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Abstract

Fractional integral operators generalize the concept of definite integration. There-
fore these operators play a vital role in the advancement of subjects of sciences and
engineering. The aim of this study is to establish the bounds of a generalized frac-
tional integral operator via quasi-convex functions. These bounds behave as a formula
in unified form, and estimations of almost all fractional integrals defined in last two
decades can be obtained at once by choosing convenient parameters. Moreover, several
related fractional integral inequalities are identified.
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1 Introduction

A function f : I — R is said to be convez if the following inequality holds:

f(ta+ (L—=t)b) <tf(a) +(1—1t)f(b) (1.1)
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for all a,b € I and t € [0, 1].

If inequality (1.1) is reversed, then the function f will be the concave on [a, b]. Convex
functions are very useful in mathematical analysis. A lot of integral inequalities have
been established due to convex functions in literature (for details see, [2-6,10, 11, 18-20].
Quasi-convexity is also class of convex functions which is defined as follows:

Definition 1.1. ([10]) A function f : I — R is said to be quasi-convez if the following
inequality holds:
flta+ (1 —1)b) < max{f(a), f(b)} (1.2)

for all a,b € I and t € [0, 1].
Example 1.2. ([11, p.83]) The function f : [-2,2] — R, given by

1 zel-2,-1]
2?2 xe(-1,2]

) = {

is not a convex function on [—2, 2] but it is quasi-convex function on [—2, 2].

It is noted that class of quasi-convex functions contain the class of finite convex func-
tions defined on finite closed intervals. For some recent citations and utilizations of quasi-
convex functions one can see [2, 10, 11, 20] and references therein.

Fractional integral operators play an important role in generalizing the mathemati-
cal inequalities. In recent years, authors have proved various interesting mathematical
inequalities due to different fractional integral operators, for example see [3-811,15,20].
The upcoming definitions and remark provide a detailed information of recent and classical
fractional integral operators.

Definition 1.3. Let f € Lj[a,b] with 0 < a < b. Then Riemann-Liouville fractional
integral operators of order p > 0 are defined by

Fl v f(x) = ﬁ /r (x — ) Lf(t)dt, =>a (1.3)
and . ,
I 10) = 75 / (t— 2" f()dt, = <b, (1.4)

where T'(p) is the Gamma function defined by T'(p) = [ t#~ e~ dt.

Definition 1.4. ([16]) Let f € Li[a,b] with 0 < a < b. Then Riemann-Liouville k-
fractional integral operators of order u, k > 0 are defined by

BIk. f(a) = m / (@ — 0 fWdt, w>a (1.5)
and
k 1 ’ L_q
Bk fa) = m/ (t— o) f()dt, = <b, (1.6)

where I (p) is the k-Gamma function defined as T (p) = [;° t“_le_%dt.
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Definition 1.5. ([14]) Let f € Li[a,b] with 0 < a < b. Also let g be an increasing and
positive function on (a, b], having a continuous derivative ¢’ on (a,b). The left-sided and
right-sided fractional integrals of a function f with respect to another function g on [a, b]
of order p > 0, are defined by

1 /e )
e (@) = s | o) =gy o> (1.7)

and

b
“T f(x) = 1) / (9(t) — 9(@)P g (O f(B)dt, = < b, (1.8)

INY
Definition 1.6. ([15]) Let f € Li[a,b] with 0 < a < b. Also let g be an increasing and
positive function on (a, b], having a continuous derivative ¢’ on (a,b). The left-sided and
right-sided fractional integrals of a function f with respect to another function g on [a, b]
of order u, k > 0 are defined by

18 10) = e [ @) = a@)E @O 2> a (19)
and . ,
5@ = s [ 00 - a@)E g Of 0 o< (110

These are compact formulas which give almost all fractional integrals by choosing
suitable formations of function g. In this context the following remark is important:

Remark 1.7. Fractional integrals elaborated in (1.9) and (1.10) particularly produce
several known fractional integrals corresponding to different settings of k£ and g.
(i) For k=1 (1.9) and (1.10) fractional integrals coincide with (1.7) and (1.8).
(ii) For taking g as identity function (1.9) and (1.10) fractional integrals coincide with
(1.5) and (1.6).
(iii) For k = 1, along with g as identity function (1.9) and (1.10) fractional integrals
coincide with (1.3) and (1.4).
(iv) For k =1 and g(z) = %, p>0,(1.9) and (1.10) produce Katugampola fractional
integrals defined by Chen et al. in [1].
(v) For k =1 and g(z) = % , (1.9) and (1.10) produce generalized conformable
fractional integrals defined by Khan et al. in [13].
(vi) If we take g(z) = @, s>0in (1.9) and g(z) = —@, s> 0in (1.10), then
conformable (k, s)-fractional integrals are achieved as defined by Sidra et al. in [9].
(vii) If we take g(z) = %, then conformable fractional integrals are achieved as

defined by Sarikaya et al. in [17].
(viii) If we take g(z) = =0 s> 0in (1.9) and g(z) = 02" 55 0in (1.10) with

s ’ s
k = 1, then conformable fractional integrals are achieved as defined by Jarad et al. in [12].

The rest of paper is organized as follows:

In Section 2, the bounds of sum of left-sided and right-sided generalized fractional in-
tegrals via quasi-convex function are established. First result provides an upper bound for
generalized fractional integrals, and some particular cases are elaborated. Then bounds
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along with particular cases, in modulus form have been presented. Furthermore, Hadama-
rad type bounds are formulated. In Section 3, applications of results of Section 2 are
given. Moreover concluding remarks are included at the end.

In the next sections the notation M?(f) = max{f(a), f(b)} has been used frequently.

2 Main Results

Firstly, the following theorem set the formula for upper bounds of fractional integrals via
quasi-convex functions in a unified form.

Theorem 2.1. Let f,g : [a,b] — R be two functions such that g be differentiable and
f € Lla,b] with a < b. Also let f be positive, quasi-convex and g be strictly increasing
function with g’ € Lla,b]. Then for x € [a,b] and u,v > k, the following inequality holds:

(9@) = 9@ .o L )= g@)E
e Ve Ty M) @)

Proof. As f is quasi-convex, therefore for ¢ € [a, z], f(t) < MZ(f). Under assumptions on
function g, for all = € [a,b], t € [a, ] and u > k, the following inequality holds:

g (1) (g(x) = g(£) 77" < g'(t)(g(x) — gla))F". (2.2)

From aforementioned two inequalities, the following integral inequality is yielded:

HIF f(x) 45 IE f(z) <

/m(g(iﬂ) —g(1) T F(B)g ()t < (g(x) — g(a)* M (f) /z g'(t)dt. (2.3)

By using (1.9) of Definition 1.6, the following bound of fractional integral defined in (1.9)
is obtained:

==

(9(z) — g(a))
KTk (1)

Again from quasi-convexity of f, for t € [z,b], f(t) < M2(f). Also for = € [a,b], t € [, b]
and v > k, the following inequality holds:

Ik f(z) < MZ(f). (2.4)

v

g(D)(g(t) = g(x)s ™" < g'(t)(g(b) — g(z))5 . (2.5)

From aforementioned two inequalities, the following integral inequality is yielded:

b b
/ (9(t) = g(2)F 1 f(t)g'(t)dt < (g(b) — 9(56))%_1Mi’(f)/ g'(t)dt. (2.6)

By using (1.10) of Definition 1.6, the following bound of fractional integral defined in
(1.10) is obtained:

(9(b) — g(@)F

b
TG M), (2.7

vIk f(z) <

From (2.4) and (2.7), the bound of sum of left-sided and right-sided fractional integrals is
achieved. O

457 Farid 454-467



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Special cases of Theorem 2.1, are discussed in the following corollaries.

Corollary 2.2. If we take p = v in (2.1), then we get the following fractional integral
mequality:

1 u o
418 @) 4 T 1) € s (00— a(@)EME() + (o)~ 9@ EMAD) . (28)

Corollary 2.3. If we take k = 1 in (2.1), then we get the following generalized (RL)
fractional integral inequality:

v (9(x) —gla)", = (9(b) — g(x))”
olar (@) +5 I- f(2) < TMCL (f) + TMi’(f)- (2.9)

Corollary 2.4. If we take g(x) = = in (2.1), then we get the following (RL) k-fractional
integral inequality:

o)+ 1 gt < S+ O

b
FTn () M;(f)- (2.10)

Corollary 2.5. If we take g(x) = x and k = 1 in (2.1), then we get the following (RL)
fractional integral inequality:

MMm(fH—
D(p) ¢

Corollary 2.6. Under the assumptions of above theorem if f is increasing on |a,b|, then
from (2.1), we get the following fractional integral inequality:

(9(x) — gla)) (g(b) — g(x))*
B A

(b— $)VMb

Ly f @)+ 1 () < SRoy M)

(2.11)

G f (@) +y I f(2) < fo).  (212)
Corollary 2.7. Under the assumptions of above theorem if f is decreasing on [a, b], then
from (2.1), we get the following fractional integral inequality:

(9(x) — ga)*

k v 1k
IS (@) 4 1 () < S5

f(a) + T(y)f(:n) (2.13)

Next theorem provides the bound of generalized fractional integrals in modulus form.

Theorem 2.8. Let f, g : [a,b] — R be two differentiable functions with a < b. Also let
|f'| be quasi-convexr and g be strictly increasing with g’ € L[a,b]. Then for x € [a,b] and
w, v, k>0, the following inequality holds:

z) —g(a)* b) — g(z))*
Zﬁﬁunﬁﬁﬂw—(Eg@%%Lﬂ@+QQ—ﬂJLﬂmN (214)

_ (g(@) —g(a)t(x —a)
- Cy(p+ k)

M (1D
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Proof. As |f'| is quasi-convex, therefore for ¢ € [a, z], we have

1F®) < Mg(1£])-

From (2.15), we have
F1(t) <MD

Under assumptions of the function g, the following inequality holds:
i
(9(x) —g(®)* < (9(x) — g(a))

for all € [a,b],t € [a,z] and p, k > 0.
From (2.16) and (2.17), we have

==

/ “(9(x) — g0 F (D)t < (9(x) — gla)E ME(IF) / ",

the left hand side calculate as follows:

= f()(g(a) — gD F[z + - / (gt~ o) (1) (1)
= —f(a)(g(x) —g(a))¥ +Tu(p+ k) I}: f(2).

Using above calculation in (2.18), we get the following inequality:

hT8, f(z) (@) = gla))t ¢y o @) —9(a)F @ =a) o))

Cr(p+ k)

Also from (2.15), we can write
F1#) = =M(If'])-

Following the same procedure as we did for (2.16), we also have

(9(x) — g(a))* (9(x) — 9(a))¥ (z — a)

) o) < R

From (2.19) and (2.21), we get the following modulus inequality:

(9(z) — gla))* (9(z) — g(a))¥(z —a) | o/ .
Zlf+f($) - mf(a) < T+ ) M (1£])-

Again by using quasi-convexity of | f’|, for ¢ € [z, b], we have
/()] < M(| ).

Now for x € [a, b], t € [z,b] and v, k > 0, the following inequality holds:

(9(t) = g(z))* < (g(b) — g())*.

BN
BN

459

M(I£'])-
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(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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By adopting the same way as we have done for (2.16), (2.17) and (2.20) one can get from
(2.23) and (2.24) the following modulus inequality:

(9(b) — g(x))¥ (g(b) —g(@)Eb—2) 4
Wﬂb) = To(v + ) M(1f']). (2.25)

oIy f(x) —
From (2.22) and (2.25) via triangular inequality, we get the modulus inequality in (2.14),
which is required. O

Special cases of Theorem 2.8, are discussed in the following corollaries.

Corollary 2.9. If we take p = v in (2.14), then we get the following fractional integral
mequality:

A1) 44 50 s ((00) - a(@)E @) + 60— 9N E50)| (220
I 1 8 €T /! B /
sI%w+k)«mw—gw»ww—@MuuD+wmw—gu»ub—mMﬂu0)

Corollary 2.10. If we take k =1 in (2.14), then we get the following generalized (RL)
fractional integral inequality:

bl ) 45 1) = (D=2 gy 4 CE I )| 2
(o) ~ 9@z~ ) o (0D) = g =)
< (D IONLE =D gy WO IDL =D g2y,

Corollary 2.11. If we take g(x) = x in (2.14), then we get the following (RL) k-fractional
integral inequality:

wﬁﬂm+wfﬂw—(%ﬁ%%ﬂ@+§%f§g@)' (2.29)
= af g, D= DE
= W 2 (1) + CED) M(LF'))-

Corollary 2.12. If we take g(x) = x and k = 1 in (2.14), then we get the following (RL)
fractional integral inequality:

e @) 47 Ty 0) = (s @)+ 1)) (2.20)
T e T e L
< Lo+ S,

Corollary 2.13. Under the assumptions of above theorem if |f'| is increasing on [a,b],
then from (2.14), we get the following fractional integral inequality:

v (9(z) — g(a))* (g(b) — g(z))*
MV f(z) +) IE () — (mf(a) + Wf(b)) I (2.30)

_ (g(@) —g(a)t(x —a)
- Fk(,u—l-k‘)
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Corollary 2.14. Under the assumptions of above theorem if |f'| is decreasing on [a,b],
then from (2.14), we get the following fractional integral inequality:

v (9(x) — g(a))* (g(b) — g(x))*
G f () +y I f (@) — (mf(a) + Wf(b)) ‘ (2.31)

(9(b) — g(x))% (b — )

_ (g(@) —g(@)i(x —a)
Fk(lj + k‘)

< S Ee @)

' (a)] +

We need the following lemma in the proof of next result.

Lemma 2.15. Let f : [0,00) — R be a quasi-convex function. If f(x) = f(a+b— x),
then for x € [a,b], the following inequality holds:

a+b
(50) < s (232
Proof. We have
a+b 1 (fxz—a b—x 1/xz—a b—x
5 _5(b—ab+b—aa>+§<b—aa+b—ab>' (2.33)

As f is quasi-convex, therefore for z € [a, b], we have

f(a;_b> <max{f(z), fla+b—2x)}. (2.34)
Using given condition f(z) = f(a+b— x) in (2.34), then inequality in (2.32) is estab-
lished. O

Theorem 2.16. Let f,g : [a,b] — R be two functions such that g be differentiable and

f € Lla,b] with a < b. Also let f be positive, quasi-conver, f(x) = f(a+b—1x) and g

be strictly increasing with ¢’ € Lla,b]. Then for x € [a,b] and p,v,k > 0, the following
. | o E—l—l

(90) ~ 9(@) ' | (9(8) — gla))f ] o35

inequalities hold:
s (a + b>
2 Fk(V—I—Qk‘) Fk(,u—l—2k‘)

< VPRI fa) +4TR TN f(D)

1 [ (g(b) —gla)F+!  (g(b) — g(a))s™?
S_[ Do+ k) Thluth)

p ] M(f)-

Proof. As f is quasi-convex, therefore for x € [a, b], we have

fz) < M2(f). (2.36)

Under assumptions of the function g, the following inequality holds:

g'(2)(g(x) — g(a))* < g'(x)(g(b) — g(a))

for all € [a,b] and v, k > 0.

BN
BN

(2.37)
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From (2.36) and (2.37), we have
b 5 b
[ (6@) ~ gta)Ef@)g (0)do < (90) - @) EMAS) [ g @)
By using (1.10) of Definition 1.6, we get

—qgla))Et!
vHh I f(a) < (Q(Z%k(g(+);) MY(f). (2.38)

Now for z € [a, b] and u, k > 0, the following inequality inequality holds:

g'()(g(b) — g(x))* < g'()(g(b) — g(a))*. (2.39)
From (2.36) and (2.39), we have
b . . b
/ (9(b) — g(2))* f(2)g'(x)dx < (g(b) — g(a))EMg(f)/ g (x)da.
By using (1.9) of Definition 1.6, we get
skt ) < OO 9@y (2.40)

kCk(p+ k)

Adding (2.38) and (2.40), we get the following inequality

(g(b) = g(a))F™" | (g(b) — g(a))s ™!

PRI () 4 T () < L [

- ] ME(f).  (2.41)

Now on the other hand multiplying (2.32) with (g(z) — g(a))¥¢'(z), then integrating over
[a, b], we have

b b
f <a§b> [ @) - s@gar < [ o) - g@)is@@in (242

By using (1.10) of Definition 1.6, we get
k(g(b) — g(a) ! f (a +0o

< kD k) TRIE f(a). 2.4
_ +0) < KM+ B fa) (2.43)
Similarly, multiplying (2.32) with (g(b) — g(z))* ¢/(z), then integrating over [a, b], we have

k(g(b) — g(a)F ™!
Atk

f ( : b) < KT+ B IR, (D). (2.44)

Adding (2.43) and (2.44), we get the following inequality

a+b) [(g(b) = g(a)F  (9(b) — g(a))FH!
(%)

(v +2k) i+ 2k)
From (2.41) and (2.45), we get the inequalities in (2.35), which is required. O

] <vk gk fla) 10K IR f(b).(2.45)
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Special cases of Theorem 2.16, are discussed in the following corollaries.

Corollary 2.17. If we take p = v in (2.35), then we get the following fractional integral

mequality:
a+b
2
()

vk 7k utk Tk
T+ 2k) oL f(a) +5T0 1G4 f(D)

(g(b) - g<a>>%+1]

_2 [(g(b) — ga))f*!

S ]Mi’(f).

Corollary 2.18. If we take k = 1 in (2.35), then we get the following generalized (RL)
fractional integral inequality:

a+0b\ [(g(b) — g(a)"*'  (g9(b) — g(a))**
/ ( 2 > [ (v +2) * T(p+2) ] (2.46)
< U fla) +AT s f(D)

(9(0) — g(@)**1  (9(b) — gla))!
S[ w1 1) M+ 1) ]Ms{f)'

Corollary 2.19. If we take g(x) = x in (2.35), then we get the following (RL) k-fractional
(b_a)g—l-l (b—a)%'l'l

integral inequality:
f (a + b>
2 Te(v+2k)  Tr(p+2k)

< VPRI f(a) AR I f(D)

<l (b—a)%'l'l (b—a)%'l'l
T k| Te(v+k)  Tr(p+k)

(2.47)

MY(f).

Corollary 2.20. If we take g(x) = x and k = 1 in (2.35), then we get the following (RL)
fractional integral inequality:

atb)[(b—a)*t (b—a)t!
f( 2 >[F(V+2) T F(,u—|—2)] (2.48)
< V- f(a) 1 L f(0)

(b _ a)u—l—l (b _ a),u—l—l
. [ o+ Tt ] Malf).

Corollary 2.21. Under the assumptions of above theorem if f is increasing on [a, b, then
from (2.35), we get the following fractional integral inequality:

a+b\ |(g(b)—g(a))F ' | (g(b) — g(a)FH!
f ( 2 > Dy (v +2k) Di(p+ 2K) ] (2.49)
< YPRIE fla) +4HE IE, £ (D)

<1 [@(b) —ga)E  (o(b) - g<a>>%+1] o

(v +k) Ty + k)
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Corollary 2.22. Under the assumptions of above theorem if f is decreasing on [a, b], then
from (2.35), we get the following fractional integral inequality:
(98) — g(a)FH | (g(t) - g<a>>%+1] 250

f (a + b>
2 (v + 2k) T(p+ 2k)
< VERIE fa) HETR I f(D)

< [(g(b) ~gla)E* (g(0) — gt
=k Fk(l/—l—k) Fk(#—l—k‘)

1o

3 Applications

In this section we give applications of the results proved in the previous section. First we
apply Theorem 2.1 and get the following result.

Theorem 3.1. Under the assumptions of Theorem 2.1, we have the following fractional
integral inequality:

R e ) ]

Proof. If we put x = a in (2.1), then we have

< (o) - g(a)*

b
W M), (3.2)

oIy f(a)
If we put © = b in (2.1), then we have

(9(0) — 9@t
WG, (33)

Adding inequalities (3.2) and (3.3), we get (3.1). O

L%, f(b) <

Special cases of Theorem 3.1, are discussed in the following corollaries.

Corollary 3.2. If we take p = v in (3.1), then we have the following fractional integral
mequality:

2(g(b) — g(a))*
KTk (1)

Corollary 3.3. ([2]) If we take p =k =1 and g(x) = = in (3.4), then we get the following
mequality:

WL f (D) +4 Iy fla) < M(f). (3.4)

b
i [ fod < M) (35

Next we apply Theorem 2.8 to obtain required results.
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Theorem 3.4. Under the assumptions of Theorem 2.8, we have the following fractional
integral inequality:

ST 1)+ 1 f(a) (—(9(;2(; 2D play+ RS f(b)> ‘ (3.
(9(b) — g(a)® | (9(b) — g(a))F /
< ( e ) (b~ @)1
Proof. If we put = a in (2.14), then we have
v (9(b) — g(a))¥ (9(b) — g(a)F(b —a) /
Jh-f@ -5 O S e M) (3.7)
If we put © = b in (2.14), then we have
(9(b) — g(a)F (9(b) — g(a))¥ (b — a) /
HIk f(b) — Wf(a) < T+ F) M f'))- (3.8)
Adding inequalities (3.7) and (3.8), we get (3.6). O

Special cases of Theorem 3.4, are discussed in the following corollaries.

Corollary 3.5. If we take u = v in (3.6), then we have the following fractional integral
mequality:

(9(b) — g(a))¥

k k
Zla+f(b) +Z Ib*f(a) - Fk(,u n k‘)

(f(a) + (b)) (3.9)

L2

< 2(9(b) = g(a))k (b —a)

- C(p+k)
Corollary 3.6. If we take p = k = 1 and g(z) = x in (3.9), then we get the following
mequality:

Mg(|f])-

1

b—a

By applying Theorem 2.16 similar relations can be established we leave it for the
reader.

b
[ swar- L IO < - aarq g, (3.10)

4 Concluding Remarks

The aim of this study is to explore bounds of fractional integrals in a compact form by
using the concept of quasi-convexity. The authors are succeeded in the formulation of
bounds of generalized fractional integrals (1.9) and (1.10). Theorem 2.1 provides upper
bounds, Theorem 2.8 gives bounds in modulus form while Theorem 2.16 formulates bounds
of Hadamard type. Section 3 consists of the applications of these bounds. Also some
particular case of all these results are shown. Remark 1.7 includes all possible fractional
integrals associated with generalized fractional integrals (1.9) and (1.10). The readers can
obtain bounds for desired fractional integrals by putting the corresponding function g from
Remark 1.7.
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