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Abstract. For the classical Hermite-Hadamard inequality of harmonically convex functions, i.e.,
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1. Introduction

One of the most important integral inequalities which is related to harmonically convex functions is classical

Hermite-Hadamard integral inequality. Double inequality

f<a2ibb>—b_a/f PSS GES (U}

is known as Hermite-Hadamard integral inequality for harmonically convex functions, where f € L([a,b]) [7, 5].

When we are trying to obtain these inequalities in the spirit of monotone measures and non-additive integrals,
we get different results than the classic form.

The concept of the fuzzy integral was introduced and initially examined by Sugeno [17]. Further theoretical
investigations of the integral and its generalizations have been pursued by many researchers [14, 15, 12, 2, 8, 1].
The study of inequalities for the Sugeno integral was initiated by Romén-Flores and Chalco-Cano [13]. In this
article, at the first we prove some Hermite-Hadamard type inequalities for harmonically convex functions in the
case of non-additive integrals. Consequently, upper bound for these functions are established. In fact, the main
purpose of this article is to obtain an approximation for non-solvable integral of this type.

This paper is organized as follows. Some necessary preliminaries are presented in Section 2. We address
the essential problems in Sections 3 and upper bound for the Sugeno integral based on a harmonically convex
function is presented. Finally, a conclusion is drawn and a problem for further investigations is given in Section
4.
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2
2. Preliminaries
In this section, we are going to review some well known results from the theory of non-additive measures.
Definition 2.1. [8, 18] Let ¥ be a 3-algebra of subsets of X and let 1 : £ — [0, 00) be a non-negative, extended

real-valued set function, we say that x4 is a monotone measure (or fuzzy measure) iff:
(FM1): p(0) = 0;
(FM2): E,F € ¥ and £ C F imply u(F) < pu(F) (monotonicity);
(FM3): (E,) CX, E;CE;C...implylim, i pu(Er) = p( U E;) (continuity from below);

(FM4): (E,) C X, E; 2 Ey; 2 ...,u(E)) < oo imply lim, 400 u(Ey) = ﬂ E;) (continuity from

above).

Let (X, %, u) be a monotone measure space and f is a non-negative real-valued function on X. We denote the
set of all non-negative measurable functions f by F. and F,, denote the set {x € X | f(z) > «a}, the a-level of f,
fora>0. Fyp={x € X | f(z) > 0} = supp(f) is the support of f. We know that: « < 8= {f > 8} C{f > a}.

Definition 2.2. [17, 8, 18] Let u be a monotone measure (or fuzzy measure) on (X,X). If f € Fy and A € &,
then the Sugeno integral (or fuzzy integral) of f on A, with respect to the monotone measure y is defined by
][ fdpi=\/ (0 A (AN o)),

a>0

where V, A denotes the operation sup and inf on [0, 00) respectively. In particular if A = X, then

][ faui= f fan=\/ V(@ n (k).

The following properties of the Sugeno integral are well known and can be found in [18, 19].

Proposition 2.3. Let (X, %, u) be a fuzzy measure space, with A, B € ¥ and f,g € F;.. We have
L of, fdu < p(A);

f, kdp < kA p(A), for k non-negative constant;

if f <gon A, then f, fdu < f, gdu;

if AC B, then f, fdu < f5 fdu;

if p(A) < oo, then £, fdu > a & p(AN{f >a}) >«

wAN{f>a})<a= 4§, fdu < o

£, fdp < o & there exists v < a such that p(AN{f >~}) < a

f,4 fdu > a & there exists v > « such that p(AN{f >~}) > «

e B

Remark 2.4. Consider the distribution function F' associated to f on A, that is, F'(a) = u(AN Fy,). Then,
due to (5) and (6) of Proposition 2.3, we have that

F(a):a:>][ fdu = a.
A
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the Hermite-Hadamard inequality for the Sugeno integral based on harmonically convex functions 3
Thus, from a numerical point of view, the Sugeno integral can be calculated by solving the equation F(a) = a.

The following proposition shows how to transform a Sugeno integral f—A fdu, which is defined on a mono-
tone measure space (X, X, p), into another Sugeno integral fgdm defined on the Lebesgue measure space

([0,00), By, m), where B, is the class of all Borel sets in [0, 00) and m is the Lebesgue measure.

Proposition 2.5. [18] For any A € X

]{Afdu = ]/M(A N Fo)dm,

where F,, = {x € X | f(x) > a} and m is the Lebesgue measure.

Definition 2.6. [16] A ¢-norm is a function T : [0, 1] x [0,1] — [0, 1] satisfying the following conditions:
(T1): T(z,1) =T(1,2) = x for any x € [0, 1];

): For any x1, 22,41, y2 € [0,1] with 21 < 29 and y1 < yo, T(z1,y1) < T(x2,y2);

): T(z,y) = T(y,x) for any =,y € [0, 1];

):

(
(
( T(T(z,y),2) =T(z,T(y, z)) for any z,y,z € [0, 1].

SIS

A function S : [0,1] x [0,1] — [0,1] is called a t-conorm [9] if there is a t-norm T such that S(z,y) =
1-TA —z,1—y).
Example 2.7. The following functions are ¢t-norms:
1: Tz, y) =z Ay.

2: Tp(x,y) = z.y.
3: Tp(z,y)=(x+y—1) V0.

Hereafter, we assume that (X, ¥, 1) is a monotone measure space. To simplify the calculation of the Sugeno

integral, for a given f € F.(X) and A € X, we write
F'={a:a>0, p(ANF,) > u(ANFg) for any B> a}.

It is easy to see that

Remark 2.8. A binary operator T on [0,1] is called a t-seminorm[16] if it satisfies the above condition (77)
and (T3). Notice that if T is a ¢-seminorm, for any z,y € [0, 1], we have T(z,y) < T(z,1) = « and T(z,y) <
T(1,y) =y, and consequently, T(z,y) < Th(z,y).

By using the concept of t-seminorm, Garcia and Alvarez [16] proposed the following family of fuzzy integral.

Definition 2.9. Let T be a t-seminorm. Then the seminormed Sugeno’s fuzzy integral of a function f € F
over A € 3 with respect to T and the fuzzy measure p is defined by
fdu="\/ T(a,u(ANF,)).

T,A ael0,1]
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Notice that the Sugeno integral of f € F over A € ¥ is the seminormed Sugeno’s fuzzy integral of f over

A € ¥ with respect to the t-seminorm T;.

Proposition 2.10. (Garcia and Alvarez [16])Let (X, %, 12) be a monotone measure space and T be a t-seminorm.

Then,
1: For any A € ¥ and f,g € Fy with f < g, we have

fdu < / odp.
T A T A

2: For A,B € ¥ with A C B and any f € F4,

/T s /T L fan

Definition 2.11. [7] Let I C R — {0} is a real interval. A function f : I — R is said to be harmonically convex

on [ if the inequality
ab

f<w+<1t>b

holds, for all a,b € I and ¢ € [0,1]. If the inequality (2.1) is reversed, then f is said to be harmonically concave.

) <tF(B)+ (1-1)f(a) (2.1)

We note that for ¢t = %, we have the definition of Jensen type of harmonic convex functions, that is

f< 200 ) <JWHIO) g e

a+b) — 2

Proposition 2.12. [7] Let I C R — {0} be a real interval and f : I — R is function, then:

1: if I C
2:if I C
3:if I C
4: if I C

0,4o00) and f is convex and nondecreasing, then f is harmonically convex.

and f is harmonically convex and nondecreasing, then f is convex.

]
)
0,400) and f is harmonically convex and nonincreasing, then f is convex.
)
)

o~ o~ o~ o~

—00,0
00,0) and f is convex and nonincreasing, then f is harmonically convex.

Proposition 2.13. [1] If [a,b] C I C (0, 00) and we consider the function g : [}, 1] — R defined by g(t) = f(3),

then f is harmonically convex on [a,b] if and only if g is convex in the usual sense on [%, %]

Proposition 2.14. [6] A function f : (0,00) — R is harmonically convex if and only if x f(z) is convex.

Theorem 2.15. Let f : [a,b] C (0,00) — [0,+00) be a convex function with f(a) # f(b).Then

AN A G U (e e )

acl

where I' = [f(a), f(b)) for f(b) > f(a) and T = [£(b), f(a)) for f(a) > f(b).

Proof. As f is convex function, for = € [a,b] we have,

ro) = (- 50+ 220) < 0= T80 + T2
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and so by (3) of Proposition 2.3

][abfdu Sfab ((1 - Z:Z)f(a) + z_Zf(b)> du]ibg(z)du,

In order to calculate the integral in the right hard part of the last inequality, we consider the distribution

function F'(«) given by

Fo) = n(latin o> a)) =u (80 {722 @) + =2 10) = a} ).

If f(a) < f(b), then
B olb—a) + af ()~ bf(@)\\ _ (ralb—a) +af(b) - bi(a)
”“‘“(““”{xz 1)~ (@) })‘“O 1)~ f(a) ”O‘

Thus T' = [f(a), (b)) and we only consider a € [f(a), f(b)).
If f(a) > f(b), then

o ) gt

Thus T’ = [f(b), f(a)) and only need « € [f (D), f(a)).
This completes the proof. O

Remark 2.16. In the case f(a) = f(b) in Theorem 2.15, we have g(z) = f(x) and so
b b b
F ausf gan={ s@an = (@) nn(a.t).

Corollary 2.17. Let f : [a,b] C (0,00) — (0,00) be a convex function and ¥ be the Borel field and p be the

Lebesgue measure on X = R, then

Vaets@nsy (@A (b= 2=batBbI@)) - (a) < f(b)

’ fla) A (b—a) , f(a) = f(b)

Vel fay (@ (LU0 g)) - f(a) > f(b)
[ OB

So

e A (b—a) . f(a) < £(D)
’ f@) A (b—a) , f(a) = f(b)

Tl A (b—a) |, f(a) > f(b).

Proof. In the case where f(a) < f(b), we have

Calb—a) taf)bf@) ) (—a)f()
(“A“ 70 - f(a) 0“ﬂw—fm»+w—ay

ag[f(a),f(b))
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In fact, a = % is as the solution of the equation F(a) = «, where F' is the distribution function.
So taking into account (1) of Proposition 2.3 (Jcab fdu < u([a,b]) = b —a) and Remark 2.4 we have

: (- f) .
{02 e o 0

Proofs the other cases is analogous. O

Note that Corollary 2.17 is the same as the Sadarangani Theorem [3].

3. Main Results

Let I C R — {0} be a harmonically convex function and a,b € I with a < b and f € L([a, b]). The following

inequalities
2ab fla )+f( )
f<a+b> b_a/ Jiw < £ (3.1)

holds. This double inequality is known in the literature as Hermite-Hadamard integral inequality for harmoni-

cally convex functions.

Unfortunately, as we will see in the following example, in general, the Hermite-Hadamard inequality is not
valid in the fuzzy context.

Example 3.1. Let p be the usual Lebesgue measure on R and the function f(x) = %x2 on X = |

1
2
Obviously, this function is convex and nondecreasing as a result f is harmonically convex function on [%, 1].

With the above inequality we have

1 1

(@) 7[ 3 3 1 3

P8 g =4 2de =2 Ap((2,1] = 2 ~0.42.
7€ . dx ) 7dx 7A,u([2, ] - 0

on the other hand, w = 12 ~0.26.

This proves that the right-hand side of inequality (3.1) is not satisfied for the Sugeno integrals.

The aim of this work is to show a the Hermite-Hadamard type inequality for the Sugeno integral in the case

where f is a harmonically convex function.

Lemma 3.2. Let f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave, then

a(b—a)+af(b)—bf(a
Vaets.ro) (O‘AN[ ( )(b) f(<)> L b]) s fla) < f(b)

][bfd#S f(a) A pl[a, b)) » fla) = £(b)

Vaels ). £(a) (O“ A ula, Q(Hf)(tﬂb()a;bf(a)])  fla) > f(b).

Proof. Since f : [a,b] C (0,00) — (0,00) is harmonically convex function on the interval [a, b], then by Proposi-

tion 2.13 the function g : [§,2] = R, g(s) = f(2) is convex on [}, ]. Obviously for any z € [a,b], f(z) = g(2),
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and therefor applying Theorem 2.15 to g, we have

b—a)+ag($)—bg(L
Vaelo(tyathy (@A p[2C=2setala) b)) - g(1) < g(3)

[ 1= by {90 e o) = o)

a(b—a)+ag(L)—bg(L
Vaeld)a(2) (aAM[%( g)@)g_(;()%)g(“)]) ,9(2) > 9(3)

a(b—a)+af(b)—bf(a)
Vaelsa),£o) (O‘AM[ T —f(a) ,b]) s fla) < f(b)

fla) A p(la, b]) » fa) = f(b)

Vaelr®), 1) (a A pla, A= QS (“)]) ,f(a) > f(b).

Corollary 3.3. Let f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave, 3 be

the Borel field and p be the Lebesgue measure on X = R, then

T rada A (b—a) . fla) < f()
]lbfdué fa) A (b~ a) RAREAY

el A (b—a) | f(a) > f(D).

Remark 3.4. If [a,b] C (0,00) and f is harmonically convex and nonincreasing, then taking into account (2)
of Proposition 2.12 the function f is convex and hance the upper bound for the Sugeno integral of f mentioned

in article "Hermite-Hadamard inequality for fuzzy integral”, were written by K. sadarangani is established.

Remark 3.5. If [a,b] C (—00,0) and f is harmonically convex and nondecreasing, then taking into account
(3) of Proposition 2.12 the function f is convex and hance the upper bound for the Sugeno integral of f is

established.
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8

Example 3.6. Let 1 be a Lebesgue measure and consider function f(z) = e+ on [1,2]. Obviously, this

function is non-negative and harmonically convex but neither convex, nor concave. we have,

i 13
][ fdp = \/ (aAu<[3,4]ﬂ{e = za}))
% a>0
13
= \/ (a/\,u([,]ﬂ{— >1na})>
34
a>0
1
= (a/\,u([,?)]ﬂ{ 1>xlna}>)
34
a>0
z\/ aAp [1 §]ﬂ x>—
374 ~ Ina
a>0
As result with the solution of the equation
o8
Ina 4 @

we conclude that o ~ 0/175. Then f—% fdp =~ 0/175.
On the other hand, since f(%) =1 and f( )= % By Corollary 3.3, we have
e3

5
~ 0/234 A 15 = 0/234 A 0/416 = 0/234

that is a logical inequality.

Example 3.7. The function f(z) =  — In(z + 1) is nondecreasing and harmonic convex function on [3,1].
f(1)=1-Im2and f(3) =1 —In(2). As f(1) > f(%), Corollary 3.3 gives us,

- 3)f () I 1_1
][fd _f —a )+%/\(5)f0.718/\2f2

Thus, we find an upper bound for the Sugeno integral of this function on [%, 1].

Example 3.8. The function f(z) = "+ is nondecreasing and harmonic convex function on [1,2] and f(1) = €2

and f(2) = e®. As follows we find an upper bound for the Sugeno integral of this function,
2 24 65
Ty < ——5—— A (1) = 1.0449 A1 = 1.
]{e M_65—62+1 (1)

Remark 3.9. f(z) = log(x) is a harmonically convex function but not convex, that is why in the Corollary

3.3, does not apply because it is concave. For concave function, we use the Sadarangani paper.
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Corollary 3.10. Let f : [a,b] C (0,00) — R be a harmonically convex function which is not concave and

g : R — R is a linear function, then f o g is harmonically convex[10] and so,

a(b—a)+af(g(6)—bf(g(a))
Vaelsg@).160))) (O‘A“[ T60)—F(9(a)) ’b])  Fl9(a)) < flg(b)

b
][ (fog)du < ¢ f(g(a)) A pula,b]) , f(g(a)) = f(g(b))

a(b=a)taf(g(b))=bf(g(a))
Vaels o). f(g(a))) (0‘/\“[“’ aF(a()~bF (g(@) D  (9(a)) > f(g(b)).
Corollary 3.11. Let f : [a,b] C (0,00) — R be a harmonically convex function which is not concave and

g : R — R is a linear function, ¥ be the Borel field and p be the Lebesgue measure on X = R, then f o g is

harmonic convex function[10] and so,

oW A (b—a) |, f(g(a) < f(g(D))

b
][ (Fogidu<{ Flg(@)A(b—a) Fgla) = £(g(0))

S A (b—a) | f(g(a) > F(g(b)).
Remark 3.12. In the case g be harmonic convex function and f be relative convex function, we know that

f o g is harmonically convex function [11]. Thus similar results of Corollary 3.10 and Corollary 3.11 hold.

Corollary 3.13. Let f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave

function, ¥ be the Borel field and p be the Lebesgue measure on X = R, then

N2
AP0 f(a) < £(D)

e b—a)*f(a)
m , f(a) > f(b).

Proof. For harmonically convex function f : [a,b] C (0,00) — (0,00) with f(a) # f(b) according to Proposition
2.10 and Corollary 3.3 with t-norm 7},, we have

A (b a) | f(a) < £b)

[ s Fo0-0 @)= 50
Tp,la,b]

el (b—a) | f(a) > [(b)

=) f(a) < f(b)

(b—a)f(a) fla)= f(b)

—a 2 a
Floar e fa) > f(b).
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O

Example 3.14. Let p be the Lebesgue measure on R. Consider the function f(z) = % on X = [1,3].
Obviously, this function is harmonically convex and positive on X = [1,3]. As f(1) = 1 and f(3) = 3, using
Corollary 3.13, we can get the following estimate:
1 -1)2f(1 1
[ Lo G-DHO 18
Tp,[1,3] T f)-f@+B-1) 13

Now, let’s introduce the most important theorem of this article. With the help of it, an upper bound in the

framework of the Sugeno integral for Hermite-Hadamard inequality of harmonically convex functions can be
established.

Theorem 3.15. Let f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave, then

a(b—a)+af(b)—bf(a)
Vaelr(a),£0) (QAN[ FO)—F(a) ab]) , fa) < f(b)

b b _

Vaer®), 1) (0‘ A ula, a(b_?ﬁéffﬁb(l}bf(“)]) ,f(a) > f(b)

where mo = min{a®, b*}.

Proof. Let f be a harmonically convex function which is not concave and mg = min{a?,b?}. By Proposition

2.5 we have,

b b
][ mof(f) dp :][ w([a,b] N Fy)dm (3.2)

x
where m is the Lebesgue measure and

f(x)

x2

F,={ze X :mg > al.

Obviously,
mo

(twin{r@ = ma}) C (ja, 8N {f(2) > a)).

By monotonicity u, we deduce
2

w (w0 {rw) 2 Zal) <pleiin i@ 2 ap.

Now, by Proposition 2.3 and Proposition 2.5, we obtain

b 2 b b
Jon(@untzZa)ans {u@iny =z apan= o (33
a mo a a
Combining ( 3.2, 3.3), we have
b b
T
Fmol < £ sap.
a x a
The last inequality follows from Lemma 3.2. |
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Corollary 3.16. If f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave then,

a(b—a)+abf(b)—baf(a
Vaclara bre) (0‘ Al )vb]) yaf(a) <bf(b)

][bxf(x)dﬂ< af(a) A p(la, b)) Laf(a) = bi(b)

Vaelbs®),afa) (a A pla, a(b’iﬁ;‘ffﬁl}?@f"f@]) ;af(a) > bf(b).

Proof. f is harmonically convex function.Therefore, according to the Proposition 2.14 z f(x) is convex. Finally,

the proof is complete by using Theorem 2.15. a

Corollary 3.17. If f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave, ¥ be

Borel field and p be a Lebesgue measure on X = R, then

T O A (b—a) af(a) < bf(b)

][ b sf@)dp<{ F@Nb-a) ;af(a) =bf(b)

e A (b—a) af(a) > bf(b).

Example 3.18. Let p be the usual Lebesgue measure on X and the function f(z) = 2z% on X = [1,2].

Obviously, this function is convex and nondecreasing. So by (1) of Proposition 2.12 f is harmonically convex on
[1,2]. With use the Corollary 3.17 we have
2
2-1)2f(2
[ et < (2-1)2f(2)
1 2f(2) =)+ (2-1)
On the other hand, f—f 2 f(x)dx ~ 0.87. This show that the Corollary 3.17 is valid.

A(2 1)~ 0.923.

4. Conclusion

In this paper, we have researched the Hermite-Hadamard inequality for the Sugeno integral based on har-
monically convex functions. For further investigations we propose to consider the Hermite-Hadamard inequality
for the Choquet integral, and also for some other non-additive integrals. In the future research, we will continue
to explore other integral inequalities for non-additive measures and integrals based on harmonically convex

function.
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