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Abstract : In this paper we construct Carlitz’s type twisted (p, ¢)-Euler zeta function. In order
to define Carlitz’s type twisted (p,q)-Euler zeta function, we introduce the Carlitz’s type twisted
(p, q)-Euler numbers and polynomials by generalizing the Euler numbers and polynomials, Carlitz’s
type g-Euler numbers and polynomials. We also give some interesting properties, explicit formulas, a
connection with Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials. Finally, we investigate

the zeros of the Carlitz’s type twisted (p, g)-Euler polynomials by using computer.
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1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials,
Euler numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polyno-
mials(see [1-10]). In this paper, we define Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials
and study some properties of the Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials.

Throughout this paper, we always make use of the following notations: N denotes the set of
natural numbers, Z; = N U {0} denotes the set of nonnegative integers, Zg = {0,—-1,-2,-3,...}
denotes the set of nonpositive integers, Z denotes the set of integers, R denotes the set of real
numbers, and C denotes the set of complex numbers.

We remember that the classical Euler numbers E,, and Euler polynomials E, (x) are defined

by the following generating functions(see [1, 2, 3, 4, 5])

2 =
= E,—, (t . 1.1
1= 2 By (<) (1)
and
2 Vet =3 Bae) (1 <) (12)
_ = () —, ). .
et +1 = n!
respectively.

The (p, g)-number is defined as

" —q" _
pP—q =

n72q_~_pn73q +_._+p2qn73 +pqn72+qn 1.

[n]pq =

It is clear that (p, ¢)-number contains symmetric property, and this number is g-number when p = 1.
In particular, we can see limg_,1[n], ¢ = n with p = 1.
By using (p, ¢)-number, we define the (p, ¢)-analogue of Euler polynomials and numbers, which

generalized the previously known numbers and polynomials, including the Carlitz’s type g-FEuler
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numbers and polynomials. We begin by recalling here the Carlitz’s type ¢-Euler numbers and

polynomials(see 1, 2, 3, 4, 5]).

Definition 1. The Carlitz’s type g-Euler polynomials E,, ,(x) are defined by means of the
generating function

n o0

Fyt,w) = Epgla 2y Y (~1)mgmelmtelat, (1.3)

n=0 m=0
and their values at « = 0 are called the Carlitz’s type ¢-Euler numbers and denoted E,, 4.
Many kinds of of generalizations of these polynomials and numbers have been presented in
the literature(see [1-10]). Based on this idea, we generalize the Carlitz’s type ¢-Euler number E,, ,
and g¢-Euler polynomials E,, ,(x). It follows that we define the following (p, ¢)-analogues of the the
Carlitz’s type g-Euler number E,, ; and ¢-Euler polynomials E,, ,(z) (see [6, 7, 9, 10]).

Definition 2. For 0 < ¢ < p < 1, the Carlitz’s type (p, ¢)-Euler numbers E,, , , and polyno-

mials E, , 4(z) are defined by means of the generating functions

’I’L

Z pa =20y Y (—1)mgmelmleat, (1.4)

m=0
and -
Fpq(t, ) ZEnpq =2, Z(_l)mqme[m+x]p’qtv (1.5)
m=0
respectively.

In the following section, we define Carlitz’s type twisted (p, ¢)-Euler zeta function. We introduce
the Carlitz’s type twisted (p,q)-Euler polynomials and numbers. After that we will investigate
some their properties. Finally, we investigate the zeros of the Carlitz’s type twisted (p,q)-Euler

polynomials by using computer.
2. Twisted (p, ¢)-Euler numbers and polynomials

In this section, we define twisted (p, ¢)-Euler numbers and polynomials and provide some of

their relevant properties. Let r be a positive integer, and let w be rth root of 1.

Definition 2. For 0 < ¢ < p < 1, the Carlitz’s type twisted (p, ¢)-Euler numbers E,, , 4. and

polynomials E,, ;, 4. () are defined by means of the generating functions

Fpq0(t) = Z Enpgol 2]q Z 1)mgmwmelm et (2.1)
n=0 m=0
and -
Fpqu(t, @) Z Erpaw =[2] Z (—1)mgmwmelmtelrat, (2:2)
! m=0
respectively.

Setting p = 1 in (2.1) and (2.2), we can obtain the corresponding definitions for the Carlitz’s
type twisted g-Euler number E, ;. and g-Euler polynomials E, , . (z) respectively. Obviously, if

we put w = 1, then we have

En,p,q,w(l”) = Emnq(l’)v Enpagw = Enpg-

Putting p = 1, we have

éi_}rr% Eppgw(@) =FEyu(z), ImE,pqw=FEnq..

q—1
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By using above equation (2.1), we have

oo t" oo
Z En%q,wa = (2], Z( l)mqmwme[m]p a
n=0 N m=0 (23)
I \"<~(n 1 tn
= 21 [ —— Y )
£ (= () 8 (o) ¥
By comparing the coefficients % in the above equation, we have the following theorem.
Theorem 3. For n € Z, we have
I \"<~(n 1
Enpow=102]4| — S [ |
pace = 2o (p— Q> — <l>( T T oy
If we put p = 1 in the above theorem we obtain
1 \"& (n 1
E - l
v =2 (755) 2 ()N
By (2.2), we obtain
E (z) = [2] 1 nzn: n (71)qulp(nfl)z; (2.4)
n,p,q,w q p—q g l 1+ wa-i-lpn—l : .
By using (2.2) and (2.4), we obtain
= t _ N 1 "< n L xl, (n—lz 1 "
ZEn,p,q,w(x)a - Z ([2]11 (p—q) Z (l)(_l) qap W E
n=0 n=0 =0
- (2.5)
— 2l 3 (1)t

m=0

Since [ + Ylp,q = PY[2]p.q + ¢°[Ylp.q, We see that

n l l
l 1 1
Erpawl E Inta” <>1’€< ) ) (2.6)
n,P,q, (I & ( > P k ( ) p—q 1+ qu+1pn—k

Next, we introduce Carlitz’s type twisted (h, p, ¢)-Euler polynomials E,(L}z,q,w(x).

Definition 4. The Carlitz’s type twisted (h, p, ¢)-Euler polynomials E,g?;),_,q,w(x) are defined by

o0

E(}}p 2lq —1)"q"™p " W™ m + ] (2.7)

m:O
By using (2.7) and (p, ¢)-number, we have the following theorem.
Theorem 5. For n € Z, we have

1 \"<~/n 1
B as) = (522 ) 3 () 0
n,p,q,w q _ I+1n—I+h
p—q — l 1+ wgtlp

By (2.6) and Theorem 2.4, we have

n
n l zl (n=1)
,P,q,w Z < ) El7p7q7w

=0
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The following elementary properties of the (p, ¢)-analogue of Euler numbers E,, , 4., and poly-
nomials E, ,, ¢ () are readily derived form (2.1) and (2.2). We, therefore, choose to omit details

involved.

Theorem 6. (Distribution relation) For any positive integer m(=odd), we have

m—1
[2] n a_a, .a a + L
Eppaw() = 2 < m]? Z(_l) G w By pym gm m nEZL,.
qm P
Theorem 7. (Property of complement) For n € Z, we have
Enp-1g-tw-1(1—2) = (=1)"wp"q"Ep p (7).
Theorem 8. For n € Z, we have
2]y, ifn=0,
WqEn pgw(l)+ Enpgw =
4En p.q.w(1) D4, { 0, it n 0.
By (2.1) and (2.2), we get
o) oS n—1
qz 1) gltngltnelitnlyat | qz lqlwle Ip.at — LIZ lqlwle Ip.at. (2.8)
1=0 1=0 1=0

Hence we have
tm n—-1 tm
g 1)'q'wt [l
U 3 Bl 3 iy = 3 (g, ) oy 2
m=0 1=0 '
By comparing the coefficients %ﬂ, on both sides of (2.9), we have the following theorem.

Theorem 9. For n € Z, we have

Z( 1)lqlwl [l] _ (_1)n+lqnwnEm7p7q7w(n) + Em,p,qw
=0 P (2]q

We investigate the zeros of the twisted (p, ¢)-Euler polynomials E,, , ;. (z) by using a computer.
We plot the zeros of the twisted (p, ¢)-Euler polynomials E,, , , . (z) for x € C(Figure 1). In Figure

1(top-left), we choose n = 20,p = 1/2 q= 1/10 and w = 2", In Figure 1(top-right), we choose
n=40,p=1/2,g=1/10 and w = e ** . In Figure 1(bottom-left), we choose n = 20,p = 1/2,q =

27i

1/10 and w = ¢*". In Figure 1(bottom-right), we choose n = 40,p = 1/2,¢ = 1/10 and w = ¢”i".

3. Twisted (p, q)-Euler zeta function

By using twisted (p, ¢)-Euler numbers and polynomials, (p, ¢)-Euler zeta function and Hurwitz
(p, q)-Euler zeta function is defined. These functions interpolate the twisted (p, ¢)-Euler numbers

E\ p.gw, and polynomials E,, , , .,(x), respectively. From (2.1), we note that

o0
n m m k
2y > (- [l

t= m=0

= Ek,p,q,w; (kf S N)

dk
ﬁFM,w(t)

By using the above equation, we are now ready to define twisted (p, ¢)-Euler zeta function.
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Figure 1: Zeros of E,, p q.u(2)

Definition 10. Let s € C with Re(s) > 0.

Crgsls) = (23 (‘1[31]‘“’ (3.1)

Note that (, 4. (s) is a meromorphic function on C. Note that, if p=1,¢ — 1, then ¢, 4..,(s) = Cg(s)
which is the Euler zeta functions(see [4]). Relation between (p 4., (s) and Ej p 4. is given by the

following theorem.

Theorem 11. For k € N, we have

Cp,q,w(_k) = EkJLq,w-

Observe that (p q..(s) function interpolates Ej, , 4., numbers at non-negative integers. By using
(2.2), we note that

dk S m,_m, m
dtk Fpqw(t, ) =2, (=1)™g"w™[m +$]§,q (3.2)
t=0 m=0
and
d k 0 m
at E En,p,q(x)g = Ejpq(x), for k € N. (3.3)
n=0 "/ li=0

By (3.2) and (3.3), we are now ready to define the Hurwitz (p, ¢)-Euler zeta function.
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Definition 12. Let s € C with Re(s) > 0 and z ¢ Z; .

& (_1)nqnwn
Cp’qw(svx = 2q P 3.4
)= B> (34)

Note that (p 4. (s, ) is a meromorphic function on C. Obverse that, if p =1 and ¢ — 1, then

Cp.gw(s,z) = (g(s,x) which is the Hurwitz Euler zeta functions(see [1, 3, 6]). Relation between

Cp.gw(s,x) and Ey p ¢, () is given by the following theorem.

10.

Theorem 13. For k € N, we have

Cp,q,W(_ka T) = Ey.pqw (7).

Observe that ¢, 4. (—k, ) function interpolates Ej , 4., () numbers at non-negative integers.
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