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1 Introduction

In 1965, the fuzzy sets were introduced for the first time by Zadeh in [28]. hundreds of examples
have been supplied where the nature of uncertainty in the behavior of given system processes are fuzzy
rather than stochastic nature. In the last few years, many authors have interested in the study of the
theoretical framework of fuzzy initial value problems. Chang and Zadeh in [6] have introduced the
concept of fuzzy derivative. Kandel and Byatt in [12] have initially presented the concept of the fuzzy
differential equation. Bede and Gal in [4] have studied the concept of strongly generalized differentiable
of fuzzy valued functions, which enlarged the class of differentiable fuzzy valued functions.

In 1695, the fractional calculus was first studied. The subject of fractional calculus has gained im-
portance during the past three decades due mainly to its demonstrated applications in different area of
physics and engineering in [16]. Fuzzy fractional differential equations (FFDE) play an important role
in modelling of science and engineering problems. Padmapriya and Kaliyappan in [22] established ana-
lytical and numerical methods to solve fuzzy fractional differential equations. the concept of differential
of fuzzy function with two variables and fuzzy wave equations studied in [26]. In the last years many
authors have developed and introduced some variant methods for solving fuzzy wave equation. Kermani
in [15] used finite difference method to solve the fuzzy wave equation numerically. Also, Martin and
Radek in [25] used f-transforms to solve the fuzzy wave equation.

Zhou in [29] has presented the concept of the differential transform method (DTM), this method
constructs an analytical solution inform of a polynomial, which is different from the tradition higher
order Taylor formula method. Recently some researchers used differential transform method (DTM) to
solve fuzzy fractional differential equations and fuzzy differential equations in [9, 23, 1, 19, 20].

This paper is structured as follows. In Section 2, we call some definitions on fuzzy numbers,
fuzzy functions and fuzzy Caputo’s derivative. In Section 3, The generalization of Taylor’s formula
is presented. In Section 4, the generalized two-dimensional differential transform method (DTM) for
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the solution of the fuzzy wave equation with space and time-fractional derivatives are developed and
derived. Examples are shown in Section 5. Finely, conclusion is given in section 6.

2 Basic concepts

The results about fuzzy numbers space E!, we recall that E' = {& : R — [0,1] : u satis-
fies (1)(4) below } (refer to [6])

1. 4 is normal, i.e., there exists xp € R such that @(z¢) = 1;
2. 4 is convex, i.e., for all and X\ € [0,1], 2,y € R,
Az + (1 - Ny) > min{a(z), ay)},
holds;
3. 4 is upper semicontinuous, i.e., for any zy € R,

(zg) > lim u(zx);
l")ﬁg:

4. supp @ = {z € R|u(x) > 0} is the support of @, and its closure cl (supp @) is compact.

For 0 < r <1, denote [a], = {z : a(x) > r}. Then from (1)-(4), follows that the r-level set [a], is a
closed and bounded interval for all € [0, 1].
For 4,7 € E', k € R, the addition and scalar multiplication are defined using the equations
[@ + o], = [a], + [0]r,
[ka), = k[a),
respectively.

Define D : E' x E' — RT U {0} using the equation

D(a,v) = sup d([a],[o]),
rel0,1]

where d is Hausdorff metric space as
d([t]r, [0]r) = inf{e : [u), C N([t];,€), [0], C N([ulr,€)}
= max{|ﬂr - yr‘v |ET - 57‘|}a

where N ([d],e), N([?],€) is the e-neighborhood of [u],, [0],, respectively, and w,,v,,u,, T, are end-
points of [i], [0],, respectively.
By using the results of [13], we see that

e (E', D) is complete metric space,

e D(a+w,o+w) = D(,) for all 4,9, w € B!,

o D(kit, ko) = |k|D(q, ).

In addition, we can introduce a partial order in E' by @ < © if and only if [@], < [, r € [0,1] if
and only if u, < v,,u, <, € [0,1]. For applications of the partial order on E! (refer to [27]).

As the fuzzy number is resolved by using the interval 4, = [u,,u,|, see [8] defined another statements,
parametrically, of fuzzy numbers as in following.

Definition 2.1.[31, 32] For arbitrary fuzzy numbers @, € E', 4 = [u,,%,],¥ = [v,, V], the quantity

D(i,v) = sup,¢jo,1) max{|u, — v,|, [t — 0|} is the distance between @ and v and also the following
properties hold:
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e (El', D) is a complete metric space,

® @, @ D) = D(@,7),Ya, 5,@ € B,
® v, w®e) < D(a,w) + D(v,¢é),Vi,v,w,é € B,

D(a
D(a
e D(i® 0)gD(&,@)+D(6,6),Vﬂ,6€E1,
D(k
(

O,k o v) = |k|D(u,v),Ya,v € E' k € R,
o Dk ®1i,ky ® @) = |ky — ko|D(@,0),V € E', ky, ko € R, with ky - kg > 0.

Let us recall the definition of the Hukuhara difference (H-difference) in [33]. Suppose that @, 7 € E*.
The Hukuhara H-difference has been presented as a set w for which © ©yg v = @ & @ = v @ w. The
H-difference is unique, but it does not always exist (a necessary condition for @ Sy ¥ to exist is that
contains a translate {c} @ 0 of ). A generalization of the Hukuhara difference aims to overcome this
situation.

Definition 2.2.[33, 31] The generalized Hukuhara difference between two fuzzy numbers @, 9 € E!
is defined as following:

. L (i)u=vdw,
=w & 2.1
U OgH U =1 { or (i) 7 = 4 & (—). (2.1)
In terms of the r—levels, we get [& Oy U] = [min{u, — v,, %, — U, }, max{u, — v,, %, — 0, }] and if

the H-difference exists, then 4 © ¥ = % ©4p v; the conditions for existence of W =4 ©yy v € E' are

w, = u, — v, and w, = u, — v,V € [0,1],

Case (i) oo e | ]7 (2.2)
with w, increasing, w, decreasing, w, < w,.
w, = U — 0y and w, = u, —v,, Y, € [0,1],

Case (ii) ¢ . s S | ]f (2.3)
with w, increasing, w, decreasing, w, < w,.

It is easy to show that (i) and (ii) are both valid if and only if @ is a crisp number. In the case, it
is possible that the gH-difference of two fuzzy numbers does not exist. To address this shortcoming, a
new difference between fuzzy numbers was introduced in [33].

Lemma 2.1.[10, 24] A fuzzy number @ in parametric form is a pair [u,,%,| of function w, and @,
for any r € [0, 1], which satisfies the following requirements.

e u, is a bounded non-decreasing left continuous function in (0,1];
e T, is a bounded non-increasing left continuous function in (0,1];
o u, <.

Some the author of the classified fuzzy numbers into several types of fuzzy membership function. To
the deepest of our study, triangular fuzzy membership function or also often referred to as triangular
fuzzy numbers are the most widely used membership function.

In order to describe the fuzzy numbers and real numbers clearly, in convenience, the fuzzy numbers
and fuzzy-valued functions in the whole paper are added with a tilde sign at the top, while the real-value
function and interval-value functions are written directly.

A fuzzy valued function f of two variables is a rule that assigns to each ordered pair of real numbers,
(x,t), in a set D, a unique fuzzy numbers denoted by f(x,t). The set D is the domain of f and its
range is the set of values taken by f, i.e., {f(z,t)|(z,t) € D}.

The parametric representation of the fuzzy valued function f : D — E! is expressed by f(z,t)(r) =
[f(z,t)(r), f(z,t)(r)], for all (z,t) € D and r € [0, 1].

Suppose f : D — E' be a fuzzy valued function of two variable. Then, we say that the fuzzy limit
of f(z,t) as (x,t) approaches to (a,b) is L € E', and we write lim(, ) (ap) f(z,t) = L if for every

433 Osman 431-453



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Mawia Osman , Zeng-Tai Gong and Altyeb Mohammed: Differential Transform Method for Solving Fuzzy ...

number ¢ > 0, there is a corresponding number 6 > 0 such that if (z,t) € D, || (z,t) — (a,b) ||< 0 =
D(f(z,t),L) < e, where || - || denotes the Euclidean norm in R™ (ref. to [3])

A fuzzy valued function f : D — E'! is said to be fuzzy continuous at (xg, tg) € D if M g 1) (zo,t0) £ (25 1) =
f(zo,to). We say that f is fuzzy continuous on D if f is fuzzy continuous at every point (xq,tp) in D
(ref. to [3, 30)).

Definition 2.3.[11] Suppose that u(z,t) : D — E! and (x,t) € D. We say that @ is strongly
generalized differentiable on (xg,t) if there exists an element %kxo,t) € E' such that

i. for all h > 0 sufficiently small, Ju(xg + h,t) ©gm U(zxo,t), u(z0,t) Ogm u(xo — h,t) and the limits
(in the metric D)

lim (zg + h,t) OgH u(zo,t) ~ i — (x0,t) OgH (xg — h,t) _ ou

h—0+ h h—0+ h or | (o,t)>

or

ii. for all A > 0 sufficiently small, 3,5u(xo,t) Ogn w(xo+ h,t), @(xo — h,t) Sgm U(zo,t) and the limits

- " ~ h.t U —h,t u 3 u
lim AT ) Som Wlao £ 1yt) _,  Ewo = 1) Ognr W0 t) _ T

h—0+ —h h—0+ —h Ox

or

ili. for all h > 0 sufficiently small, 3i(zo + h,t) Ogn U(xo, 1), u(xo — h,t) Ogm (x0,t) and the limits

lim w(xo + h,t) Ogm U(xo,t) — lim w(xo — h,t) Ogm U(xo,t) _ @“x N
h—0+ h h—0+ —h oz "

or

iv. for all h > 0 sufficiently small, Fa(xo,t) Ogm w(xo + h,t), u(z0,t) Ogr U(xg — h,t) and the limits

fim w(xo,t) Ogn U(xo + h,t) — lim w(xo,t) Ogn U(xo — h,t) _ ou

h—0+ —h h—0+ h Oz [@o.)-

Definition 2.4.[4] Suppose that @(z,t) : D — E' and (zo,t) € D. We define the n th-order
derivative of @ as follows: we say that 4 is strongly generalized differentiable of the n th-order at (zo,t)
if there exists an element %kwo,t) € E',V¥s=1,2,---,n such that

i. for all h > 0 sufficiently small, 35~ (2 +h, t) S @D (20, t), 4~ (20, t) Ogm a5~V (wg — h, t)
and the limits (in the metric D)

. fL(S_l) (CCQ + h, t) OgH ’EL(S_I) (ﬂ?o, t) . fL(S_l) (5607 t) SgH 12(5_1) (330 — h, t) o
lim = lim = 2~ l(z0,1)>
h—0+ h h—0+ h oxs ’

or

ii. for all b > 0 sufficiently small, a5~V (xg, t) Sy @~V (xo+h, 1), 4V (29— h, t) Oy @~V (0, 1)
and the limits
a4~ (20, t) O 4V (20 + b,y t)

li = i _ 7%
hi>r(l)l+ —h h—l>%l+ —h xS [(0.t):

or
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iii. for all b > 0 sufficiently small, 351 (xg+h, t) S @~V (2o, t), 6 (xg— R, t) ©gp @5~V (0, t)
and the limits
. a(s_l)(xo + h, t) OgH ﬂ(s_l)(l'o, t) L ﬁ(s_l)(xo —h, t) OgH ﬂ(s_l)(mo, t) . 0%
lim = lim = 7‘@ t)
h—0+ h h—0+ —h s (o,

or

iv. for all b > 0 sufficiently small, 3a(~ (g, t) Sy a5~V (2o +h, t), 7D (20, t) Sgr a1 (zg —h, t)
and the limits
o 20000 S @ Do+ hyt) 8D o t) S @D w0 —ht) _ 0
h—0+ —h h—0+ h ~ Qns @0l)

2.1 Fuzzy Coputo’s derivative

We denote C*[a, b] as a space of all fuzzy valued functions which are continuous on [a, b], and the
space of all Kaleva integrable fuzzy-valued functions on the bounded interval [a,b] C R by K'[a,b], we
denote the space of fuzzy value functions f () which have continuous H-derivative up to order n—1 on
[a,b] such that f(*=D(z) € ACF([a,b]) by ACM™F ([a,b]), where ACF ([a,b]) denote the set of all
fuzzy-valued functions which are absolutely continuous (ref. to [13, 9]).

Definition 2.5.[2] Suppose f(z) € CF[a, )N K ¥ [a, b], the fuzzy Riemann Liouville integral of fuzzy
valued function f is defined as following:

(I D, r) = (g ), r), (15, F) ()],

z r)d
) = s [ AP o< <,

D) = i [ A 0SS,

Suppose f(z) € CF((0,a]) N KF(0,a), be a given function such that f(t,r) = [f(t,r), f(t,r)] for
all t € (0,a] and 0 < 7 < 1. We define D{, f(t;7) the fuzzy fractional Riemann-Liouville derivative of
order 0 < a < 1 of f in the parametric from,

where 0 <r <1

. 1 d [* d [* -
DOC N = ———— —_ @ _— t —_ -
*af(ta T) F(l — Oé) [dt / (t 5) f(S,T)dS, dt /0 ( 5) f(S,T‘)dS ;
provided that equation defines a fuzzy number D¢, ~(15) € E'. In fact,

DS, f(t,r) = [D&G f(t,7), DL F(t, 7).
Obviously, D%, f(t) = 1= f(t) for t € (0,a].

3 Generalized Taylor’s formula

In this section, we present the generalized Taylor’s formula that involves Caputo fractional
derivative.

Theorem 3.1.[21] Let that (D2,)? f(x) € C(a,b] for j = 0,1,-----,;n+1, where 0 < o < 1, that we get

(D)™ )(©)
(n+1Da+1)

-3 o (Ds) ) + (& — ), (3.4

1=
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with @ < ¢ < x, Vo € (a,b] and D, is the Caputo fractional derivative of order a, where (D2,)7 =
D¢ D¢ ----D,. In case of a = 1, the generalized Taylor’s formula (3.4) reduces to the classical Taylor’s
formula.

Theorem 3.2.[17] Let that (D2,)’ f(z) € C(a,b] for j = 0,1, ---- ,N + 1, where 0 < a < 1. If
x € [a,b], then
Y 13 Za a \t
9% 3 g 17 (PR e, (35

Furthermore, there is a value ¢ with a < ¢ < x so that the error term R (z) has the from

(D2 )(©) o
NV T Da g @9 (36)

R (z) =

The accuracy of R (x) increases when we choose large N and decreases as value of z moves away
from the center a. Hence, we must choose N large enough so that the error does not exceed a specified
bound. In the following theorem, we find precise condition under which the exponents hold for arbitrary
fractional operators.

Theorem 3.3.[18] Let that f(z) = 2* g(x), where \* > —1 and g(z) has the generalized power
series expansion g(x) = Y °  an(x — a)™ with radius of convergence R > 0, where 0 < o < 1. Then

D, Dl f(x) = DI f(x) (3.7)
for all z € (0, R) if one of the following conditions is satisfied:
1. B<A*41,and ~ arbitrary,
2. 8> A\ +1,v arbitrary,, and a; =0 for j =0,1,----- ,m—1, where m —1 < g <m.

4 Differential transform method and fuzzy fractional wave equation

4.1 Generalized two-dimensional differential transform method

In this section, we will derive the generalized two-dimensional differential transform method
(DTM) that we get developed for the solution of the wave equation with space and time-fractional
derivatives. The proposed method is based on Taylor’s formula. Consider a function of two variables
u(z,t), and Let that it can be represented as a product of two single variable functions, u(z,t) =
f(x)g(t). Based on the properties of generalized two dimensional differential transform method, function
u(z,t) can be represented as.

iFa (x — x0)’ ZGg t—tohB*ZZUagj, (z — 20)7%(t — to)"?,  (4.8)

7=0 7=0 h=0

where 0 < o, < 1,U,38(j, h) = Fo(j)Gp(h) is called the spectrum of w(x,t). If function u(z,t) is
analytical and differentiated continuously with respect to time t* in the domain of interest, then we
define the generalized two-dimensional differential transform method (DTM) of the function u(x,t) as

follows:
1

I'(aj+1DI(Bh+1)
where (Dg,)! = Dg,-Dg ----D% . In this work, the lowercase u(z, t) represents the original function while

the uppercase U, g(j, h) stands for the transformed function. The generalized differential transform
method (DTM) inverse of U, g(j, h) is defined as follows

Ua,(j, h) = (D) (D) u(@, )] (20 10 (4.9)

u(z,t) = Uap (s h) - (@ — 20)7%(t — to)"P (4.10)
=0 h=0
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In case of @ = 1 and = 1. then generalized two-dimensional differential transform (DTM) (4.9)
reduces to the classical two-dimensional DTM [5]. From equation (4.9) and (4.10), some basic proper-
ties of the generalized two-dimensional differential transform (DTM) are introduced below (ref. to [17]).
Theorem 4.1 If u(x,t) =v(z,t) £w(x,t), then Uy g(j,h) = Vag(j, h) £ Wag(J, h).
Theorem 4.2 If u(x,t) = cv(x,t), then Uy g(j, h) = cVo5(4, h).

Theorem 4.3 If u(z,t) = v(x,t)w(x,t), then

i h
Uag(G1h) =D ) Vas(r,h— )W (i —1,9). (4.11)

Theorem 4.4 If u(x,t) = DY v(z,t) and 0 < o < 1, then we get

o

C(a(j+1)+1)
T(oj+1)

Theorem 4.5 If u(x,t) = Dgng)v(x,t) and 0 < o, 5 < 1, then we get

Fla(i+1)+H)I(BR+1)+1)
T(oj + DI(Bh+ 1)

Ua,p(j,h) = Vas(j+1,h+1). (4.13)

Theorem 4.6 If u(x,t) = (x — x0)"*(t — to)™*, then U, g(j,h) =6(j —n)(h —m).

Theorem 4.7 If u(z,t) = D} v(z,t),m —1 < v < m and v(z,t) = f(x)g(t), where f(zx) satisfies
the conditions in Theorem 3.3, then

F'laj +v+1)

Ua,s(j + v/, h). (4.14)
Theorem 4.8 If u(x,t) = Dy, D} v(x,t), where m—1 < v <m,n—1 <n < nandv(z,t) = f(x)g(t),
where the functions f(x) and g(z) satisfy the conditions given in Theorem 3.3, then

MNaj+~y+ )T (Bh+n+1)

Ua,p(j, h) = I'(aj+1) T(Bh+1)

Ua,s(j + 7/ h+n/B). (4.15)

4.2  Fuzzy fractional wave equation

Consider the fuzzy fractional wave equation with the indicated initial conditions and boundary

conditions.
w5, 0%

%:c CD@, 0<a<2, O<z<L, t>0, (4.16)
subject to the boundary conditions
u(0,t) =0, and u(L,t)=0, (4.17)
and initial conditions.
a(z,0) = f(z), and (z,0) = g(z). (4.18)

We note that the case (i) of Definition 2.3 is coincident with the Hukuhara derivative [14]. We say
that a function is (¢) differentiable if it is differentiable as in (i) of Definition 2.3, a function is (%)
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differentiable if it is differentiable as in (i7) of Definition 2.3. In this paper we consider the two cases
(7) and (i7). In Ref. [4] the authors consider four cases: the case (i) in [14] is coincident with (7); the
case (tit) of Definition 2.1 is equivalent to (i7); in the other cases, the derivative is trivial because it is
reduced to crisp element. For details see Theorem 7 in [4]. Thus, we only consider the cases (i) and
(77).
Lemma 4.2. [7]. Let @(z,t) : D — E'. Then the following statements hold.

(i) If a(x,t) is (i)-partial differentiable for x (i.e. @ is partial differentiable for = under the meaning of
Definition 2.1 (i), similarly to t), then

[gﬂ _ PU(?;)(T)’ 311(93;)(?“)];

_ (4.19)
(ii) If a(x,t) is (i7)-partial differentiable for x (i.e. @ is partial differentiable for z under the meaning
of Definition 2.1 (i%), similarly to ¢), then

ou ou(z,t)(r) Ou(x,t)(r)
—| = — . 4.2
[aﬂj . { ox ox (4:20)
Remark 4.1. For @(z,t) : D — E', the following results hold.
Pa) _ [OPu(@,)(r) 0Pa(z,t)(r) (421)
ox2|, ox? Ox? ’ ’
in cases for that (i,17), (i1, ii)—gig‘ exist;
oa] _ [2Pula,t)(r) 0ulx,t)(r) (422)
Pl ox2 Ox? ’ ’
in cases for that (i,147), (it, i)—% exist.
Remark 4.2. In this paper, we only consider that the cases of (i — i7)"- %:,? such that
o"u O"u(x,t)(r) O"u(x,t)(r)
= = 4.2
[3:1:”] , [ Jam 7 Oan ’ (423)
where (i —i4)"-ZE stands for n time derivative in the cases (i) or (i).
5 Examples
Example 5.1. Consider the following fuzzy fractional wave equation
(A) . .
0 u
— =40 — <z<l1 t .24
=455 0<e<l 0<t, (5.24)
subject to the boundary conditions
w(0,t) =u(l,t) =0, 0<t, (5.25)
and initial conditions
i(x,0) = f(z) = k" ©sin(rz), 0<z <1,
%(;;0) =g(x) =0, 0<z<l1. (5.26)
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where k" € E', n=1,2,3,... fuzzy number is defined by

s, s €[0,1],
k(s)={ 2—s se(1,2],
0 s ¢ [0,2],
and [£"](r) = ", [k"](r) = (2 — )"
The parametric form of (5.24) is
0u 0u
=4 = <zx<l1
53 =450 0<z<l, 0<t
o*u  0*u
— =4— <z<l1 t
o ~ Yoz Osesbo 0<t

for r € [0, 1], and where u stands for u(x,t)(r), similar to w.
Taking the differential transform of equations (5.28) and (5.29), we get

G+2)0+ 1)%(%}]' +2)(r)

(i +2)@+ DU+ 2,5)(r),
(G +2)G+DUGE G +2)(r) + 1)U

=4
=4(i+2)(+ U@+ 2,5)(r).
From the initial given by equation (5.26), we get

(=1

u(z,0)(r) = Y UGL0)(r)e’ = k(r)sin(ra) = 3 DT i
=0

i=1,3,....

0, for i is even,
U0 ={ (i
p rat, for i is odd
0, for i is even,

f (2 —r)"xt, foriis odd

and from equation (5.26) it can be obtained that,

Ou(z,0)(r) > i
P = 2 =0

ou(z,0)(r) S i
Y = ;0 Ui, 1)(r)z* =0

Hence,

(5.27)

(5.28)

(5.29)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)
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Substituting equations (5.34) -(5.39) to equations (5.30) and (5.31), all spectra can be found as,

0, for ¢ is even or j is odd
. _ ) (itj—1)
) = 2](_1!)j!ﬂ2 Pt for i is odd or j is even (540
0, for ¢ is even or j is odd
Tl s _ ) (i+j—1)
Ul,3)r) = W (2 —r)att for 7 is odd or j is even (541)

So, the closed from of the solution can be easily written as

u(z, t)(r) = k”iiU(z N (r)z't! = r"ii 2 S i+ iy
=0 7=0 =0 7=0
= 1 (i=1) |
i— P
= > (=1 = ()’ > H(=Dz(2nty
i=1,3,... j=0,2, L
= r" sin(mz) cos(2t), (5.42)

=0 5=0 =0 j=0
=1 (i=1) =1 i
<2r>”{ > 0S| (S Snieny
i=1,3,... j=0,2,
= (2 — r)"sin(7x) cos(27t). (5.43)

(B) Consider the following fuzzy fractional wave equation (5.24) with the boundary conditions:
u(0,t) = u(1,t) =0, 0<t, (5.44)
and initial conditions
i(x,0) = f(z) = k" @sin(rz), 0<z<1,
ou(z,0)
ot
By following the same steps, we will find that the solution. So, the closed from of the solution
can be easily written as

= g(z) =0, 0<z<l. (5.45)

> X o > 2J (i+j—1) ., - . -
_n o itj — gn (1) it iy
w(e, () = K+ 30D UGN ="+ 3 Y () T
=0 5=0 =0 j=0
" =1 (-1, - 1 i :
="+ ( Y. (1= (ma) (=13 2ty
i=1,3,... §=0,2,...
= r" 4 (sin(7z) cos(27t)), (5.46)
_ " oo o0 y . (S ol o) 2] (i4j—1) iti g
u(x, t)(r) =k —l—ZZU(z D)zt =2 —r) +sz!z'(_ Yz w It
=0 5=0 =0 5=0
" = 1 G-, =1 o
=2-n"+ || X (=1 = (72) ﬁ(—l)Q(Qﬂt)
i=1,3,... §=0,2,...
= (2 —r)" + (sin(7x) cos(27t)). (5.47)
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(C) Consider the following fuzzy fractional wave equation (5.24) with the boundary conditions:
@(0,t) = a(1,t) = 0, 0<t, (5.48)

and initial conditions

i(z,0) = f(z) = k" ©gp sin(rz), 0<az <1,
5“5;2’0 = §(z) =0, 0<z<l. (5.49)

where k" € E', n=1,2,3,... , fuzzy number is defined by

2(s — 0.5), s € [0.5,1],
k(s)={ 2(1.5—s), s e (1,1.5], (5.50)
0 s ¢[0.5,1.5],

and{k"}(r) = (0.5 + 0.57)", {kn}(r) = (1.5 — 0.5r)".
By following the same steps, we will find that the solution. So, the closed from of the solution
can be easily written as

(e, ) = B~ 30 S UGt = (054050~ 3 Y DT

1=0 5=0 =0 j= 0
" =1 G-, | i
= (0.5+0.5r)" — > S(=1)77 (ma) —(=1)2 (2mt)’
i=1,3,... L j=0,2,... J
= (0.5 4 0.5r)" — (sin(7x) cos(27t)), (5.51)
. © o 0o o0 9j (i) .
wa,t)(r) =&" = > Uli,j)(r)a't = (1.5—0.5r) ZZW— T attigtyd
=0 j=0 =0 7=0
" 1 G-1 = 1 i :
= (1.5 — 0.5r)" — Y. S(=1)77 (ra) > S(=D)z(2mt)
i=1,3,... v j=0,2,... J:
= (1.5 — 0.5r)" — (sin(7x) cos(27t)) . (5.52)

Example 5.2. Consider the following fuzzy time-fractional wave equation.

W olSu 0%
20 0l
otts  9x?’ t>0, (5.58)

subject to the initial conditions

a(z,0) = f(z) = k" ®sin(z), = g(x) = k" ® (—sin(x)). (5.54)

where k" € E1, n=1,2,3,..., fuzzy number is defined by

2(s — 0.5), s € [0.5,1],
k(s)={ 2(1.5—s), se(1,1.5], (5.55)
0 s ¢ [0.5,1.5),
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and{k"}(r) = (0.5 + 0.57)", {kn}(r) = (1.5 — 0.5r)".
The parametric form of (5.53) is

Moy 9u

for r € [0,1], and where u stands for u(z,t)(r), similar to @.

Let the solution u(x,t) = f(x)g(t) where the function g(t) satisfies the conditions given in Theo-
rem 3.3. Then selecting o = 0.5, 8 = 1 and applying the generalized two-dimensional differential
transform method (DTM) to both sides of equations (5.56) and (5.57) by Theorem 4.7, equations
(5.56) and (5.57) Transforms to

h
Ugsi(d h+3)(r) = G+ +2T(5 +1)

QO.E),I (] + 27 h) (T)v (558)

L(5+3)
h
Tosa(ioh+3)(r) = 9 1)(j(+2)5r)<2 ) Gsn i+ 2, B)(0). (5.50)
2

The generalized two-dimensional differential transform of the initial conditions (5.54) are given
by

U510, 0)(r) = (0.5 + 0.57)" ]1' bln(gj ), (5.60)
Ups1(,1)(r) =0, (5.61)
Uns(5:2)(r) = 05+ 050" sin( ), (5.62)
Tos1(j,0)(r) = (1.5 — 0.57“)";! sin(%j), (5.63)
Uos1(j, 1)(r) = 0, (5.64)
Tos1(5,2)(r) = (1.5 — 0.5r)" j,l 81n(7;j) (5.65)

Utilizing the recurrence relation (5.58), (5.59) and the transformed initial conditions (5.60) -(5.65),
the first few components of Uy 5 1(j, h) can be calculated.
So, the solution u(x,t) of equations (5.56) and (5.57) is obtained

u(z,t)(r) = (0.5 + 0.5r)" (1—75— 15 t2 4+ 17 B Ly >x
(3) I'(3) I'(4)
+(0.5+0.5r)" ( +—+ LI DU S S t3+....>:n3
3T(3) (L) 31T (4)
(0.5 + 0.5r)" (; ot = 5'F1(5)t3 + 5'F1(7)t3 + 51111(4)1&3 - ) 0
. 5 0 (2 !
e J 0 (_1)itE+L
w(@, t)(r) = (0.5 + 0.5)" ;) F((g;):) sin(z) — ]z% % sin(z) | |
= (0.5 + 0.5r)" (E%J(—t%) sin(z) — tEs 5(—t3) sin(x)) , (5.66)
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_ . 1
u(z,t)(r) = (1.5 — 0.5r) (1 —t— T

) R X CH R N CY
ST (S S S S: N S 23
' ' 3130 3In(2) 3I0(1) 3Iw4) T
rs—osr (2ot L oa L os 1 s 5
S T TR TTV ) R NS RTI N ¢) R B
[eS) [eS) 37
(—1)it¥ (—1)tztt
u(x,t)(r) = (1.5 —0.5r)" sin(x) — , sin(z) |,
]Z T4 4 1) jz% r'(¥ +2)
= (15— 0.5r)" (E%J(—t%) sin(z) — LB o(—t7) sin(w)) . (5.67)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
E. (%) is the two parameters mittag-Leffer function defined by

n

Bop(z) = k"0 ZO m (5.68)

(B) Consider the following fuzzy time-fractional wave equation (5.53) with the initial conditions:

du(z,0) -

a(z,0) = f(z) = k" @ sin(z), 5 = g(x) = k" @ (—sin(x)). (5.69)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), the first few components of
Uo.5,1(j, h) can be calculated.

So, the solution u(x,t) of equations (5.56) and (5.57) is obtained

u(z,t)(r) = (0.5+0.5r)"

1—¢ I S S
-l ———102 +——02 + ——0 — ..... X
% INES N N CY

L1, 1 1 1
+ (0.5 + 0.5r7)" + ( — t2 — ¢ — 4)153 + ) 3

ETRETE 3'1“(%) 3I() 3I(

+ (0.5 +0.57)" +

1 SIS SR S . S >
5! 5' TEr) Tern@ sr@ )7
00 37 00 . 37
_ n (-1t (—1)ytz*
u(x,t)(r) = (0.5+0.5r)" 4+ Z TEaT sin(x) — Z ~——sin(x) | ,

)
= (0.5 + 0.57)" + (E%J(—t%) sin(z) — tEs ,(—t?) sin(x)) , (5.70)
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) (r) = (15— 0.5r)" + (1 . F(l

11
+ (1.5 — 0.5r)" + + ot b2 — et — A R
S31T 30 T3 3D 3T()

11 1 1 1
+ (15— 0.57)" + <— t— t2 4 £3 4+ t3—...> 2

) = —0.57)" 3 ﬂsin ) — 3 (71)%%“ sin(x
u(z, t)(r) = (1.5 — 0.5r)" + %F(?H) (z) jz; 12 (z) |,
= (1.5 — 0.57)" + (E%l(—t%) sin(z) — B 5(—t3) sin(x)) . (5.71)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
E. 3(2) is the two parameters mittag-Leffer function defined by

n

Bop(z) = k" & ZO m (5.72)

(C) Consider the following fuzzy time fractional wave equation (5.53) with initial conditions:

ii(2,0) = f(z) = B Sy sin(z), %E;;’ O (@) = " ogn (—sin(@)).  (5.73)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), the first few components of
Uo.5,1(j, h) can be calculated.

So, the solution u(x,t) of equations (5.56) and (5.57) is obtained

u(z,t)(r) = (0.5+0.5r)"

1—¢ I S S
-l ———102 +——02 + ——0 — ..... X
% INES N N CY

4 (0.5 + 0.57)" S+a £ - - arat )

31" 3'1“(%) 3I() 3I(

+ (0.5 4 0.57)"

oL SRS VR Sy SR 5

5! 5' TEr) Tern@ sr@ )7
00 1 37 00 1 jtﬁ+1

w(z, £)(r) = (0.5 + 0.5r)" — ZMsin(x)—Z(:%stin(x) ,

)
= (0.5 + 0.5r)" — (E%J(—t )sin(z) — tEs H(—t3) sin(x)) , (5.74)
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_ . 1
a(z,t)(r) = (1.5 —0.5r)" — (1 —t— T

+(1.5—0.5r)" SHNEE SO S SR S S 3
H=05r)" - —=+ = — — e |
3130 3IT(3) 3I0(1) 3IT(4)
rs—osrr— (2oLt Lo, 1o 1 5
T 515 B3 s | sr@ )T
9 37 0 35
_ (—1)7tz . (—1)tz Tt
u(z,t)(r) = (1.5 —0.5r)" — ————sin(x) — sin(z) |,
jZ%F(?’QJJrl) jZ; (¥ +2)
= (15— 0.5r)" — (E%l(—t%) sin(z) — LB o(—t7) sin(x)) . (5.75)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
E. 3(2) is the two parameters mittag-Leffer function defined by

n

[o@)
~ z
E = k" E _
0676(2) SgH ~ I'(an

ot (5.76)

Example 5.3. Consider the following fuzzy linear space time fractional wave equation

W oL o125
: a ]. : a
Otl5 2 i Oxrl25 z >0, t>0, (5.77)

subject to the initial conditions

. - > dt(z,0) - >
u(x,0) = = k" nT", — = g(x) = k" bpz™. 5.78
i(0,0) = F2) =K 0 3_an o 1) =K 03 b (579)
where k" € E', n=1,2,3,... fuzzy number is defined by
s, s € [0,1],
k(s)={ 2—s se(1,2], (5.79)
0 s & [0,2],
and [l;:i] (r)=rm, [l::in] (ry=(2-r)™
The parametric form of (5.77) is
81'5g 1 281'25Q

for r € [0,1], and where u stands for u(z,t)(r), similar to @.

Let the solution u(z,t) can be represented as a product of single-valued functions, u(x,t) =
f(z)g(t) where the functions f(z) and g(t) satisfy the conditions given in Theorem 3.3. Selecting
a = 0.5, = 0.25 and applying the generalized two-dimensional differential transform to both

445 Osman 431-453



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Mawia Osman , Zeng-Tai Gong and Altyeb Mohammed: Differential Transform Method for Solving Fuzzy ...

sides of equations (5.80) and (5.81), the fuzzy linear space-time fractional wave equations (5.80)
and (5.81) transform to

1 T(h/2+D)T(j/4+7/4) . .
= - U +3,h)(r), > 2
Uy poyalish+3)(r) = { 2T(h/2+ 520 (i3 + 2/4) /U F 3T )
0, j < 2.
1 T(h/24+1DT(j/4+T7/4) .
— - U +3,h >2
s o aivh + 3)(r) = { 2T(h/2 + 5720 /AT 2 V2l BN T2 g
0, j<2.
The generalized two-dimensional transforms of the initial conditions (5.78) are given by
Ui)2,1/4(3,0)(r) = r"a;, (5.84)
Ui /217403, 1)(r) =0, (5.85)
U 9,1/4(d:2)(r) = r"bj, (5.86)
Ui/2,174(4,0)(r) = (2 —1)"ay, (5.87)
Ui9,1/4(3,1)(r) =0, (5.88)
U1/2,1/4(j7 2)(r) = (2—r)"b; (5.89)

Utilizing the recurrence relation (5.82), (5.83) and the transformed initial conditions (5.84) -(5.89),
the first few components of U /5 1 /4(j, k) are calculated. So, from equation (4.8), the approximate
solution of the fuzzy linear space-time-fractional wave equations (5.80) and (5.81) can be derived
as

u(z,t)(r)=1r" (ao + bot + L(7/4) t3/2 4 L(7/4) b t5/2)

T(5/2)02/4)" T T/2reMH) "

<a1 + byt + 5/;’)7/(;/4)61 32 4 m;g?gM)bﬁ’/?) 2!/
(a2 + bat + 5/53/(;/4) ast®? + m?&%bw””) -2/
(o4t + st + )
<a4 + byt + 5/5;/2/4) art®? + MZ)ﬁf’ﬂ) LA (5.90)

u(z, t)(r)=(2—-r)" <ao + bot + (555/2/4)%753/2 + F(7Egég/4) b3t5/2>

=" (o100 + o™ + remrame)
(2—7) (a2 + bot + 5/53/2/4) ast? + m;g%b5t5/2> e
R e o o e non Lk R
(2—7) <a4 + bat + 5/55/(;/4) 32 4 1“(7%1%1’7’55/2) x4 (5.91)
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(B) Consider the following fuzzy linear-space-time-fractional wave equation (5.77) with the initial

conditions:
i(x,0) = f(x) =k" ® Y _ ana", 8“5;; 0 _ G@) =k"®> bpa" (5.92)
n=0 n=0

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), the first few components of
Ui/2,1/4(j; h) are calculated. So, from equation (4.8), the approximate solution of the fuzzy linear
space-time-fractional wave equations (5.80) and (5.81) can be derived as

o0

u(z,0) =

o = e a2

ou(x,0)

n=0

oo

n=0

u(z, t)(r) =r" + (ao + bot + magti”” + F(,Yl;éjl%bgts/z)
#r+ (oot + e + )
+ 7" (a2 + bot + 5/5;/2/4) 5t3/2 4 M%tm) s
+7" 4 (a3 + bat + 5/;§/(;/4) 6t>/% + mb6t5/2> e
+ 7"+ <a4 + byt + 5/5/(;/4) 713/? mhtf’ﬂ) x4, (5.93)
u(z,t)(r) = (2—-r)"+ <a0 + bot + magt?’ﬂ 7/27/42/4 b3t5/2>
=+ o+ o+ e + )
"+ (on+ ot + st + )
="+ (ot + it o™ + )
+@2-r)"+ <a4 + byt + maﬁ?’/? + MbﬁW?) T4 (5.94)

(C) Consider the following fuzzy linear space-time-fractional wave equation (5.77) with the initial
conditions:

(5.95)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), the first few components of
Ui/2,1/4(J, h) are calculated. So, from equation (4.8), the approximate solution of the fuzzy linear
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space-time-fractional wave equations (5.80) and (5.81) can be derived as

u(z, ) (r) =r" — <a0 + bot + magﬁﬂ + mzxgtsﬂ)
- (a1 +bit + F(;g?gmaﬁ/? + mbﬂf)ﬂ) gt/
+r" — (ag + bot + mfg@m“"’ﬁ/z + WI;S%%#’/?) g2/
+r" — (ag + bst + T(;gﬁ(‘;ﬂ‘x)%tm - F(igﬁgmb61t5/2) -3/
+r — (a4 + bat + F(;g?‘(‘;m‘” 3/2 MWW’) x4, (5.96)
w(z, t)(r) = (2 —r)" — <a0 +bot + F o (5%%2 7 ast®? + s (7%%2 7D b3t5/2>
+(2—r)"— <a1 + byt + Fﬁig@%)ww + m;g%bw”/?) gt/
+ (2= — <a2 + byt + m%t?’/? + m%;@mx)w”) 2t
#@=ry" = (a0t + e + it e 2
S (a4 + bt + P(;g?‘(‘;ma? 32 4 mb7t5/2> x4 (5.97)

6 Conclusions

In this paper, the differential transform method (DTM) has been successfully applied for solving
fuzzy fractional wave equation. The proposed method is also illustrated by three examples. The new
method is investigated based on the two-dimensional differential transform method, generalized Tay-
lor’s formula and fuzzy Caputo,s derivative. The results reveal that DTM is a highly effective scheme
for obtaining analytical solutions of the fuzzy fractional wave equation.
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Figure 1: Example (5.1), Case (A), t = 0.000001,z = 0.1,n = 1.
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Figure 2: Example (5.1), Case (B), t =0.03,z = 0.1,n = 2.
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Figure 3: Example (5.1), Case (C), t = 0.0001,z = 0.001,n = 3.
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