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ABSTRACT

The main objective of this paper is to study the local and the global stability of the solutions, the periodic
character and the boundedness of the difference equation

ATp—t
Tl = PTpt + QTpf + — ), n=0,1, ..,
bxn—t +c
where the parameters 5, «, a, b and c are positive real numbers and the initial conditions x_gs, *_s11,..., T_1,

xo are positive real numbers where s = maz{l, k, t}.
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1. INTRODUCTION

The higher-order difference equations are of paramount importance in applications. Such equations also seem
naturally as discrete analogues and as numerical solutions of differential which model various diverse phenomena
in biology, ecology, physiology, physics, engineering, economics and so on [1-9]. The theory of difference equations
gets a central position in applicable analysis. That is, the theory of difference equations will continue to play an
important role in mathematics as a whole. Hence, it is very interesting to study the behavior of solutions of a
difference equations and to discuss the local and global asymptotic stability of their equilibrium points [10-15].
In recent years, the behavior of solutions of various difference equations has been one of the main topics in the
theory of difference equations [16-34].

Abo-Zeid [35] obtained the global asymptotic stability of all solutions of the difference equation

_ Azp_2 _
Tnt1 = BIContn_1Tn_2" n—O,l,...,

where A, B, C are positive real numbers and the initial conditions x_5, x_1, zo are real numbers.

Abu-Saris et al. [36] studied the globally asymptotically stability of the equilibrium solution of the rational
difference equation

0+ TnTn_k _
Tnt+1 = Tt Tr_k n = 0, 1,

ceey

where k is a nonnegative integer, a > 0, and x_g, ..., o > 0.

You-Hui et al. [37] investigated the global attractivity of the nonlinear difference equation

_ P+qYn _
Yntl = Tryptrgn =01

ceey

where p, ¢, r € [0, 00), k > 11is a positive integer and the initial conditions y_j, ..., y_1 are nonnegative real
numbers and g is a positive real number.
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Zayed et al. [38] investigated the boundedness character, the periodicity character, the convergence and the
global stability of positive solutions of the difference equation,

0Tt Tn_1+02Tn_k _
Tnt1 = BoxTn+B1Tn—1+BoTn—k’ n=0,1,

ceey

where the coefficients o, 5, € (0, o0) for i =0, 1, 2, and I, k are positive integers such that [ < k. The
initial conditions x_g, , ..., x_j, ..., x_2, T_1,xo are arbitrary positive real numbers.

El-Dessoky [39] investigated some qualitative behavior of the solutions of the difference equation

CTr—s
Tptl = OTp—] +0Tp_p + —, n=0, 1, ..,
dr,—s — €
where the parameters a, b, ¢, d and e are positive real numbers and the initial conditions x_;, ©_;11,..., £_1,

xo are positive real numbers where t = maz{l, k, s}.

Our goal is to obtain some qualitative behavior of the positive solutions of the difference equation

AT,
Tpa1 = BTy +ax,_ i + bxn,tiw n=0,1, .., (1)
where the parameters 5, «, a, b and c are positive real numbers and the initial conditions x_gs, *_s11,..., T_1,

x are positive real numbers where s = maz{l, k, t}.

2. LOCAL STABILITY

In this section, we study the local stability of the equilibrium point of equation (1).

The equilibrium points of Eq. (1) are given by

T = BT + oT + 22

T+c?
b(l—a—B)z* +c(l —a—pB)T = ax.
So, Tg = 0 is forever an equilibrium point of the difference equation (1). If o+ < 1, then the positive equilibrium

point of the Eq. (1) is given by

T = e b

Let f: (0, 00)3 — (0, co) be a continuous function defined by

flu, v, w)=Pu+ v+ e

Therefore, it follows that

of (u, v, w) __ Of (u, v, w) __ Of (u, v, w) __
Em =f, Em =qQ, 9w = (bwajc)z- (2)

THEOREM 2.1. The zero equilibrium ZTq of the difference equation (1) is locally asymptotically stable if

cla+p)+a<ec. (3)

Proof: So, we can write Eq. (2) at zero equilibrium point o = 0 in the form

:B:pl7

9f (%o, Zo, To)
ou c ps-

3]"@076?07 To) _ a=ps and 3}"@076307 To) _a _
Then the linearized equation of Eq. (1) about %y is

Ynt+1 — P1Yn—k — P2Yn—1 — P3Yn—s = 0,
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According to Theorem 1.6 page 7 in [1], then Eq. (1) is asymptotically stable if and only if

Ip1| + |p2| + |ps| < 1.

Thus,

1B+ lo| + 2] < 1,
and so

cla+p)+a<ec.

The proof is complete.

Example 1. Consider [ =2, k=1,t=3, =03, a =0.2, a = 0.5, b = 0.7 and ¢ = 6 and the initial
conditions z_3 = 0.2, z_5 = 0.4, z_; = 0.6 and 2y = 0.1, the zero solution of the difference equation (1) is local
stability (see Fig. 1).

plot of x(n+1)= beta X(n-)+ alpha X(n-k) + (a X(n4) / (b X(n4) + ¢ )
0.7 T T T T

0.6

05

0.4

X(n)

03

0.2

01 -

0
0 10 20 30 40 50 60 70 80 90 100

n

Figure 1. Plot the behavior of zero solution of Eq. (1) is local stable.

THEOREM 2.2. The positive equilibrium T1 of the difference equation (1) is locally asymptotically stable if

c(l—a-p) <a. (4)

Proof: So, we can write Eq. (2) at the positive equilibrium point z; = m -1

8f (F1, T1, T1) f(F1, T1, F1) _ Af (@1, T1, T1) _ c(l—a—B)2 _
Em = a = po and = ” =

=B =p, 90 ow p3-

Then the linearized equation of Eq. (1) about z is
Yn+1 — P1Yn—k — P2Yn—1 — P3Yn—s = 0,
According to Theorem 1.6 page 7 in [1], then Eq. (1) is asymptotically stable if and only if
1|+ [p2| + ps| < 1.

Thus,
8]+ |al +

2
T ‘ <1,

and so

2
ﬂ%<1,a,b,

if a4+ 8 < 1, then
c(l—a-p)<a.
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The proof is complete.

Example 2. Figure (2) shows the solution of the difference equation (1) is local stability if [ = 2, k = 1,
t=3,6=03,a=0.2,a=3,b=0.7 and ¢ = 0.6 and the initial conditions x_3 = 0.2, z_5 = 0.4, x_; = 0.6
and zo = 0.1.

plot of x(n+1)= beta X(n-I)+ alpha X(n-k) + (a X(n-t) / ( b X(n-t) + ¢ ))
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Figure 2. Draw the behavior of the positve solution of Eq. (1) is local stable.

Example 3. The solution of the difference equation (1) is unstable if I =2, k=1,¢t =3, 5 =0.9, « = 0.2,
a=3,b=0.7and ¢ = 0.6 and the initial conditions z_3 = 0.2, z_5 = 0.4, z_; = 0.6 and zq = 0.1. (See Fig. 3).
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Figure 3. Sketch the behavior of the solution of Eq. (1) is unstable.

3. GLOBAL STABILITY

In this section, the global asymptotic stability of equation (1) is studied.
THEOREM 3.1. The equilibrium point To is a global attractor of difference equation (1) if

a+ﬁ+%<L (5)

Proof: Suppose that ¢ and 7 are real numbers and assume that F : [(,n]*> — [(,n] is a function defined by

F(z, y, z) = Br+ ay + 5

bz+c*
Then ( ) ( ) ( )
OF (z, y, 2) __ OF(x, y, z) __ OF(x, y, 2) __ ac
oz =B, Y = aand 92 = Gzto?
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Now, we can see that the function F(z, y, z) increasing in z, y and z. Then

[/J’x+a:c+lma—icx] (z — )

axr axr
— + —

< [Fa-a-pa+ T +=

}(x70)§7(17a7,373>x2<0

If a4 B+ 2 <1, then F(z, y, z) satisfies the negative feedback property
[F(z, z, z) — z] (x — Tp) <0, for To =0.

According to Theorem 1.10 page 15 in [1], then T; is a global attractor of Eq. (1). This completes the proof.

Example 4. Consider [ =2, k=1,t=3, 8 =0.03, a = 0.02, a = 0.5, b = 0.7 and ¢ = 4 and the initial
conditions z_3 = 0.5, x_o = 0.7, x_; = 0.6 and xg = 1.1, the zero solution of the difference equation (1) is
global stability (see Fig. 4).

plot of x(n+1)= beta X(n-I}+ alpha X(n-K) + (@ X(n-9) / ( b X(n-t) + ¢ ))
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Figure 4. Plot the behavior of the zero solution of Eq. (1) is global stability.

THEOREM 3.2. The equilibrium point T, is a global attractor of difference equation (1) if

B+a<l. (6)

Proof: Suppose that ¢ and 7 are real numbers and assume that g : [¢,n]®> — [¢,n] is a function defined by

aw

g(u, v, w) = Pu+ av+

bw-+c*
Then ( ) ( ) ( )
Og(u, v, w) dg(u, v, w) dg(u, v, w) ac
ou - B’ ov =a and ow - (bw+c)2 :

Now, we can see that the function g(u, v, w) increasing in u, v and w.

Let (m, M) be a solution of the system M = g(M, M, M) and m = g(m, m, m). Then from Eq. (1), we
see that

aM am
M = BM M+ — =
LM + « +bM+c’m /J’m+am+bm+c,

thus

b(la—B)M? —c(l—a—B)M = aM,
b(la — B)ym?* —c(l—a—B)m = am.
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Subtracting we obtain

b(l—a—p)(M*>—m?) = (a+c(l—a—f)(M—-m) = 0,
(M —m){b(1 —a—B)(M+m)—a—c(l—a—p8)}

under the condition 0 # b(1 — a — 3), we see that
M =m.
According to Theorem 1.15 page 18 in [1], then 7 is a global attractor of Eq. (1). This completes the proof.
Example 5. The solution of the difference equation (1) is global stability when [ =2, k=1,¢t=3, 8 =0.1,

a=0.2,a=2,b=1and ¢ =0.01 and the initial conditions x_5 = 0.2, z_2 = 0.4, z_; = 0.6 and xg = 0.1. (See
Fig. 5).

plot of x(n+1)= beta X(n-)+ alpha X(n-k) + @ X(n) / (b X(n-t) + ¢ )
T T T T

L L L
0 10 20 30 40 50 60 70 80 90 100

Figure 5. Plot the behavior of the solution of Eq. (1) is global stability.

4. PERIODIC SOLUTIONS

THEOREM 4.1. Let I, k and t are both odd positive integers then for all B, a, a, b and ¢ are positive real
numbers, then Eq. (1) has a prime period two solution if

a+p<landc(l—a-p)<a. (7)

Proof: First, suppose that there exists distinct nonnegative solution P and @), such that
..P,Q, P, Q,..,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when [, k and ¢ are both odd, then x,,4+1 = 2, = Tp—r = xp—¢ = P. It follows Eq. (1)
that

P =3P+ aP + 355 andQ:ﬁQ+aQ+J_b5+c-

Therefore,
b(l—a—-pB)P*+(c(l—a—p)—a)P =0, (8)
bl-a-B)Q +(c(l-a-p)-a)Q=0, (9)
Subtracting (9) from (8) gives
P+Q =i (10)
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Again, adding (8) and (9) yields
PQ=0. (11)

where a > c(l1—a—p) and 1 > o+ . Let P and @ are the two distinct nonnegative real roots of the
quadratic
b(l—a—-B)t* —(a—c(l—a—p)t=0, (12)

and so

a—c(l—a—-p)>0andl—a—4>0, (13)
from Inequality (13), we obtain Inequality (7).
Second suppose that Inequality (7) is true. We will show that Eq. (1) has a prime period two solution.
Therefore P and @ are distinct nonnegative real numbers.

Set
x—l:P7 x—k:P7 x—t:P7 ey SC_3:P, x—2:Q7 SC_1:P, xOZQ'

We would like to show that

o =1, =P=220=208) 4nd py=20=0Q =0.

b(1—a—p)
It follows from Eq. (1) that
(“Hian)
1 BP + aP + blaDl—&D-c = (B + a)P + a—c(l—a—p )
b( ) )*C
a—c(l—a—p a(la—c(l—a—p a—c(l—a—p a(la—c(l—a—p
(8 +0) (S5 + it = (0 + ) (ks + e,
(Bta)(a—cl—a=f)+(1-a=f)lazcl=a=p)) _ (a=c(l=a=p))(Btatl-a=p) _ a—c(l-a=f) _ p
b(1—a—B) b(1—a—p) b(1—a—B) '
and

Ty = PQ+aQ + 555 =0=Q,
Then by induction we get
Top =@ and a9, =P forall n>-2
Thus Eq. (1) has the prime period two solution

) P7 Q? P7 Q? ey

where P and @ are the distinct nonnegative roots of the quadratic Eq. (12) and the proof is complete.

THEOREM 4.2. Let I, k and t are both even positive integers then for all B, «, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Let that there exists distinct positive solution P and (), such that
P, Q, P Q,..,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when [, k and ¢ are both even, then z,11 = P and x,,—; = Ty,—x = p—t = Q. It follows
Eq. (1) that

P:,BQ+04Q+$—C and Q = BP + aP + 35t
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Therefore,
bPQ + cP =b(B+ 2)Q* + (a + ¢(B+ @))Q, (14)
bPQ + cQ =b(B+ a)P? + (a+c(B+ a))P, (15)
Subtracting (15) from (14) gives
P4 Q= —ak0tia) (16)
Again, adding (14) and (15) yields
PQ = S(3rarisatar an

From (16) and (17), we have

_ clatc(14B+a)+c 2
(P+ Q) PQ = - b3 (f+a)2 (11 8+a) <0

This contradicts the hypothesis that both P and @ are positive. Thus, the proof is now completed.

THEOREM 4.3. Let I, k are even and t is odd positive integers then for all B, «, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Let that there exists distinct positive solution P and @), such that

WP, Q, P Q,..
is a prime period two solution of Eq.(1).
We see from Eq. (1) when [, k are even and ¢ is odd, then ,,41 = x,—¢ = P and x,,—; = x,,—x = Q. It follows
Eq. (1) that
P =BQ+aQ + 555 andQ:BPJraPergJi—c.

Therefore,

bP? +cP =b(a+B)PQ+c(a+p)Q+aP, (18)

bQ* +cQ =b(a+ B) PQ +c(a+ B) P+ aQ, (19)

By subtracting (18) from (19), we deduce

P+ Q = *elitoth) (20)
Again, by adding (18) and (19), we get
_ c(atpB)(a—c(1+a+p))
PQ = — (detfjleclrosnl), (21)

Ifa>c(l+a+ ), then PQ is negative. But P, Q are both positive, and we have a contradiction. Therefor,
the proof is completed.

THEOREM 4.4. Ifl, t are even and k is odd positive integers then Eq. (1) has no positive prime period two
solution.

Proof: Let there exists distinct positive solution P and @, such that

P Q, P, Q,..
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is a prime period two solution of Eq.(1).

We see from Eq. (1) when [, ¢ are even and k is odd, then z,,41 = x,—p = P and x,,—; = x,,—; = Q. It follows
Eq. (1) that
P=p5Q+aP+ bggc and Q = BP + aQ + b;ic.
Therefore,
b(1—a)PQ+c(l—a)P=>bBQ*+ (cB+a)Q, (22)
b(1—a)PQ+c(l—a)Q=>b8P>+ (cB+a)P, (23)

By subtracting (23) from (22), we get

P+ Q= — (b)) (24)

While, by adding (22) and (23), we deduce

_ cl—a)(atc(1—a+p))
PQ = b2B(1—a+p) : (25)

If « <1and a <1+ 3 then from (24) and (25), we have

cll—a)lar+c(l— 2
PQ (P + Q) = —U=pigteCadBll <

This contradicts the hypothesis that both P, @) are positive. Thus, the proof is now completed.

THEOREM 4.5. Suppose that k, t are even and [ is odd positive integers, then Eq. (1) has no positive prime
period two solution.

Proof: Assume that there exists distinct positive solution P and @, such that

P, Q, P, Q,..,
is a prime period two solution of Eq.(1).
We see from Eq. (1) when k, ¢ are even and [ is odd, then ,,41 = x,—; = P and z,,_ = x,,—; = Q. It follows
Eq. (1) that
PzﬂP+&Q+ﬁ—c and Q = 8Q + aP + b;ic.
Therefore,
b(1—B)PQ+c(l1—pB)P =0baQ?+ (ca+a)Q, (26)
b(1—B)PQ+c(1—-p5)Q =0baP?+ (ca+a)P, (27)

By subtracting (27) from (26), we have

P+ Q= — (sreltest)) (28)
Again, by adding (26) and (27),we deduce
P -tz )
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If 6 <1and 8 <1+ « then from (28) and (29), we have

c(l— a-rc o— 2
PQ(P+Q) = =R <0

This contradicts the hypothesis that both P, @) are positive. Thus, the proof is now completed.

THEOREM 4.6. Let k is even and l, t are odd positive integers then for all B, «, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Assume that there exists distinct positive solution P and @, such that

P, Q, P Q,..,
is a prime period two solution of Eq.(1).
We see from Eq. (1) when k is even and [, ¢ are odd, then z,,41 = ,—; = —y = P and z,,—x = Q. It follows
Eq. (1) that
P =[P +aQ+ 53 and Q = fQ +aP + 357
Therefore,
b(1—pB)P*+c(1—pB)P =baPQ +caQ + aP, (30)
b(1—-pB)Q*+c(1—B)Q =baPQ + caP + aQ, (31)

By subtracting (31) from (30), we get

P+Q =gt (32)
Again, by adding (30) and (31), we have
o ca(a—c(l+a—p
PQ = —pap)arap (33)

where f <1, 8 <1+ aand ¢(1+4+ a— ) < a, then PQ is negative. But P, @) are both positive, and we have a
contradiction. Therefor, the proof is completed.

THEOREM 4.7. Ifl is even and k, t are odd positive integers, then Eq. (1) has no positive prime period two
solution.

Proof: Assume that there exists distinct positive solution P and @, such that

P Q, P, Q,..,
is a prime period two solution of Eq.(1).
We see from Eq. (1) when [ is even and k, ¢ are odd, then z,,41 = p— = p—t = P and z,,_; = Q. It follows
Eq. (1) that
P =4Q+aP + - and Q:BP+aQ+ﬁ—C.
Therefore,
b(1—a)P?+c(l—a)P =>b3PQ+cBQ +aP, (31)
b(1—a)Q*+c(l—a)Q =0bBPQ+ cBP + aQ, (32)
Subtracting (32) from (31) gives
P+Q = t=tisal (33)
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Again, adding (31) and (32) yields

o chBla—c(l14+p—a
PQ =~ (34)

Ifa<l,a<l+4+pfand c(1+ 8- a) < a, then PQ is negative. But P, Q) are both positive, and we have a
contradiction. Thus, the proof is completed.

THEOREM 4.8. Let t is even and l, k are odd positive integers. If
c(l—a—-p5)+a#0,

then Eq. (1) has no prime period two solution.

Proof: Assume that there exists distinct positive solution P and @, such that

WP, Q, P Q,..
is a prime period two solution of Eq.(1).
We see from Eq. (1) when ¢ is even and I, k are odd, then z,,41 = = ,—; = P and z,,_; = Q. It follows
Eq. (1) that
P:ﬁP+aP+ﬁ—c and Q = Q + aQ + 75~

Therefore,

b(l—a—-0)PRQ+c(l—a— )P =aQ, (35)

b(l—a—-B)PQ+c(l—a—-p5)Q=aP, (36)

Subtracting (47) from (46) gives
(cl-a=p)+a)(P-Q)=0

Since ¢(1 —a — ) +a # 0, then P = Q. This is a contradiction. Thus, the proof is completed.
Example 6. Figure (6) shows the Eq. (1) has a period two solution when =1, k=3,t=5, 3=0.1, a = 0.2,
a = 0.5, b = 0.07 and ¢ = 0.05 and the initial conditions z_5 = P, x4 = Q, x_3 =P, x_ 2 =Q, ©_1 = P
and 7y = Q where P = 9=¢+5-9) 414 Q = 0.

b(l—a)

plot of x(n+1)= beta X(n-)+ alpha X(n-K) + (a X(n-t) / (b X(n-t) + ¢ ))
T T T T

10

Figure 6. Sketch the solution of Eq. (1) has a period two solution.
Example 7. Consider [ =5, k=2,t =4, 5 =06, « =02, a =04, b = 0.7 and ¢ = 0.5 and the initial

conditions x_5 = 1.2, x_4 =14, x_53 =06, z_2 = 1.1, z_; = 0.3 and xyp = 0.8 the solution of Eq. (1) has no
period two solution (See Fig. 7).
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plot of x(n+1)= beta X(n-)+ alpha X(n-k) + (a X(n4) /(b X(n4) + ¢ ))
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Figure 7. Draw the solution of Eq. (1) has no periodic.

5. BOUNDEDNESS OF THE SOLUTIONS
In this section, we investigate the boundedness nature of the positive solutions of equation (1).
THEOREM 5.1. Every solution of difference equation (1) is bounded if 8+ « < 1.
Proof: Let {z,} ~ _, be a solution of Eq. (1). It follows from Eq. (1) that

n=-—s

ATn—t

Tn+1 = PTni+ aTp_i+ Tt

ATn—t

< Brpo+az,_p+ e, = Brp_y+ax,_p+ 4§ foraln>1
By using a comparison, we can right hand side as follows
tn+1 = Btn—l + oty + %-

and this equation is locally asymptotically stable if 3+ a < 1, and converges to the equilibrium point ¢t =

ﬁ;ﬂ—a) .Therefore
nlingo sup x, < m

Thus the solution is bounded.
THEOREM 5.2. Every solution of difference equation (1) is unbounded if 8 > lor a > 1.
Proof: Let {z,} — _, be a solution of Equation (1).Then from Equation (1) we see that

n=-—s

Tpa1 = BTn_i + aTp_k + bgfj;’;c > Bx,_; forall n> 1.
We see that the right hand side can be written as follows

tn+1 - Btn—l .

then
tines = Bt + const., 1=0,1,...,1,

(oo}
n=-—s

and this equation is unstable because § > 1, and lim ¢,, = co.Then by using ratio test {z,,} is unbounded

n—oo
from above.
Similarly from Equation (1) we see that

ATn—t

o e an—l + o,k + bZm_itc

> ax,_p for alln > 1.
We see that the right hand side can be written as follows

tn+1 = atp_.
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then
thnii = Q"tgy; + const., 1=0,1,...,k,

(oo}
n=-—s

and this equation is unstable because o > 1, and lim ¢, = co.Then by using ratio test {z,} is unbounded
n—oo

from above. Thus, the proof is now completed.

Example 8. We assume [ = 2, k= 1,t =3, 8 =04, a =12, a =3,b = 0.7 and ¢ = 0.6 and the
initial conditions x_3 = 0.2, x_5 = 0.4, z_; = 0.6 and 2y = 0.1, the solution of the difference equation (1) is
unbounded (see Fig. 8).

x10 ° plot of x(n+1)= beta X(n-)+ alpha X(n-k) + (@ X(n) / (b X(n-t) + ¢ )
T T T T T

25 |-

05 -

L
0 10 20 30 40 50 60 70 80 90 100

Figure 8. Plot the behavior of the solution of Eq. (1) is unbounded.
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