A{vv” — v} 4+ Xv® + Az + My = 0; (3.7)

Considering the homogeneous balance between vv” and v® in (3.7), gives M=2, hence we set the
tanh-coth assumption by

v(z,t,2) = S(Y) = ag(t, 2) + a1(t, 2)Y (¢) + aa(t, 2)Y?(C) + bi(t, 2)Y 7H(¢) + ba(t, 2)Y 2(¢) (3.8)
where Y ({) satisfies the Riccati equation
Y' =¢ 4+ Y + c3Y?, (3.9)

and c¢1,co,c3 are constant to be prescribed later. By virtue of (3.8) and (3.9) with observation of
the linear independence of Y™ (n = —6,—5,...,6) , Eqn.(3.7) implies the following system of linear
equations
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A+ Asaq + Ag[ag(a% + 2a1b1 + 2a2b2) + a1(2a0b1 + 2a1b2) + ag(b% + 2apb2)+

b1(2apay + 2asby) + ba(a? + 2apaz)] + M\1[Doag + Dsay + Drag + D1by + Daby — (aic1 — bics)*+
(a1co + 2agc1)(bica + 2bacs) + (arcs + 2ag¢2)(brey + 2bace) + 4agesbacy] = 0;

Asa1 + Aefag(2apar + 2a2b1) + ai(ad + 2a1by + 2aba) + as(2apby + 2a1bs)+

bl(a% + 2a0a2) + 2a1agbz] + )\1[D0a1 + Diag + Dgas + Dby + D3by

—(a1c1 — bies)(aica + 2az2¢1) + (arcs + 2agc2)(brea + 2bacs)] = 0;

Azaz + Aolag(a? + 2agaz) + a1(2aga; + 2azby) + ag(a% + 2a1by + 2a2b2) + 2a1a2by + aZbs]+
A1[D2ag + +Diaj + Dsby + Db — (a1c1 — bics)(aics + 2azc)

—(a1ca + 2azc1)? + 2azc3(bica + 2bacs)] = 0;

A2[2apaias + a1 (a3 + 2apas) + az(2apar + 2azby) + biad)+

M[Dsag + Daay + Diag + Dby — 2azc3(arct — bicg) — (a1c2 + 2azcr)(a1c3 + 2azc2)] = 0;
Aa[apa3 + 2a2ay + asz(a? + 2apas)] + M\1[Daap + Dsay + Daag — 2asc3(aice + 2asc)
—(CL163 + 2a202)2] = 0

Ao[a1a3 + 2a1a3] + A\1[Dyay + Dsag — 2ascs(aics + 2asc)] = 0;

A2[a3] + A1[Dgaz — 4a3c3] = 0;

Asba + A2ag(b? + 2agbz) + b1(2apby + 2a1bs) + ba(a3 + 2a1by + 2a2be)+

2a1b1by + agb%] + )\1[D0b2 + D7ag + Dgai + Dsas + Dgby — (blcz + 2b263)2+

2bycr(arca + 2ascr) + (arcr — bieg)(bicr + 2baca)] = 0;

Asb1 + A2ag(2agby + 2a1b2) + by (a3 + 2a1by + 2asbs) + b2 (2apay + 2a2b1)+

a1 (b3 + 2agba) + 2a2bab1] + A1[Doby + Dsag + Dray + Dgas+

D1by + (a101 — blcg)(blcz + 2b263) + (alcg + 2a261)(b161 + 2()2(32)} = 0;

A2[2agb1ba + by (b? + 2apb2) + ba(2a0by + 2a1be) + a1b3] + A1[Deao + Dsay + D7by + Dgbo
+2byci(arcr — bies) — (bica + 2bacg)(bicr + 2bac2)] = 0;

A2[agh3 + 2agb?by + by (b? + 2agb2)] + A1[Dsag + Dgby + D7ba — 2bacy (byca + 2bacs)
—(1)161 + 2[)262)2] = 0;

Aa[b1b2 + 2agb1b2] + M [Dsby + Dgba — 2bscy (biet + 2baca)] = 0;

A2[b3] + Ai[Dsby — 4b3c?] = 0.

where, Dy = Cl(a102 + 20,201) + Cg(blcg + 2b263) , D = 02(a162 + 2a201) + 201(0,103 + 2a202) ,
Dy = 03(a102+2a201)+2cz(a103+2a202)+6a20301 , D3 = 263(&1634—2&202)4—6&20302 , Dy = 6&20% R
Dy = 6a2b26% , Dg = 2c1(bic1+2baca)+6bacica , D7 = c1(brea+2bacs)+2c2(bicy+2bace)+6bacser
and Dg = ca(bica + 2bacs) + 2c3(brcy + 2baca) . In the remaining part of this section we will discuss
and solve our problem for some special cases for the Riccati equation as follows:

A. 61262:1,03:0 .
This choice for the constants implies that

Y1(¢) = exp(¢) — 1 (3.10)

6
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By the aid of Maple 12, the above system of equations can be solve for the following cases:

Case 1: M=a =a = 0,A # 0,A # 0,\3 # 0; ag :I:u/)\—‘”’ blzm;
by = 2)‘1 . By virtue of Eqn.(3.8), then Eqn.(3.5) have the solution
| A3 3 1
= In{ti + X ~
da Aot iveds exp(r(ual) + F(1t+;2)) -1
21
- s 2} (3.11)

>‘2(emp(r(1+a1) + F(1+a2)) -1

Case 2: For )\4:a1:agzblzo,)\l#o,)\g#o,)\g#o CL()—:l:’Lq/A2 52:—%.
Eqn.(3.5) have the solution

. /A3 21
up = In{%iy/ — — — } (3.12)
A2 )\2(61’20( (1+oq) + 5 £ )) - 1)2

(1+a2
B. Cl — —C3 = 0.5,62 =0

This choice for the constants implies that

Y2(¢) = coth(¢) + esch(Q) (3.13)
or

Y3(¢) = tanh(¢) £ isech() (3.14)
By the aid of Maple 12, the above system of equations can be solve for the following cases:

Case 3: )\4 = ayp — a1 = ay = b1 = 0,)\1 7& 0,)\2 75 0,)\3 7é 0; b2 == 72>\T12' By virtue
of Eqn.(3.8), then Eqn.(3.5) have the solution

A1
s = Inf— . - } (3.15)
2Xo(coth (w4 (1+a1) + p(ﬂ; )) + esch(gg (1+a y T r(ltJrfyz)))2
or
A1
g = In{— — . — } (3.16)
2X2(tanh (i ary + Tiitagy) £ isech(tliar + tiiram))?

Case 4: For i=ap=a1=b1 =bp =0,A\1 # 0,02 #0,A3 £0; as = —2L . Equ.(3.5) have
the solution
pxrt vt*2 pxrt vt*2

ln{——2(c th( T+ ) + T+ ag)) + csch(r(1 o) + T+ 042)))2} (3.17)
pxt vt*? . paxet vt*?
= In{- )\2( anh(r(1+a1) F(1+a2))i2860h(f‘(1+a1) F(1+a2)))2} (3.18)
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4 White noise functional solutions of (1.2)

In this section, we will use Theorem 2.1 of Xie [17] for d = 1 to obtain white noise functional
solutions of Egs.(1.2). The properties of hyperbolic functions yield that there exists a bounded
openset SC Ry xR,m >0 and n >0 such that u(z,t,z),u.(z,t,2) are uniformally bounded
for all (t,z,z) € S x K;,(n), continuous with respect to (t,z) € S for all z € K,,(n) and
analytic with respect to z € K,,(n) for all (t,z) € S. Using Theorem 2.1 of Xie [17], there
exists a stochastic process U(t,z) such that the Hermite transformation of U(t,z) is wu(t,z,z)
for all S x K,,(n), and U(t,x) is the solution of (1.2). This implies that U(¢,x) is the inverse
Hermite transformation of u(t,z,z) . Hence, for AjA2A3 # 0 the white noise functional solutions
of Eqn.(1.2) as follows:

Ag(t) 3{eacp (I‘(1+a1) + r(lli:iQ)) - 1}_1

Uil t) = I As(t) i Ao (t) £/ Aa(t)As(2) -
2pv o pr®t vt*? _
m{e:ﬂp (F(l + 1) * '+ ag)) -1 (4.1)

As(t)  2uv

Us(,t) = In* {0y | 1255~ AQ(t){ewp%F(’fi St Tarad) 112} (4.2)
Us(a,t) = In{ =500 ){COthQ(r(ﬁa;l) r(1y T;)) * Cscm(r(ff;g r(1y T@))}_Q} (43)
Us(e,t) = In"{=3 (){w ho(r(ﬁa;l) r(1y f;>>i“€ch°<r<ff;l> r(1y T;))}_Z}(‘L‘l)

Us(@,t) = in"{=3 (){“’tho(r(ff;g r(1y Taz))icscmr(?f;g r(f Tag))}Q} (45)
Us(a, 1) = In°{— I o ){ta h°(r(fia;l) 4 F(l”’faz)) + isechO(P(faf;l) 4 P(l”f;))}?} (4.6)

We observe that for different form of As(¢) and As(t) , we can get different solutions of (1.2) from
(3.1)-(3.6).

5 Example and Concluding Remarks

Let B, be the Gaussian white noise, where B; is Brown motion. We have the Hermite trans-
form B(t,z) = Y req %k f(f nk(s)ds . Science exp®(B;) = exp(B; — t2/2) , we have tanh®(B;) =
tanh(By — t2/2) , coth®(B;) = cot(B; — t2/2), sech®(B;) = sech(B; — t?/2) and csch®(B;) =
csch(B; — t2/2) . Suppose A3(t) = alAs(t) and As(t) = Xo(t) + BB, , where «,(3 are arbitrary

8
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constants and Ay(¢) is integrable or bounded measurable function on R, . The white noise func-
tional solutions of (1.2) are as follows: If Aj(t)A2(t)As(t) #0

o v(t—[B:+0.558t2)* —
3ean(rifan + “ ey ) — 11

B . I'(1+as2)
Ur(z,t) = In{Fiva + A(t)(1 + Liy/a)
2uv Tl v(t — BB, + 0.53t2)2 _
A2(t){6$p(r(1 o) T+ o) ) —137%} (5.1)
v i v(t — t . 2)a2 _
Us(o,) = Inlakiva - i feap( =+ ERRERE) 1y (s
B v prt v(t — BBy + 0.55152)0‘2
Usl,t) = In{ =5 o teoth (s o Tita)
pr v(t — BBy + 0.56t%)%2
eseh(E i ayy T(1+ az) 1} (5:3)
_ ny prt v(t — BB + 0.5ﬂi§2)°‘2 .
Uro(z,t) =1 {—m{t nh(m o mt+a2) )i
prt v(t — BBy + 0.58t%)%2
sech(r(1+a1) (1 + o) )} (5.4)
B I pzt v(t — BB + 0.55t2)
Uri(z,t) _ln{_m{COth(F(l+al) + T + as) )+
i v(t — BB + 0.55t2)2
S S o) T(1 + a2) i (5:5)
B J77% [T v(t — BB + 0.5ﬂt2)a2 .
Urz(z,t) _ln{_m{tanh(l“(l—i—al) + T+ an) ) i
prt v(t — BBy + 0.56t2)
sech(F(1 o) T+ o) )32 (5.6)

Finally, we remark that for a; = ag =0, p(t) =1 and ¢(t) = r(t) = 0, Eqn.(1.1) reduces
to the Liouville equation. For a3 = as =0, 7r(t) =0 and ¢(t) = p(¢t) = 1, Eqn.(1.1) reduces to
the Sinh-Gordon equation. For a3 = ap =0, p(t) = r(t) =1 and ¢(¢t) = 0, Eqn.(1.1) reduces
to the the well known Dodd-Bullough-Mikhailov equation. Moreover, for a; = as =0, p(t) =0
, q(t) = =1 and r(t) = 1, gives Tzitzeica-Dodd-Bullough equation. Hence, our results in this
work can be considered as a continuation of our results in our previous papers [4,5], this work gives
directly exact solutions for wick-type stochastic form to each one of the above equations. Also, we
remark that, since the Riccati equation has other solution if select other values of c¢1,co and c3,
there are many other exact solutions of variable coefficient and wick-type stochastic Zhiber-Shabat
equations
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