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Abstract: Co-ordinated convex function of two variables and corresponding in-
equalities have been studied before by many researchers. This paper deals with
Co-ordinated convex function of three variables. In the present paper the idea of
co-ordinated convex function of two variables in a rectangle from the plane R? is
extended to that of three variables in a rectangle from space R3. Moreover corre-
sponding extended right handed Hermite-Hadamard type inequalities are also in-
corporated. At the end some applications of resulting inequalities to special means
are also given.
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1. INTRODUCTION

It is said that the notion conver was pioneered by Archimedes. While estimating
value of 7, he noticed that the perimeter of a convex figure is smaller than that
of any other convex figure, encompassing it. As per J. L. Jensen, idea of convex
function is as primeval as an increasing function or a positive function. A docu-
mented result spontaneously identified with convex function is Hermite-Hadamard

(HH) inequality
a+tf 1 g(a) +9(8)
g( ) <3 / g(u)du < L+ 9P) (L1)

2 -« 2 ’

where g is a real valued convex function on the real interval I and «, 8 € I with
a < f. The idea of co-ordinated convex (CC) function on a rectangle from the
plane was coined by Dragomir and Pearce in 2000, see [6]. Co-ordinated convexity
is more general than convexity. It only requires a function to be convex on each
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coordinate individually and independently, not simultaneously as in case of con-
vexity. Thereafter Dragomir and many other mathematicians worked in this field,
see [115}(8[9L[11L[13][14116H18,/20-22]. The idea of co-ordinated convexity was joined
with other classes of convex functions like s-convex, m-convex, (&, m)-convex, h-
convex, log-convex, ((s,m), QC)-convex functions and many interesting results were
obtained, see [214}/10,/12}15,/19] and references there in.

Dragomir and Pearce [6] defined CC function of two variables as follows. The
principal outcomes of the present article are actuated by this definition.

Definition 1.1. A function g : A — R is called CC on A if the partial functions
gu:[7,0] — Rand g, : [, B] — R, defined as g.(y) = g(u,y) and g,(z) = g(z,v)
respectively, are convex. Here A is bi-dimensional interval given by A = [a, B] X
[y, 1.

2. MAIN RESULTS

In this section we mainly establish results on the basis of definition of CC function
of three variables on a rectangle from the space R3. We derive HH type inequality
for CC functions of three variables and then establish inequalities related to the
algebraic combination of middle term and right side terms of this inequality, to be
called right HH type inequalities. Let us first define CC function of three variables.
Motivated by Definition [I.I] CC function of three variables is defined as:

Definition 2.1. A function g : A — R is called CC on A if the partial functions
Gu,w - [C777] — R7 Gu,w * [776] — R and Gvw * [0&76] — R; deﬁned as gum(z) =
9(u, v, 2), guw(y) = gu,y,w) and gy.(z) = g(x,v,w) respectively, are conver.
Here and on wards A is tri-dimensional interval given by A = [«, 5] X [, 6] X [¢, 1]

Lemma 2.2. If a function g : A — R is CC function on A, then the subsequent
inequality is induced
glc+ (1 =0d,me+ (1 —m)h,nr+ (1 —n)s)
<lImng(c,e,r) +Im(l —n)g(c, e, s) + (1 —m)ng(c, h,r)
+1(1—=m)(1 —n)glc,h,s)+ (1 —)mng(d,e,r) + (1 — )m(1l —n)g(d,e,s)
+ (1 =01 —=m)ng(d,h,r)+ (1 =01)(1—m)(1—n)g(d,h,s),
for alll,m,n € [0,1] and (c,e,7), (c,e,5), (¢, h,7) e.t.c. are in A.
Proof. The Ineq. (??) can be proved simply by applying Deﬁnition to the given
function g. O

Lemma 2.3. Every convex function is CC. The converse in general is not true.

Proof. It can be proved by using Definition [2.I] of CC function. Moreover the
function g : [0,1]> — [0, 00) given by g(u,v,w) = uvw, for all (u,v,w) € [0,1] is
CC function but is not convex on [0, 1]3. O

Motivated by Dragomir [7], we extend HH Ineq. (1.1]) for CC functions of three
variables as follows:
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Theorem 2.4. Suppose that g : A C R> — R is CC function on A, then the
subsequent inequality is induced

a+p 7+6 (+n
g 2 ) ) 2

1 7+5 C+n 1 % (a+B (47
e [ st )
K a+6 7+5 ) ]
+77 /Cg< (2.1)
1] 1 5 b C+n> 1
<3_<,6—a><5—v>/7/a9<“’”’ 2 )M =0

5
/ /Cng Oé;' ,v,w) dvdw +%77—C /ﬁ/ng <u, 72—’_5,10) dudw1(2.2)
(8- )51777 C/// (w0 w)dudvd (23)

m/ / {9(u,v,¢) + g(u,v,n)} dudv

1
+MWC)L /c {g9(a,v,w) + g(B,v,w)} dvdw

IN

IN

1
6

B rn

+m/ /4 {g(u,%w)+g(U,6,w)}dudw] (2.4)

1 1 B
< 12 [5 a/a {g(u,7,¢) + glu,v,m) + g(u,8,¢) + g(u,6,n) } du

1 )
di [ ot@0.0)+ glavvi) + 9(8,0.0) + (B v}
%C /C” {g(a,v,w) + g(a, d,w) + g(B,7,w) + g(B,,w)} dw] (2.5)

< é [9(a,7,€) + g(a,v,m) + g(a,6,¢) + g(e, 6,n) + g(B,7,¢) + g(B,7,m)

+9(8,6,¢) +g(8,6,m)] . (2.6)

Proof. Since g : A — R is CC function, it follows that the function g, , : [¢, 7] —
R, defined by gy.(2) = g(u,v,2) is convex on [(,n]. Then from Inequality (1.1)),
we have

n
Gats y+s <> < 7/ Gats yts (w)dw, where w € [(,7)]
¢

¢
atf y+0 (+n)_ 1 /" at B y+o N
g 2 ) 2 ) 2 —7774- C g 2 ) 2 ) *
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Similar arguments applied to the functions g, ., and g, ., respectively, we get

atB y+0 CHn\ _ 1 /5 ath S\,
g 2 ) 2 ) 2 —5_7 ’Yg 2 v 2

atB y+d C+n\ _ 1 /ﬁ L0 Y
g 2 ) 2 ) 2 — B . o g ) 2 ) 2 )
adding above three inequalities, we get Ineq. (2.1 as follows

a+p v+ (+n
IN72 T2 g

1 A Y+ C+n 1 * fa+ B (Hn
[ (it s [ (S5

2
1 T a4+ y+6 ) }
+ — g( ,—,w | dw] .

and

Now consider the following inequality

1 n
Gots (C;FW) < 77_</g g%ﬁ)v(w)dw, where w € [(, 7],

OH—ﬁvC—H? < 1 /77 OH_BUZ dw
g 2 772 _T)—C Cg 2 b b

L0 (atB C+77> 1 5 <a+6 )
5—7/7 g< 2 " dv<(5—7)(n—C)L /;g 5 VW )dvdw,

adding all such inequalities, we get Ineq. as follows
ﬁ_la/jc(3377;5’4;77)du+;v/ch(a;ﬁ’v’é;rn)dv
ot [HE 5w = Gy [ (o 52
N (6_7)1(77_0[ C f (a;ﬂ’y,u)dvdw

o /j /< / ( 735‘”) dud

Considering
1 K u,v u,v
Gu,v (C;n) < 7/ gu,u(w)d’w < Iu, (m) t Ju, (n), where w € [C,T}L
n— ¢ 2

gives

1 n
g (u’v’ C;rn) < - / o, v, w)dw < g9(u, v, ¢) ;y(uvv,n), 27)

- ¢

508 Hussain 505-517



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

CO-ORDINATED CONVEX FUNCTIONS OF THREE VARIABLES 5

integrating Ineq. (2.7) w.r.t u and v over the intervals [«, 5] and [v, d] respectively,
then multiplying by m, we have

<ﬁ—o;>1<5—v> /j /jg (“’”’ C;n) dudv
B pé prm
=5- )(517 =0 ///g(“”“’)d“d”dw

35— 5 7l// uv(duvar// uvndudv],

by the same argument applied on the functions g, ., and g, .,, we tend to get two
additional such inequalities. Then by adding these inequalities, we have Inegs. (2.3))
and (2.4)) as follows

1

e [ (e =0

6/fg(a§ )it s gy [0 (w 5 ) ]
g(ﬁ—a)fi - 4)/// (v w)dudvde

1

6 (5*

) dudv +

IN

B ré B o
/ g(u, v, Q)dudv + —————— / g(u,v,n)dudv

5 5 prm
/ gavwdvdw—l— / 9(B,v, w)dvdw
=10=9 J, Je Y= Jy Je

L <// o Qe+ s /4/2, ndudw].
n

By convexity of g,,, we have

lc/ngm( o < 2B 200 wherew e G

gl v, Q) + ga, v,m)
/ (o, v, w)dw < 5 ,

integrating this inequality w.r.t. v over the interval [y, §], we have

§ ) 5
O/Y /C g(a, v, w)dvdw < MA {g(a,v,¢) + g(a,v,n)}dv,

similarly by convexity of gg ., we have

§ ) s
C)[y /C 9(5,v,w)dvdw§2(5w[y {9(B,v,¢) + g(B,v,m) }dv,
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after further calculation we have six such inequalities, adding these we get Ineq.
(2.5) as follows

B o
m/ / {g9(u,v,¢) + g(u,v,n)} dudv

1 s
+W/ / {g(a,v,w) + g(B,v,w)} dvdw

W//{guvcﬂﬁ(uvn)}dudw

[ ! /{guv,C)Jrg(uv,n)Jrg(u5C)+9(u577)}du

+

1
=3
+L/{(av§)+ (,v,1) + g(B,v,¢) + g(B,v,1)} dv
5_,}/ 8 gla, v, glo,v,n g\o,v, g(B,v,n
n
1</€ {9(04,’77w)+g(oz,6,w)+g(ﬂ,77w)+g(ﬁ’5’w)}dw '

Now to get last inequality we use the convexity of g, -, which implies

1 K 9a(C) + ga (1)
—_— dw <
77 C / ga,'y(w) —

5 , where w € [(, 7],

/ o dw<g(amC)+g(amn),
n—¢ 2

adding such inequalities, we get Ineq. (2.6 as follows

5 8 ? ’
ﬂ—% V g(u,%C)dqu/ g(u,%n)du+/ g(u,&C)duﬂL/ g(uﬁﬂ?)dul

1 é

5 6
+$ M g(a,’lMC)d’U-‘r/y g(a,v,n)dv+L g(ﬁ,vvc)var/vg(ﬂ’”’”)d“]

e | [ ot + [ ate gyt [0, -+ [ o5, 5.)0u]

< 5 [9(e, v, Q) + gla,v,m) + 9(B,7,¢) + g(B,7,m) + g(e, 6,¢) + g(a, 6,m)

6,9,¢) + g(B,6,m)].

| W

+g

—

Hence proved. O

Motivated by notion given in [22], we now present right handed HH type inequal-
ities related to inequality given in Theorem for differentiable CC functions on
rectangle from the space R3. In order to establish further results we need the fol-
lowing lemma.

Note: From here onwards we use ‘A’ to represent the following algebraic combi-
nation of middle and the right sided terms of HH type inequality given in Theorem
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| = @

[9(a, v, O)+g(a,v,m)+g(a,d, () +g(a, 6,7)+g(B,7,¢)+9(B,7,1m)+9(8,6,¢)

1

B
(5,5, - ¢ [i | H0003.0 + a7m) + gl005.0) + gl 8.0)}

+7/ {g a»”:C)JFg(aU77)+9(B707§)+9(57U777)}dv

1 1[ 1
n—CJe 2[(B=)(6=7)

B 1 5 rm
/a [{g<u,v,c)+g<u,v7n>}dudv+M(ﬂ_() / /C{g<a,v,w>+g<ﬁ,v,w>}dvdw

1 B
+m/@ /C {g(ua%w)—i—g(w&w)}dudw]

CERI i 7)(n—¢) /j [j /477 9(u, v, w)dudvdw.

Lemma 2.5. Let g : A C R?> — R be partial differentiable function on A. If
Jimn € L(A), then the subsequent identity is induced

R ) e 7 (= C/// (1—20)(1 — 2m)(1 — 2n)

Gimn (la + (1 — DB, my+ (1 —m)d,n¢ + (1 — n)n)dldmdn.

gy, w)+-9(cr6,w) + g(B, 7, w)+9(B, 5, w)} dw]+

Proof. Considering the following triple integral and integrating it by parts w.r.t.
l,m and n respectively, we get

/01/01/01(1—21)(1_2”1)(1_2”>

Jimn(la+ (1=0) 8, my + (1—=m)d,n¢ + (1—n)n) dldmdn
1

://(1—2m)(1—2n) [(L__Qﬁl)gmn(la—l—(l—l)ﬁ,mfy-i—(l—m)&, nC+(1—n)n)
0 J0

/ (=2) Jimn(la+ (1 =0DB,my+ (1 —m)§,n¢+ (1 — n)n)dl] dmdn

0

-8
// (1- 2m) (1-2n) gmn(a,mv—l—(l—m)&TLC+(1_”)77)+9mn(/B’mV"'(l_m)(sv

1
n+(1-n)n)—2 /glmn(la +(1-0)8, my +(1—m)d, n¢+(1—n)n)dlldmdn
0

= a9 1O a(a )+ 0(0. 6.0+ glenb.n)+ (5.7.)

g(B,7,m) + 9(8,5,0) + 9(B,6,m)] — [/ {9007 0) + gl vm) + (s 6,0)
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1
+g(u,6,m)} du +/O {9(, v, Q) +g(a,v,m)+g(B,v,¢)+g(B,v,n)} dv
1
+ [ oo u)gtans. ) +o(67,0) +g<5,5,w>}dw]
1 pl
+4 {//{g(laJr(ll)B, my+(1—=m)d, ) +g(la+(1-1) 5, my+(1—-m)d, n) }dldm
0J0
1 pl
+/0 / {g(cv, my+(1=m)8, Cnt-(1-n)g) (B, my+ (1-m)3, Gt (1—-n)) } dmdn
1 pl
+f [Hatta+ =07 n+(1=nja) + glta+(1-08,.¢n +<1—n>n>}dldn]
0J0
1 1 1
—8/0 /O /O glla+ (1= 1B, mry + (1 — m)s,nC + (1 — n)n)dldmdn}, (2.8)
on multiplying both sides Eq. by %, we get

[9(a,7,C) + gla,v,m) + g(, 6, () + g, 6,m) + g(B,7,¢) +9(B,7,m)

| =

+9(B,9,0)+9(8,6,m)]— i [/Ol{g(w 7, €) + g(u, v, ) + 9(u, 6,¢) + g(u, 6,m)} du
+ /01 {g9(a,v, Q) + gla,v,m) + g(B,v,¢) + g(B,v,m)} dv

- gl ) + g0 8,0) + 9(8,7,w) + (5,5, w)) dw

Jr;[/ol Ol{g(loHr(ll)ﬁ, my +(1-m)d, )+ g(lat(1-1) 8, my+(1—m)d, n) }dldm
+f 1 /Oigm,mw(lm)a, n-+ (1= Cn)n)+ g8, my -+ (1-m)d, n + (1)) }dmdn
+/01/01{g(loz +(1=-DB,v,n¢+(1—n)n) + g(la +(1=1)8,,n{ +(1—n)n)} didn

_ /1 /1 /1 glla+ (1 —=1B,my+ (1 —m)d,n¢ + (1 — n)n)dldmdn
(B

- _0‘)5 )0~ C/// [(1—20)(1 = 2m)(1 — 2n)

glmn(la + (1 =DB,my+ (1 —m)d,nC+ (1 —n)n)]dldmdn. (2.9)

By changing variable on left hand side of Eq. (2.9)), we get the required result. O

Theorem 2.6. Let g : A C R>* — R be partial differentiable function on A. If
|gimn| is a CC function on A, then the subsequent inequality is induced

) < E= D=0 (009,001 gt (37,7) + g (0,6,)

'Hglmn(aa 67 77)' + ‘glmn(ﬁa’% C)‘ + |glmn(ﬂ7’77n)‘ + |glmn(5a 67 C)l + |glmn(6a (5, 77)”
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Proof. From Lemma properties of modulus, co-ordinated convexity of |gimn|
and integrating by parts w.r.t. [, m and n respectively, we have

Al

B=a)G=1) (=) [* [ [*
< 3 /0/0/0‘1*21”1*2771”1*2774[l|glmn(a7m7+(1im)6,

Cn+(1—=n)n)| + (1 = D)|gimn (8, my + (1 — m)8,n¢ + (1 — n)n)|] didmdn

_(B= )(85Xj1 n- <//\1 2m||1=2n] [|gmn (c, my + (1 = m)s,

nC+(1_n> )|+|gmn(ﬁ7m’y+<l_ )(S,HC—I—(I—H) )”dmdn

=0 DB [ 1o g, G+ (1=

Flgn(a, 6, nC+(1=n)n)|+1gn (8,7, nC+(1=n)n)llgn (8, 6, nC+(1—n)n) Jdn

_ (B - a)(65z2’7)(77 - ¢ [|gimn (0, ¥, Q)| + |Gimn (@, 7, m) + [gimn (@, 6, C)

"Hglmn(ay 63 77)| + ‘glmn(ﬂava C)‘ + |glmn(5a%7l)‘ + |glmn(6; 5, <)| + |glmn(6; 5, 77)”

Hence proved. O

Theorem 2.7. Let g : A C R> — R be partial differentiable function on A. If
|gimn|? with ¢ > 1 and % Jr% =1, is a CC function on A, then the subsequent
inequality is induced

B-=)@=7Mm=¢) (1)
A < 8(p+1)r <8>

[|gemn (v, O + | gumn (e, v, M9 + [grmn (v, 6, Q)T + |gimn (v, 5,1)|?
+ |glmn(67'7a €)|q+|glmn(6777 T])|q + |glmn(57 63 C>|q+|glmn(67 67 77)|q]%~

Proof. From Lemma properties of modulus, Holder’s integral inequality and
Lemma [2.2] we have

|A|
g(ﬁ_a)é 7)(n = C///\l—Ql (1—2m)(1 — 2n)|

Igzmn(la+(1 — 1B, my + (1 —m)d,n¢ + (1 — n)n)|dldmdn

g(ﬂ_a)(‘s;”("_o (/0 /0 /0 |(121)(12m)(12n)|pdldmdn>

1

=

1 p1 p1 q
(/// |glmn(la+(1—1)57m7+(1—m)5,nC—|—(1—n)n)|qdldmd79
0J0 JO

< C=26-90-0 ( / / / L 2P 1 — 2mf? |1 _2n|pd1dmdn)‘°

-
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/// (Imn) Gimn (a, v, O 4+ Im(1—n)| Grmn (a0, v, 7)) |2

+ (1 =m)n|gimn(a, 0, Q)7 +1(1=m)(1=n)|gimn (e, 6,m)|?
( 7l)mn|glmn(6377 )|q ( 7Z)m(17n)|glmn(5 7’77)|q

(1= 0) (1= m)n| i (B, 6, €)1+ (1= 1) =11) (1= 1) | gun (B, 8, 1)|) dldmdn) s

_(B=o)6 1)~ <<p+13 (
N

+ |glmn(a 5 C)|q + |glmn(a 5 ﬂ)\q
+|glmn(6 5 C)‘q + |glmn(ﬂ 5 77)| )

-e\._A

) (191mn (v, Q1T+ gimn (v, 1) |?

|glmn(6 v )|q + ‘glmn(ﬂava 77)|q

Q=

Hence proved. O

Theorem 2.8. Let g : A C R® — R be partial differentiable function on A. If
|gimnl|?, ¢ > 1 is a CC function on A, then the subsequent inequality is induced

B-a)6—y)n—¢) (1)*
Al < 64 (8)

[|glmn(aa7’ )|q + |glmn(a v, 77)|q + |glmn(a 5 )|q + |glmn(a 5 77)|q
+ G (B: 7> Ol Himn (B 7, M1 + |gimn (8, 8, )| Hgumn (B, 6,m)|9) 7.

Proof. From Lemma[2.5] properties of modulus, power mean inequality and Lemma

we have

Al

_(5_0‘)5 )0 = C///H—QZ (1—2m)(1 — 2n))|

| Gimn (I 4+ (1 = 1), my + (1 — m)d,n¢ + (1 — n)n)|dldmdn

g(ﬁ_a)(égw("_o (/0 /0 /O |(1—2l)(1—2m)(1—2n)|dldmdn>1q
(/Ol/ol/olm—21)(1—2m><1—2n>|

|Gimn (o (1=1) B, my+ (1—=m) 8, n¢+ (1 —n)n)|Ydidmadn)

S(ﬁ—a)(68’y)(n ¢) ( )1‘ / / / 11— 20|11 — 2ml1 — 2n)

(Il gumn (e, v, Ol (1=10) g (0, 5, 1) T+ UL )| grn (v, 6, €) |9
11— m) (L — 1)l gumn (e, 6,0)|7 + (1 — Dymn|gimn (8,7, )9+

(1= Dm(L = 0)lgumn (8,7, M| + (1= D)1 —m)n|gimn (8,6, )[4

+ (1= D)1 = m)(1 = n)|gimn (B, 6,)|)dldmdn) s

Q=
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B -0 -0 (1)111 (1)3
- 8 8 64
(|glmn(a7 v, C)|q + |glmn(aa s n)‘q + |glmn(a7 67 C)|q +|glmn(aa 67 TI)\q

+ Igzmn(ﬂ,% O|q+|glmn(ﬂa% n)‘q+|glmn(6>5v C)|q+|glmn(6a g, n)‘q)%v

after simplification we get the required result. [

p+1)P

Remark. Since % < —L+ for p > 1, therefore estimation given in Theorem |2.§
with an improved and simplified constant is even better than that of Theorem (2.7

3. SOME APPLICATIONS TO SPECIAL MEANS

In Section [2| we established some inequalities based on CC functions of three
variables. Now we apply these inequalities to get estimates for absolute values of
different patterns of some special means. For this let us first have a look at follow-
ing special means of positive real numbers €, k (€ # k).

Arithmetic mean

€+ K
A = .
() = =
Harmonic Mean
2
H(e k) = &
€+ K
Logarithmic mean
L(e, k) = "

In(k) —In(e)’
Genralised Log-mean

_ itl B

Li(e, k) = [(z—i—l)(m—e)} , 1€ Z\{-1,0}.

Proposition 3.1. Let o, 8,7,6,(,n € RT such that a < 8,7 < 6,( < n, we have
Ay A (LA AA AL Aot AN L) + (L Ack LA i+ AL ) - L5

< (,ij) [(ﬁ B a)(5 ;47)(77 - C)]zAiflAjflAkfb

}A@AjAk— (L A+ AL A+ AN TE) + (LD A+ LA L+ AL L) —LngLﬁ‘

(B =a) (6 =)= Q)PP
< (ij) 8(p+1)%

Hi+1

(3.1)

Q=

(Agii—1) Agi—1) Agr-1)) (3:2)
P@AjAk_(LZ:AjAk‘FAiLgAk“FAiAjLIJz)+<L§L§Ak+LZAjLZ+AiL§L£)—LZ:L;LQ‘
(B =a)(6—~)(n— Q)
< (ijm =N o S0 (ayin) gy Agaen) (3.3)
Where 4 = A(a’,5'), 4 = A(y,87), A = A(CK "), L = Li(a.f), I} =
L(y,0), If = Li(¢,m), Aoy = A (o', B771), Agiim1y = A (o201, gaGi=b)
etc.

Q=
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Proof. The assertions in Propositionfollovv by taking g(u, v, w) = u'v/w* as the
CC function in Theorem Theorem and Theorem respectively. Where
u,v,w € RT and 1,5,k € ZT. O

Proposition 3.2. Let o, 8,7,6,(,n € R such that a < 8,7 < 6,( < 7, we have
1y Hy — (L Hy Hy+ LI B+ HoE L)

—177]

—1

(DL B E L+ B IR ) = I

< 1 OO g ) o2 B 225

HiHy b — (L Hy H+ B Hy+ HHLE )

+ (Li I H, + B HIF + HiL{jL’ik) — L’;iLj_jL’zk‘

i j

. —a)(6—=7)(n—¢)]? _ _ 0 Nifei i
<(iji) 2 ag)((pjf)(; 3] () (B oy By Flny ) (62 )

1 Hy — (L Hy+ LI B+ HEG L)

—i g

+ (Li I Hy+ B H L + HiLj_jL]ik> - Li_iL{jL’jk‘

—a)(6— —0)]? (i

Where H; = H (!, 8%) , H; = H (7,87) , H, = H (¢*, %) , [} = L ;(a, B),
O, = L(7,0), I}, = IEC,n), HY = H' (a1, g1

H;(;H) = H~! (a2t gaitD) e,

Proof. The assertions in Proposition follow by taking g(u,v,w) = uiv%'wk as
CC function in Theorem Theorem and Theorem respectively. Where
u,v,w € Rt and 4,5,k € ZT. O

4. CONCLUSION

In this paper the idea of CC function of two variables in a rectangle from the
plane R? is extended to that of three variables in a rectangle from the space R3.
Then HH type inequality for CC function of three variables is established. Con-
sequently by using this inequality the analogous extended right handed HH type
inequalities for CC functions of three variables are obtained. Thus obtained right
handed inequalities are utilized to give bounds for algebraic combinations of some
special means.

Motivated by these results one can also find extensions of existing left handed
HH type inequalities. Furthermore it is asserted that in the same way idea of CC
function of three variables in a rectangle from the space R? can be further extended
to CC functions of n variables in a rectangle from n-dimensional Euclidean space
R".
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