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Abstract

In this paper, the authors investigate the [p, g|-order and [p, ¢]-type of f1 + fa, f1f2, f1/[2,
where f1, fo are meromorphic functions or analytic functions with the same [p, ¢]-order and
different [p, ¢]-type in the unit dise, and the authors also study the [p, g]-order and [p, ¢]-type
of f and its derivative. At the end, the authors investigate the relationship between two
different [p, g]-convergence exponents of f. The obtained results are the improvements and
supplements to many previous results.
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1. Notations and Results

We use C to denote the complex plane and A = {z : |z| < 1} to denote the unit disc. By a
meromorphic function f, we mean a meromorphic function in the complex plane or a meromorphic
function in the unit disc. We shall assume that readers are familiar with the fundamental results
and the standard notations of the Nevanlinna value distribution theory in the complex plane or
in the unit disc (see [4,10,14 — 17,19,20]). Firstly for r» € (0, +00), we define exp; r = €" and
exp; 417 = exp(exp;r),i € N, for all  sufficiently large in (0,+00), we define log; » = logr and
log; 7 = log (log; r),i € N, we also denote expyr = r = logyr and exp_; r = log; r. Moreover,
we denote the logarithmic measure of a set £ C [0,1) by myE = [ B ld—_tt. Throughout this paper,
we use p,q to denote positive integers satisfying 1 < ¢ < p. Secondly, we recall some notations
about meromorphic functions and analytic functions.

Definition 1.1 (see [4,17,19,20]). The order o(f) and lower order pu(f) of a meromorphic func-

tion f in the complex plane are respectively defined by

o(f) = limM p(f) = lim log T'(r, f)

r—oo  logr ' —oo  logr
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where T'(r, f) is the characteristic function of a meromorphic function f in the complex plane or
in the unit disc.

Definition 1.2 (see [4,19,20]). Let f be a meromorphic function in the complex plane or an

entire function satisfying 0 < o(f) < oo, then the type of f is respectively defined by

() = T e d) () = T B M@ S)

T—00 ra(f) T—00 TU(f)

Definition 1.3 (see [8,9,11,13]). The [p, ¢]-order of a meromorphic function f in the complex

plane is defined by

ot () = T B L)

r—00 logq T

If f is a transcendental entire function, the [p, g]-order of f is defined by (see [11,13])

: logp T(Ta f) 10gp+1 M(T f)
Tlp.al (f) o TIL% logq r o T*)IEO logq

If f is a polynomial, then a[p,q](f) = 0 for any p > ¢ > 1. From Definition 1.3, if ¢ = 1, we
denote oy 1) = o1(f) = o(f), and o, 1) = 0p(f). Similar with Definition 1.2, we can also give
the definitions of 7,(f) and 7as,(f) when p > 1. In order to keep accordance with Definition 1.1,
we give Definition 1.3 by making a small change to the original definition of entire functions of
[p, ¢]-order (see [8,9]).

Definition 1.4 (see [3,7]). The iterated p-order of a meromorphic function f in A is defined by

oolf) = T o)

r—1-—log(l —r) (p € N).

For an analytic function f in A, we also define

log 1 M(T, f)
= Tim —2L
omp(f) s log(1 —r)

Remark 1.1. If p = 1, then we denote o1(f) = o(f) and onp1(f) = om(f), and we have
o) < ow(F) < o(f) +1 (sce [6.12,16.17)) and oar (1) = ap(F) (p = 2) (see [3.7]).

Definition 1.5 (see [2]). Let f be a meromorphic function in A, then the [p, ¢]-order and lower

[p, gJ-order of f are respectively defined by

log, T'(r, f) . log, T'(r, f)
p<1>7 M[p,q](f) = lim ———=~

1 log, (%)

Tlpd] (f) = lim

r—1- ]qu

545 Jin Tu 544-556



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

The Order, Type and Zeros of Meromorphic Functions and Analytic Functions of [p, g]-Order in the Unit Disc 3

Definition 1.6 (see [2]). Let f be an analytic function in A, then the [p, g]-order and lower

[p, g]-order about maximum modulus of f are respectively defined by

—log, 1 M(r, f) .
UM,[p,q](f) = lim ol T ,U/M,[p,q}(f) = lim

r=17 log, (%r) 7 r=1-  log, (1—1r> ‘

Definition 1.7 (see [2]). The [p, ¢]-type of a meromorphic function f of [p,g]-order in A with

0 < 0ppq(f) =01 < o0 is defined by

T[p,q}(f ) = rlir?_ {1(1)(:;_11(::(17: jf])gl .

For an analytic function f in A, and the [p, ¢]-type about maximum modulus of f of [p, ¢]-order

with 0 < o/ [p,q(f) = 02 < o0 is defined by

- log, M (r, f)
T fpg (f) = lim. [logqpl (ﬁ)}@'

Definition 1.8 The lower [p, ¢]-type of a meromorphic function f of lower [p, ¢J-order in A with

0 < pifp,q(f) = p1 < oo is defined by

. log -1 T(T,
Tipg () = lim ———
o

"
)

1—r
Similarly for an analytic function f in A, and the lower [p, ¢]-type about maximum modulus of
[ of lower [p, g]-order with 0 < iy, 4(f) = p2 < 00 is defined by

: log, M(r, f)
IM,[p,q}(f) :rliimoo [logoj_pl ( : )}uz.

jE=r

Remark 1.2. From Definitions 1.7 and 1.8, it is easy to see that 7y, (f) < Tazppq(f) and
I[p,q](f) < IM,[p,q](f)'

Definition 1.9. For any a € C U {o0}, we use n (7’, ﬁ) to denote the unintegrated counting
function for the sequence of a-point of a meromorphic function f in A. Then the [p, g]-exponents

of convergence of a-point of f about n (r, ﬁ) is defined by

. %logpn (r, ﬁ)
)\[pg](f, a)= lim ————=.

r—1- logq (17;)
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Definition 1.10. Let N ( ) be the integrated counting function for the sequence of a-point
of a meromorphic function f in A. Then the [p, g]-exponents of convergence of a-point of f about

N <r, ﬁ) is defined by

log, N r,%a
Ny (fra) = Tim- f;gqgllf))'

Remark 1.3. Similar with Definitions 1.9 and 1.10, we can also give the deﬁnitions of the [p, q]-
exponents of convergence of distinct a-point of f about n <r, ﬁ) and N ( > ie. )\[p d (f,a)

N
and /\[p’q](f, a).

The order and type are two important indicators in revealing the growth of the entire functions
or meromorphic functions, many authors have investigated the growth of entire functions or
meromorphic functions in the complex plane or in the unit disc (e.g., see[4,8 — 10, 14 — 20]) since
the first half of the twentieth century. In the following, we list some classic results in the complex
plane.

Theorem A(see [4,10,19,20]). If f; and fo are meromorphic functions of finite order with
o(f1) = o3 and 0(f2) = 04, then o(f1 + f2) < max{o3,04},0(f1f2) < max{os, o4}, 0(f1/f2)
< max{os,04}; if 03 < 04, then o(f1 + f2) = o(fif2) = o(f1/f2) = o04.

Theorem B (see [20]). If f; and fo are meromorphic functions of finite order, then u(f + f2) <
min{max{o(f1), u(f2)}, max{u(f1), 0 (f2)}}, p(f1f2) < min{max{c(f1), u(f2)}, max{u(f1),o(f2)}}-
Furthermore, if o(f1) < p(f2), then u(fi + f2) = p(fife) = pu(f2); or if o(f2) < p(fi), then
u(fr+ f2) = p(frfa) = p(f1).

Theorem C (see [10]). If f; and f2 are entire functions of finite order satisfying o(f1) = o(f2) =
o5, then the following two statements hold:

(1) I ar(f1) =0 and 0 < 7ar(f2) < o0, then o(f1f2) = o5, Tm(f1f2) = Tm(f2).
(i) If Tar(f1) < oo and Tas(f2) = oo, then o(f1f2) = o5, Tar(f1f2) = oc.

Theorem D (see [18]). Let fi(z) and f2(z) be entire functions satisfying 0 < o,(f1) = op(f2) =
o6 < 00, 0 < 7arp(f1) < Tmp(f2) < oco. Then the following statements hold:

(i) If p > 1, then o, (f1 + f2) = 06, Tmp(f1 + f2) = Tmp(f2);
(1) If p > 1, then o,(f1f2) = 06, Tarp(fif2) = Tarp(f2).

Theorem E (see [18]). Let p > 1, f(z) be an entire function or a meromorphic function in the
complex plane satisfying 0 < o,(f) < oco. If p > 1, then o,,(f) = op(f'), Tmp(f') = Tarp(f); if
p > 1, then ap(f) = 0p(f"), (") = 7 (f)-

From Theorems A-E, we can easily obtain the following similar propositions in the unit disc.
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Propositions (i) If f; and f; are meromorphic functions satisfying oy, 4 (f1) = 06 and o, 4(f2)

a7 in A, then U[p,q}(fl + fg) < max{aﬁ, J7},U[p7q}(f1f2> < max{06,07} and U[pyq}(fl/fQ) <
max{og, 07}.

(i) If o6 # o7 in Proposition (i), then o, 4(fi £ f2) = opqg(fife) = opq(fi/f2)

max{og, 07}.

(4ii) If f1 and fo are meromorphic functions in A, then pup, o (f1 + f2) < max{oyp, o(f1),

Pipg) (f2)} or ppp g1 (f14+f2) < max{puy, o (f1), Opp.q(f2)} and ppp, g (f1f2) < max{op, g (f1), g (f2)}
or 'u’[Pv'J](flfQ) < max{:u'[p,q](fl)7U[p,q](fQ)}'

(iv) If fi and fo are meromorphic functions in A satisfying o, 41(f1) < pip,q(f2) < 00, then

Wipg) (f1 + f2) = pp.g (f1f2) = tp.q (f1/ f2) = pp.g (f2)-

(v) If f1 and fy are analytic functions in A satisfying oy [y (f1) = 08 and oy jp g (f2) = 09,
then oy q(fi £ f2) < max{os,09} and oprpq(fife) < max{os,o9}. If 03 # 09, then
O, [pg (f1 £ f2) = max{osg, g9}

(vi) If fi and fo are analytic functions in A, then max{unspq(f1 £ f2), arp,g (f1.f2)} <
maX{UM,[p,q](fl)a MM,[p,q] (fQ)} or maX{MM,[p,q] (flifQ)a NM,[p,q](flfQ)} < maX{IU’M,[p,q} (fl)v O M,[p,q] (fQ)}

(vii) If f1 and fy are analytic functions of [p, g]-order in A, for any r € [0, 1), by the inequal-
ity T(r, f) <logt M(r, f) < 2T (32, f) (see [4,17]), we easily obtain that if p = ¢ > 2 and
Opg(f) > 1, 0r p > q > 1, then oy, (f) = oarjp,q(f) and 7,4 (f) = Tar[pg (f). Similarly, we
have N[p,q}(f) = NM,[p,q](f) and I[p,q}(f) = IM,[p,q](f) ifp=g>2and N[p,q](f) >1l,orp>qg=>1.

Combining Theorems D and E, a natural question is: Can we get the similar results with
Theorems D, E for meromorphic functions or analytic functions of [p, ¢] order in A? In fact, we
obtain the following results:

Theorem 1.1. Let f; and fy be meromorphic functions in A satisfying 0 < oy, 4(f1) =

Op,g(f2) = 010 < 0o and 0 < 71 = 7 (f1) < Tpg(f2) = 72 < 00, Then oy, 4 (f1 + f2) =
Olp,q (f1f2) = o q(f1/ f2) = 010, and the following two statements hold:

(i) f p>1and p>q>1, then 7y, 4 (f1 + f2) = Tppg (f1f2) = Tp,g(f1/f2) = Tppg(f2)-
(i) If p=q =1, then 7o — 71 <max{7(f1 + f2), 7(f1f2), 7(f1/f2)} < 2 + 71.

Theorem 1.2. Let f; and fy be meromorphic functions in A satisfying 0 < oy, 4(f1) =

Lip.g (f2) < ocand 0 < 7y, (f1) < 71, g1(f2) < 00, then pp, o (fit+f2) = pp.g(fif2) = ppg(fi/ f2) =
Hip,q)(f2). And if p > 1 and p > ¢ > 1, we have 7, 1(f1 + f2) = 7, q(f1f2) = 7 q(f1/ f2) =

I[p,q] (fZ)

In the following, when f; and fo are analytic functions of [p, g]-order in the unit disc we have
the similar results.
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Theorem 1.3. Let f1 and fa be analytic functions in A satisfying 0 < oz, 4(f1) = oarpqg(f2) =
011 < ocand 0 < TM,[p,q](fl) < TM,[p,q](f2) < oo, then UM,[p,q}(fl —‘rfg) = o011 and TM,[p,q}(fl +f2) =
AL, [p.g) (f2)-

Remark 1.4. By Proposition (vii), we know that Theorem 1.3 is of the same with Theorem 1.1
forp>¢q>1and p=q>2,044(f) > 1. For the case p = ¢ = 1, the result of Theorem 1.3 is
better than that of Theorem 1.1.

Corollary 1.1. Let f; and f2 be analytic functions in A satisfying 0 < opy (1) = Har,p,q (f2) <
00 and 0 < Tz (1) < Tar g (f2) < 00, then piag o (Fi + f2) = tinr g (f2) and Tag g g (f1 +
f2) = Tarp.q) (f2)-

Theorem 1.4. Let f be an analytic function of [p, g]-order in A, then opsp, 1(f) = oarp.q (),
NM,[p,q](f) = NM,[p,q](f,)' If0 < O M,[p, }(f) < ooor0< ,U/M,[p,q}(f) < 00, then TM,[p,q}(f) =
TM,[p,q](f/)7 IM,[p,q](f) TwMm Jp, q](f

Theorem 1.5. Let f be a meromorphic function of [p, g]-order in A, then

() fp>¢q=2andp>q=1 then opq(f) = Ol ([)s Bip.g) () = Bip.g (f) and 7,4 (f) =
Tipal (f)s Tip.q () = Tpp,q () for 0 < opp(f) < 00 0r 0 < puppq(f) < 0.

(i) If p=q =1, then o(f) = o(f"), u(f) = p(f’) and 71,1)(f") < 270,1(f), Tpa,1)(f) < 270147 (f)-

Theorem 1.6. Let f be a meromorphic function of [p, gl-order in A, a € CU {oco}. Then the
following statements hold:

()pr>q>1 then)\N (f7 )_ 7[;7(1](]0’&)'
(73) If p=¢q =1, then /\N(f a) < XY(f,a) < AN(f,a) +1 (see [12]).

(#91) If p = q¢ > 2, then )\N (f, a) < [pp(f, a) < max{)\f;p]

[p7p}(fa )_ [p,p](fa )lf)‘N (f7 )>17 andlf)‘[pyp](fa )<1then )‘N (f7 )<)\n (f7 )

(f, ),1}. Furthermore, we have

Remark 1.4. The conclusions of Theorem 1.6 also hold between X%q](f, a) and X[Rq}(f, a).

2. Preliminary Lemmas

Lemma 2.1 (see [4,19,20]). Let fi1, f2, - -+, fm(%) be meromorphic functions in A, where m > 2
is a positive integer. Then

(@) T(r, fife- fm) < E T(r, fi),
(@) T(r, fi + fa+ -+ fn) < g T(r, ;) + log m.

Lemma 2.2 (see [6,17]). Let f be a meromorphic function in A, and let £ > 1 be an integer.
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(k)
m (r, f;) =S(r, f),

where S(r, f) = O {log+ T(r, f)+ log <1—ir> }, possibly outside a set £y C [0,1) with fEl 1d—_tt <
0.

Then

Lemma 2.3 (see [1]). Let g : (0,1) - R and h : (0,1) — R be monotone increasing functions

such that g(r) < h(r) holds outside of an exceptional set Ep C [0,1) for which [ 4 < .

Then there exisits a constant d € (0,1) such that if s(r) =1 — d(1 — ), then g(r) < h(s(r)) for
all r €10, 1).

Lemma 2.4 (see [5,15]) Suppose that f is meromorphic in A with f(0) = 0. Then

m(r, f) < [L+@(5)] T(R, )+ N(R, ), (3.13)
where 0 <7 < R<1,p(t) = ~
3. Proofs of Theorems 1.1 -1.6

Proof of Theorem 1.1. Assume that 0 < 7y = 7, (f1) < T} q(f2) = 72 < 00, by Definition
1.7, it is easy to see that for any given € > 0 and r — 17, we have

T(r, f1) < exp, 1 {(ﬁ +e) {logq_l (1:” m} , (3.1)

1 a10
T(r, f2) < exp,_; {(7’2 +¢) {logq_l <1—r>} } . (3.2)
By using (3.1)-(3.2) and Lemma 2.1, we have

T(r, f1+ f2) <T(r, fr) +T(r, f2) +1log2

oy ) ok ()] Y om0 e ()]
om0 e (1))

Hence oy, o1(f1 + f2) < o10. In addition, if p = g = 1, we can get 7, o (f1 + f2) < 71 +72,ifp>1,
then 71, ;1 (f1 + f2) < 72 for any p > ¢ > 1. On the other hand, for any given £ > 0, there exists a
sequence {rp}o°; — 17 satisfying

T(r, 1) < expy 1 {(n +o) [logq_l (1_17%)]0} , (3.3)
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T(ry, fg)ZGprl{(TQ—s) [logql( ! )]m}. (3.4)

1—r,

By (3.3)-(3.4) and Lemma 2.1, we obtain

T(rn, f1 + f2) 2 T(rn, f2) = T(rp, f1) — log2

s st s e (2 )™ - e o (1))

(3.5)

By (3.5) we have oy, (f1 + f2) > o10. Furthermore, if p = ¢ = 1, then 7, 4 (f1 + f2) > 2 — 71
and 7, o (f1 + f2) > 2 forp>Tlandp>q> 1.

Therefore, we have oy, (f1 + f2) = 010, and if p > 1, then 71, 4(f1 + f2) = 7 4(f2), if

p=gq=1,then n — 7 < 7p(f1 + f2) < 72+ 7. Since T(r, frf2) < T(r, f1) + T(r, f2),

T(r,fuf2) 2 T(r.f2) = T(r,f1) = O(1) and T (r, £ ) = T(r, f2) + O(1), by the above proof.

Opa ([112) = opq(fi/f2) = 010, Tpg(f1f2) = Tpg(fi/f2) = Tpg(f2) for p>1and 7 — 7 <
max{7(f1f2),7(f1/f2)} < 1o+ 71 it p = ¢ =1 also can hold. Moreover, Theorem 1.1 also holds

for 7, 4 (f2) = T2 = oc.

Proof of Theorem 1.2. Without loss of generality, we suppose that 0 < 73 = 7, 4(f1) <
Tp,q(f2) = 74 < 00. Assume that o, (f1) = fip,q(f2) = p3, and by Definition 1.8, it is easy to
see that for any given ¢ > 0, there exists a sequence {r,}2°; — 1~ satisfying

T(ra, 1) < expy 1 {(73 +o) [logq_l (1_17%)]“} , (3.6)

1 H3
T(Tn, f2) < epril {(7—4 + 5) |:10gq1 (1—7"):| } . (37)
By (3.6)-(3.7) and Lemma 2.1, we have

T(rn, f1 + f2) < T(rn, f1) +T(rp, f2) + log?2

< exp,_q {(7'3 +¢) [logq1 (1 _17%)]#3} + exp,_; {(7'4 +¢) [logq1 (1 jrn)]%} + log 2
< 2exp, {(74 o) {logq_l (1_1%>r} .

Hence M[p7q}(f1 + f2) < ps. In addition, if p > 1, then I[p,q](fl + fo) < 7y for p>¢q > 1. On the
other hand, for any given € > 0 and r — 17, we have

T(r, f1) < exp,_; {(Tg +¢) [logql (1 i ﬂ‘“"} ’ (3.8)

r

T(r, f2) > exp,_, {(74 —e) {logq_l (1:” ”3} , (3.9)
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By (3.8)-(3.9) and Lemma 2.1, we obtain

T(r, f1+ f2) > T(r, fo) — T(r, f1) — log 2

oy o ()] Yo om0 fo ()] Ytz

By (3.10) we have pp,q(f1 + f2) > ps and I[p,q](fl + fo) > 1y forp>1and p > q > 1.
Thus we have pip,q(f1 + f2) = p(f2) and if p > 1 and p > ¢ > 1, then 7, ,(f1 + f2) =

)

Tipq(f2). Since T(r, fifo) < T(r,f1) + T(r, f2), T(r, f1f2) = T(r, fo) = T(r, f1) — O(1) and
T(T, }3) = T(r, f2) + O(1), by the above proof, up o(fif2) = ppg(fi/f2) = ppq(f2) and

Tipg ([112) = Tpp g (f1/f2) = Tpp g (f2) also hold if p > 1 and p > ¢ > 1.
The conclusions of Theorem 1.2 also hold for 73 = T@’q]( fi) < I[p,q]( f2) =14 = o0.

Proof of Theorem 1.3. Set 0 < 75 = Tay[p,q(f1) < Tarp,q(f2) = 76 < 00, by Definition 1.7,
for any given ¢ (0 < 2¢e < 75 — 75), there exists a sequence {r,}°°; — 17 satisfying

Tn

M(r, 1) < exp, {(T5 o) [logq_l (1 1 )} UH} , (3.11)

n

M(rn, fo) > exp, {(TG o) [logq_l <1 _1T )] Uu} | (3.12)

We can choose a sequence {z,}°° ;| satisfying |z,| = rn(n =1,2,---) and |fa(2z,)| = M (rp, f2), by
(3.11)-(3.12) we have

M(rn, fr + f2) 2 [f1(zn) + fo(zn)| 2 [f2(20)| = [f1(z0)| = M (rn, f2) = M (ra, f1)

2 eXpy {(7'6 —€) |:logq—1 (1_1%)]011} — exp, {(75 +¢) [logq_1 <1—1rn>] Ju}

Hence oy q(f1 + f2) = 011 and Tz (f1 + f2) = 76. On the other hand, we have

M(r, fi + f2) < M(r, f1) + M(r, fa)

o) i s ()
< 2exp, {(76 te) [k)gql (1;)]0“} ,

therefore oy o (f1 + f2) < 011 and 7, 4(f1 + f2) < 76. Thus we can get oy q(f1 + f2) =
o011 and TM7[p7q}(f1 + fo) = TM’[IJ,q](fg). Moreover, Theorem 1.3 also holds for TM7[p7q](f1) <

T [pyg) (f2) = T6 = oo

552 Jin Tu 544-556



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

10 J. Tu, K.Q. Hu, H. Zhang

Proof of Theorem 1.4. Since f is an analytic function in the unit disc, from the formula

f(2) = £(0) + / HOd (d=r<1)

where the integral route is a line from 0 to z in the unit disc. We obtain that

M(r, f) < [f(0)] + | /OZ F(QdC < |f () +rM(r, ) < [F(0)] + M(r, f),

1.€.
M(r, f') > M(r, f) — |£(0)]. (3.13)
By (3.13), we have
o fpgl (1) = Onn g (F)s tiaap.g) (F) =t p.q) ()

On the other hand, in the circle |z| = r € (0,1), we take a point zq satisfying |f'(z0)] = M (r, f').
By the Cauchy inequality
f(©)

o) = b ACYN
f (ZO) - 27 L (C — ZO)QdC7
where C' = {(¢: | — 20| = s(r) —r} and s(r) =1 —d(1 —r), d € (0,1). We deduce that

2m s(r
M) =1 ol < g [ | oty - o < 2D,
M(r, f') < (1]‘{ (258 S )T). (3.14)
By (3'14)7 then UM,[p,q](f/) < O'M,[p,q}(f)v MM,[p,q](f,) < NM,[p,q](f)‘ Hence
oM pa)(f) = Ot fpg) () Bt fp,q) (F) = b fp,q) (F)- (3.15)

If 0 < oapg(f) < oo and by (3.13), (3.15), we can get Tarpq(f') = Tarpg(f). Then by
(3.14)-(3.15), if p > g = 1 we can obtain

1
log, M(r, f) _ e log,, [70—@(1—@} log, M (s(r), f)

1 \ompa(f) — 1 \ompi() 7 \ompay(f)
() () ()

log, [m} log, M(s(r), f) _<1>“lep,u<f>
h

<L>0’]\/1,[p,1](f) 7[ 1 }"M,[p,l]( d
1—r 1—s(r)

< max

9
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let d — 1, therefore 7yz o1 (f') < Tarp,q (f); then Tag () = Tarp.g (f)- I p > ¢ > 2, then

log, M(r, ' log, | == log, M(s(r), f)
1 \1oM.p.a(f) < max 1 \1oM.p.a ()’ 1 \1°M.p.a ()
Loz () Loz () logar (25)]

thus we have Tz, 0 (f') < Tag g (f) and TM[pq](f) = T psq) (f')- TEO < pupgp.q (f) < 00, we can
similarly obtain 7,y 1, 41(f) = Tz, pq (f'

Proof of Theorem 1.5. By Lemma 2.2, we have

T(r, ') = m(r, f') + N(r. ') < m(r. f) +m < -’;) LN f)

!/

§2T(r,f)—|—m<r,§>§(2+s) (r f)—i—O{l 117*} (r ¢ Eq). (3.16)

From (3.16) and Lemma 2.3, we have oy, 4 (f') < 0[p7q](f),u[pq](f’) Hipg (f) for p > q > 1,

T (') < Tipg (F)s Tpp g (f) < 4y g () for p > 1 and 711 1y(f') < 2770,y (f)s 711,19 (f") < 27p.19(f)
for p = ¢ = 1. On the other hand, set R =s(r) =1—d(1 —r),d € (0,1) in Lemma 2.4, we have

T(r, f) < <2 + %log (1—d)3(1—r)> T(s(r), f'). (3.17)

By (3.17) and by the similar proof in Theorem 1.4, we have oy, 4(f) < 0pq(f); tip.q(f)
Bip.q (f') for p > q > 1, 7 (f) < Tpg(f)s Tppg(f) < T (f) for p > g > 2 and 7 4(f)
(é)a[m](f)qp’q](f’) for p > ¢ = 1, letting d — 1, therefore the following statements hold:
Ifp>q>2and p>q =1 then op,q(f) = opq(f), tpg(f) = bpqg(f) and 7,4 (f) =
Tip,g (f') for 0 < oy, 4 (f) < 00, T, 1 (f) = Tpp g (f) for 0 < pupp g (f) < 0.
If p=g=1, then o(f) = o(f'), u(f) = p(f’) and 71,1 (f") < 271)(f), 711 1y (f) < 270347 (f)-

<
<

Proof of Theorem 1.6. Without loss of generality, assume that f(a) # 0, by

N<r,f1> :/Orn<t,fl_a)_n<0’fl_a)dt (0<r<l),

—a t

we have

1 1 it (tv f@) 1 1+r 1
n(r+—])< T ———Ladt < N () B18)
f a IOg (1 + 2r ) r t log (1 + 2r ) f a

where 0 < r < 1,log(1 + LX) ~ 12X r — 17, By (3.18), we have

log,n (7, 7% ) log, N (147, 415) ___log, ()
) <max{ lim r 2 e , lim AL (3.19)
o, (i) g () g, ()

554 Jin Tu 544-556



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

12 J. Tu, K.Q. Hu, H. Zhang

By (3.19), we can obtain

(7“) lfp >q > ]-a then A’ﬁ),q](f’ CL) < Af;ﬂ(f: CL);

(i) if p = q¢ = 1, then \*(f,a) < AN (f,a) + 1;

(iii) if p= g > 2, then A, (f,a) < max {)\][;)’m]( f.a), 1}
On the other hand, by

rn t, %a
N <7", fiQ> = /TO (tf>dt+N <r0, fl—a> <n <7“, fl—a) log <7:)> +0(1), (3.20)

where 0 < 79 < r < 1. By (3.20), we can get

(i) if p > q > 1, then )\fz’q](f,a) < )‘Enq](f’ a);

(id) if p = g = 1, then AN (f,a) < X*(f,a);
(zit) if p = q > 2, then )‘fz,p](ﬁ a) < /\[Z,p}(f’ a).
Therefore, the conclusions of Theorem 1.6 hold.
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