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Abstract

We generalize the weighted Lim’s geometric mean of positive definite
matrices to positive invertible operators on a Hilbert space. This mean
is defined via a certain bijection map and parametrized over Hermitian
unitary operators. We derive an explicit formula of the weighted Lim’s ge-
ometric mean in terms of weighted metric/spectral geometric means. This
kind of operator mean turns out to be a symmetric Lim-Palfia weighted
mean and satisfies the idempotency, the permutation invariance, the joint
homogeneity, the self-duality, and the unitary invariance. Moreover, we
obtain relations between weighted Lim geometric means and Tracy-Singh
products via operator identities.
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1 Introduction

Recall that the Riccati equation for positive definite matrices A and B:
XA™'X = B (1)

has a unique positive solution

Nl=

1

X = AtB = A} (A*%BA*%) A3, (2)

known as the metric geometric mean of A and B. This kind of mean was
introduced by Ando [2] as the maximum (with respect to the Léwner partial
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order) of positive semidefinite matrices X satisfying

A X
(£ 3) >

The above two definitions of the metric geometric mean are equivalent. See a
nice discussion about the Riccati equation and the metric geometric mean of
matrices in [4].

Fiedler and Ptdk [3] modified the notion of the metric geometric mean to
the spectral geometric mean:

AOB = (A"'4B)3 A(A"'4B)3. (3)

One of the most important properties of the spectral geometric mean is the
positive similarity between (A{B)? and AB. This shows that the eigenvalues
of A B coincide with the positive square roots of the eigenvalues of AB.

Lee and Lim [5] introduced the notion of metric geometric means and spectral
geometric means on symmetric cones of positive definite matrices and developed
various properties of these means. Lim [6] provided a new geometric mean of
positive definite matrices varying over Hermitian unitary matrices, including
the metric geometric mean as a special case. The new mean has an explicit
formula in terms of metric and spectral geometric means. He established basic
properties of this mean including the idempotency, joint homogeneity, permu-
tation invariance, non-expansiveness, self-duality, and a determinantal identity.
He also gave this new geometric mean for the weighted case. Lim and Palfia [7]
presented a unified framework for weighted inductive means on the cone of pos-
itive definite matrices. The metric geometric mean, spectral geometric mean,
and Lim geometric mean [0] are basic examples of the two-variable weighted
mean.

In this paper, we extend the notion of weighted Lim’s geometric mean [6] to
the case of Hilbert-space operators via a certain bijection map (see Section 2).
This operator mean is parametrized over Hermitian unitary operators. An ex-
plicit formula of the weighted Lim’s geometric mean is given in term of weighted
metric geometric means and spectral geometric means. This kind of operator
mean serves the idempotency, the permutation invariance, the joint homogene-
ity, the self-duality, and the unitary invariance. Moreover, we establish certain
operator identities involving Lim weighted geometric means and Tracy-Singh
products (see Section 3). Our results include certain literature results involving
weighted metric geometric means.

2 Lim’s geometric mean of operators

In this section, we discuss the notion of Lim’s geometric mean of positive in-
vertible operators on any complex Hilbert space.

Throughout, let H be a complex Hilbert space. Denoted by B(H) the Ba-
nach space of bounded linear operators on H. The set of all positive invertible
operators on H is denoted by P.
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First of all, we recall the notions of metric/spectral geometric means of
operators. Recall that for any ¢ € [0, 1], the t-weighted metric geometric mean
of A, B € P is defined by

Af,B = A} (A*%BA*%)tA% (4)
For briefly, we write AfB for Aff; ,B. The spectral geometric mean of A, B € P
is defined by
AOB = (A"'4B): A(A"'tB)>. (5)
We list some basic properties of metric and spectral geometric means.
Lemma 1 (e.g. [1, 3, 1]). Let A,B€P andt € [0,1]. Then
(i) Ag A=A,
(ii) (aA)i(BB) = o' 3" (Af:B),
(1ii) AfB = Bf_+A,
(iv) (AgeB)~' = A1 B,

(v) (Riccati Lemma) A4B is the unique positive invertible solution of X A™1X =
B

(vi) (T*AT)4,(T*BT) = T* (At B)T for any invertible operator T € B(H),
(vii) (T*AT)O(T*BT) = T*(AOB)T for any unitary operator T' € B(H).
For a Hermitian unitary operator U € B(H), we set
Pl :={XeP:UXU=X}, P, :={XeP:UXU=X""}

Lemma 2. Let U € B(H) be a Hermitian unitary operator. Then the map
Oy : PhxP; — P, (A,B) — A?BA? (6)

18 bijective with the inverse map given by

X = (XHUXU), XO(UX'U)). (7)

Proof. The proof is quite similar to [6, Theorem 2.6]. Let A;, Ay € IP’$ and

1 1 1 1
B1,Bs € IPE such that (DU(AlaBl) = q)U(Ag,BQ), i.e. A12 BlAlz = ASBQA%
Since A; € P, we have

UA7'U = (UAU)™ = A7,
UAZU = (UAU)E = A2

392 Ploymukda 390-400



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Weighted Lim’s Geometric Mean of Operators

and thus A7!, A? € P} for i = 1,2. It follows that
B! = UB,U
1 11
= U(A1 2 A2 By A3 A 2>U
= (UA;?U)(UAZU) (UBU) (UAZU) (UA; 2 U)
= ATRaiByAfAL
—1 1, 1 1 1o _1N—1 o1 1
= A[7AZ (A2 2 A7 B A? A, ) AZA;?
_1 _1 Ly o1
= (A]2A2A;?)B 1 (AL P A2AT 7)),
ie. A;%AQA;% is a solution of XB;'X = By'. Since By'#B; = I is the
unique solution of X By ' X = By ! (Lemma 1 (v)), we conclude A > Ay A, 2 = I.
This implies that A1 = A and then B; = By. Hence, @y is injective. Next,

let X € P. and consider A = X#(UXU) and B = XO(UX'U) = A" 2 XA 2.
Consider

UAU = U(X§({UXU))U = (UXU)4(U*XU?)
= (UXU)$X = X4(UXU) = A
and
UBU = U(A":XA 2)U = (UA2U)(UXU)(UA™2U)
= A2X'A7 = B
This implies that A € IP’; and B € P;;. We have that there exist A € ]P’; and

B € P, such that &y (A, B) = A2 BAz = X. Thus, ®y is surjective. Therefore
® is bijective. O

By the bijectivity of &y, we can define the t-weighted Lim geometric mean
of operators as follows:

Definition 3. Let U € B(H) be a Hermitian unitary operator and ¢t € [0,1].
Let X = (A1, B1),Y = Oy (As, Bo) € P. The t-weighted Lim geometric mean
of X and Y is defined by

Gu(t; X,Y) = @u(AifeAs, Bl Ba). (8)
We denote Gy (X,Y) = Gu(1/2; X,Y) the Lim geometric mean.
The next theorem gives an explicit formula of Gy (X,Y).

Theorem 4. Let U be a Hermitian unitary operator and t € [0,1]. Let X,Y €
P. We have

Gu(t; X,Y) = (AlﬁtA2)%(BlﬁtBQ)(AlﬁtA2)%a (9)

where A1 = X§(UXU), Ay = YHUYU),B; = XO(UXU) and B, = YUY ~LU).
In particular, G;(X,Y) = X#,Y.
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Proof. Since fy is surjective, there exist A;, Ay € IE% and By, By € P, such
that X = ®y(Ay, B1) and Y = ®y(Asg, By). By using the inverse map (7), we
have

(AhBl) =

oH(X) = (XHUXU), XOUX D))
(A27B2) - .

i)
o, (Y) = (YHUYU),YOUY ™ 'U)).

For the case U = I, we have P} = P and P; = {I}. It follows that B; = By = I.
By Lemma 1, we have A; = XX = X and Ay =Y{Y =Y. Hence,
Gr(t; X,Y) = (X4:Y)2 (I I)(X4,Y)? = X5V O

Now, we give the definition of the Lim-Pélfia weighted mean [7] in the case
of operators.

Definition 5. The (two-variable) Lim-Pdlfia weighted mean of positive invert-
ible operators is the map M : [0,1] x P x P — P satisfying

(i) M(0,X,Y) = X,
(i) M(1,X,Y) =Y,
(i11) (Idempotency) M(t, X, X) = X for all t € [0,1].
We say that M is symmetric if
(iv) (Permutation invariancy) M(t, X,Y) = M(1 —¢,Y, X) for all t € [0,1].

Theorem 6. The t-weighted Lim geometric mean of operators is a symmetric
Lim-Pdlfia weighted mean.

Proof. Let U € B(H) be a Hermitian unitary operator and ¢ € [0,1]. Let
X,Y € P. Write X = ®y (A1, By) and Y = &y (A, B2). We have by Lemma 1
that

Gu(0; X,Y) = ®y(AitoAs, BifoB2) = ®uy(A1,B1) = X,

Gu(1; X,)Y) Oy (At Ae, Bifi B2) = ®y(A2,Bs) =Y,
QU(t;X,X) = ¢U(A1ﬁtAl7BlﬁtB1) = (DU(Al,Bl) = X

This implies that Gy is a Lim-Palfia weighted mean. Using Lemma 1 again, we

get
Gu(t; X,Y) = @y(Aifi Az, Bifit Ba)
= Oy (A1 A1, Bat1 ¢ B1)
= QU(l —t;KX).
Thus, Gy is symmetric. O

Corollary 7. The t-weighted metric geometric mean of operators is a symmetric
Lim-Pdlfia weighted mean.
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Theorem 8. Let U € B(H) be a Hermitian unitary operator and t € [0,1]. Let
X =®y(A1,B1) and Y = ®y(As, By). We have

(Z) gU(t; X, I) = q)U(A%_ta Bll_t) and gU(t; I Y) = (I)U(Aéa B5)7
(ii) (Joint Homogeneity) Gy (t;aX, BY) = o> 711Gy (t; X, Y) for any o, B > 0,
(iii) (Self-duality) Gy (t; X,Y)™ L =Gy (t; X1, Y1),

(i) (Unitary invariance) Gy (t; T*XT,T*YT) = T*Gy(t; X,Y)T where T €
B(H) is a unitary operator such that UT =TU,

() Gu(t,UXU,UYU) = UGy (t; X,Y)U,
(vi) Gu(X, X7 1) =1I.

Proof. The first assertion is immediate from Definition 3. For the joint homo-
geneity, note that

aX = (X(I)U(Al,Bl) = O{(A%BlAl%) = A%(O&Bl)A% = @U(Al,OéBl).
Similarly, 8Y = ®y(Az, fB2). Using Lemma 1, we obtain

Gu(t;aX,BY) = ®y(AifiAs, (aB1)i(BBs)) = Py(AifiAs, o' "B (Bifi Bs))
= o' B0y (A1t As, BitBo) = o' T'B'Gy (1 X, Y).

For the self-duality, consider

—1 1 1

X1 = y(Ay,B) " = (AfBlAf) — A ?B7YA] 7 = by (AT, BTY).

Similarly, Y~ = & (A5 ', By '). Applying Lemma 1, we get

Gu(t; X,Y)™! = ®p(Aifds, BitBa) ™t = ®p((AitiA2)™", (Bi#Ba) ™)
= Oy (AT A By By ) = Gu(t XY T

Now, let us prove the assertion (iv). Since T is unitary, we have by Lemma
1 that

(T*XT)§[U(T* XT)U]

(T*XT)$[T*(UXU)T]

= T*[Xt(UXU)|T

T* AT,

(T*XT)QU(T*XT) U] = (T*XT)O[UTX 1 T*U]
= (T*"XT)O[T*(UXU)T)
= T XOUXTU)T
= T*B;T.
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Similarly,
(T*YT){U(T*YT)U] = T*A;T and (T*YT)O[U(T*YT) U] = T*B,T
Then T*XT = Oy (T* AT, T*B1T) and T*YT = Oy (T* AT, T*B2T). Thus

gU(t~T*XT T*YT)
= [(T* A T)4(T"
= [T* (At A2)T ﬁ[T*(BlmBa ][T*(AlmA2>T]%
= [T* (A1t A2) T[T (Bry By) T[T (A1 A2) 2 T)

(AlﬁtAQ)%(BlﬁtB2)(AlﬁtA2)%T

= T*Gy(t; X, Y)T.

Setting T' = U, we get the result in the assertion (v). For the last assertion,
since X1 = &y (A7, B{Y), we have

Gu(X, XY = ®p(AgATY, BitByY) = @p(1,1) = I. O

3 Weighted Lim geometric means and Tracy-
Singh products

In this section, we investigate relations between Weighted Lim geometric means
and Tracy-Singh products of operators. Let us recalling the notion of Tracy-
Singh product.

3.1 Preliminaries on the Tracy-Singh product of operators

The projection theorem for Hilbert space allows us to decompose

_ P (10)
=1

where all H; are Hilbert spaces. For each i = 1,...,n, let P; be the natural
projection map from H onto H;. Each operator A € B(H) can be uniquely
determined by an operator matrix

A = [A)™"

1,j=1

where A;; : H; — Hj; is defined by A;; = PiAPJ?k foreachi,j=1...,n
Recall that the tensor product of A, B € B(H) is the operator A ® B €
B(H ® H) such that for all z,y € H,

(A@B)(z@y) = (Ar) ® (By).
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Definition 9. Let A = [A;];"", and B = [By;];""", be operators in B(H). The

i,7=1

Tracy-Singh product of A and B is defined to be
ARB = [[Aj; ®Bkl]kl]ij (11)

which is a bounded linear operator from @?]":1 H; ® H; into itself.
Lemma 10 ([9, 10, 11]). Let A, B,C, D € B(H).

(i) (AR B)(CX D)= (AC)X (BD).

(ii)) If A,B € P, then AR B € P.
(iii) If A, B € P, then (AKX B)* = A*X B for any a € R.

(i) If A and B are Hermitian, then AX B is also.

(v) If A and B are unitary, then AKX B is also.
Lemma 11 ([8]). Let A,B,C,D € P and t € 0,1]. Then

(AR B)f(CR D) = (A%,C) 8 (BsD).

For each i = 1,... k, let H; be a Hilbert space and decompose

Hi = @ Hi,r

where all H; . are Hilbert spaces. We set X';:l A; = A;. For ke N— {1} and
A, € BMH;) (i=1,...,k), we use the notation

k
&Al = ((AlgAg)&-“@Ak,l)@Ak.
i=1

3.2 The compatibility between weighted Lim geometric
means and Tracy-Singh products

The following theorem provides an operator identity involving ¢-weighted Lim
geometric means and Tracy-Singh products.

Theorem 12. Let U,V be Hermitian unitary operators, X1, Xo,Y1,Ys € P and
te0,1].

Gu(t; X1, Y1) K Gy (t; X2, Y2) = Gury (t; X1 X X5, Y1 K Ys). (12)
Proof. Write

X1 =®y(A1,B1), Y1 =y(Cy,D1), Xo=Py(A2,B2), Yo=®y(Cs, Do),
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where A1,C € ]P’IJ}, By,D, € P, Ay, Cy € P‘t, By, Dy € Py,. Since U and
V are Hermitian unitary operators, we have by Lemma 10 that U X V is also
a Hermitian unitary operator. Thus Gygy (t; X1 K Xo, Y] K Y5) is well-defined.
By Lemma 10, we get

(URV) A RA)URV) = (UAIU)XR(VAV) = A1 K A,
and

(URV)BIRB)(URV) = (UBU)X (VB,V) = By'XK B!
= (BiX By)™!

Thus A1 XA, € IF’J[;&V and B1X By € P;,,. Similarly, we have C1XC5 € IP’Z&V
and Dy X Dy € P ,,- Using Lemma 10, we get

X1 KX, = &y
= (A{ BiA}) B (45 B, A7)
= (A} B A})(BiR B - 2)(A} B 4j)

= (A1 X Ay)7 (B, K By)(A; K Ay)?
= Oygy (A X Ay, B K By).

A1,Bl) X oy (Az, B2)

Similarly, Yl X }/2 = @Ugv(cl X 027 D1 X D2) Then
Gumv (6 X1 X X2, Y1 KY2) = Pymy ((A1 K A2)8:(C1 K Cy), (By W Ba)y (D1 K Dy)).
We have by applying Lemmas 10 and 11 that
Gu(t;:X1,Y1) MGy (t; Xo,Y2)
= Oy (AitiCy, Bifie D1) X @y (A1 C2, Bafit Do)
= [(A1£:01) % (Bat D) (A1:C1) #] B [(AtiCa)® (Bt Da) (Aot Ca) ¥
= [(A14:C1)% B (A28:C2)2 ] [(B1eD1) R (Bate Da)] [(Ar4:C1) % B (AatCo) ]
= [(41:C1) B (A24:C2)] * [(B12,D1) B (Bt D)) [(Ar£:C1) B (A2t,C2)) *
= Oymy ((A14:C1) W (A24,C2), (B1:D1) K (Baf D2))

= (I)UXV((Al X A2)t:(C1 K Cy), (B K Bo)t: (D1 X Dg))
= Gury(t; X1 K X5, Y1 KY;). O

Corollary 13. Let k € N and ¢t € [0,1]. For each 1 <1i < k, let U; € B(H) be
a Hermitian unitary operator and X;,Y; € P. Then

k

X Guv. (t; X:, Vi) = gU( &)@&Y) (13)

i=1

where U = @le Us.
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Proof. Since U; is a Hermitian unitary operator for all i = 1,..., k, we have by
Lemma 10 that lezl U, is also. Using the positivity of the Tracy-Singh product,

we get [XI_, X;,[X"_, Vi € P. Hence, the right hand side of (13) is well-defined.
We reach the result by applying Thoerem 12 and induction on k. O

From Corollary 13, setting U; = I for all i = 1,...,k, we have

k

X (XiteY:) = (gX)jt(lgy)

i=1

This equality were proved already in [8, Corollary 1].
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