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Abstract

The major objective of this article is to determine and formulate the analytical
solutions of the following systems of rational recursive equations:

Tn—1Yn—3 Yns1 = Yn—1Tn—-3
Yn—1 (il + xnflynf?)) ’ nr Tn—1 (q:l + ynflxnfii) ’

T+l = n=0,1,..,
where the initial conditions z_3, x_2, T_1, o, Y—3, ¥—2, y—1 and yg are required to
be arbitrary non-zero real numbers. We also introduce some graphs describing these
exact solutions under a suitable choice of some initial conditions.
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1 Introduction

The global interest in exploring the qualitative behaviours of discrete systems of recursive
equations has been recently emerged due to the significance of difference equations in mod-
elling a considerable number of discrete phenomena. More specifically, recursive equations
are utilized in describing some real life problems that originate in genetics in biology, queuing
problems, enegineering, physics, etc. Some experts put effort to analyse dynamical systems
of difference equations. Take, for instance, the following ones. Almatrafi et al. [1] studied
the local stability, global attractivity, periodicity and solutions for a special case for the

difference equation
bxn— 1

LTp41 = ALp—1 — o dr .
n—1 n—3

Clark and Kulenovic [6] investigated the global attractivity of the system

Ty U
a+cyn7 Yn+1 = b+d(En

Ln+1 =
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The author in [8] explored the equilibrium points and the stability of a discrete Lotka-Volterra
model shown as follows:

ax, — Br,yn _ OYn + €T

Tpy1 = ) n+l —
+1 1+ vz, Yn+1 1+ 7y,
The positive solutions of the system

QlUp_q a1Up—1

A v = .
P, q n+1 P1, q1
6 + YUnUp_o 61 + T1Un Uy _o

Un4+1 =

were obtained in [14] by Giimiis and Ocalan. Moreover, Kurbanli et al. [18] solved the
dynamical systems of recursive equations given by
Tn—1 Yn—1 Ln

y Yny1 = y A4l = .
YnTp—1 — 1 TnYn—1 — 1 Ynn—-1

Tn41 =

In [19] Mansour et al. presented the analytical solutions of the system

o Tn—1 o Yn—1
anrl — 3 yn+1 - .
O — Tp_1Yn B+ YYn—12n,

Finally, the author in [23] demonstrated the dynamics of the system

Tn—2 y _ Yn—2
B + YnYn—1Yn—2 ’ e A + TpTp—1Lnp—2 .

Tnt+1 =

To attain more information on the qualitative behaviours of dynamical difference equations,
one can refer to refs [1-5, 7, 9-13, 15-17, 20-22]

In this paper, the rational solutions of the following discrete systems of difference equa-
tions will be discovered and given in four different theorems:

" o Tp—1Yn—3 y o Yn—1Tp—3 n=0.1
n+1l — ) n+1l — ) — My by
* Yn—1 (il + xn—lyn—?;) " Tp—1 (:Fl + %-1%-3)
where the initial values are as described previously.
2 Main Results

Tn—1Yn—3 Yn—1Tn—3

2.1 FirSt SyStem xn+1 - ynfl(]-_mnflyn73), yn+1 - $n71(1—yn71$n73)

This subsection concentrates on obtaining the solutions of a dynamical system of fourth
order difference equations given by the form:
Tn—-1Yn—3 y . Yn—1Tn—3
y Yn+1 —
Yn—1 (1 - xn—lyn—S) * Tn—1 (]- - yn—lmn—i’))

where the initial values are as shown previously. The following fundamental theorem presents
the solutions of system (1).

o n=0,1,.., (1)

Tpt1 =
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Theorem 1 Assume that {x,,y,} is a solution to system (1) and let ©_3 = «, v_5 =
B, x_1="7, ©o=0, Yy3=¢€, Yy o=mn, y_1 =p and yo = w.Then, forn =20, 1, ... we have

n—1 n—1
eI [(20) o~ 1 5 IL [(2) B — 1]
Tyn—3 = nlil s Tgp_o = =
antpm I{(20 4 1) ye — 1]

9

n—1
Bt T [(2i+1) 6y — 1]

n—1 n—1
AHLen 18 (20 4+ 1) ap — 1] §rtingn i (204 1) fw — 1]

Topn—1 = — » o Lan =
oz”,u”il:TO [(2¢ 4 2) ve — 1]

n—1 ’
oI [(20-+2) 69— 1)

And
n—1 n—1
o T [(20) ye — 1] pror I 1(24) oy — 1]
Yan-3 = n_zf v Y2 = "—Z; 7
e 1T (20 4 1) ap 1] S I (241 B =1
n—1 n—1
! '1:[0 (20 4+ 1) ye — 1] Brwntl '1:[0 (20 +1)on — 1]
y4n71 ey n—Zl_ R y4n — n_zl_ .
Amen '1:[0 [(22- + 2) QgL — 1] snpn '1:[0 [(2@ + 2) bw — 1]

Proof. For n = 0, our results hold. Next, let n > 1 and suppose that the relations hold for
n — 1. That is

n—2 n—2
7”*16”*1}:10 [(20) ap — 1] 5n7177n71i1:10 [(20) fw — 1]
Ton—7 = n—2 ’ Tan—6 = n=2 ’
a”’%niligo [(2i + 1) ve — 1] ﬁnﬂwniligo (24 1)on —1]
n—2 n—2
yre I [(2i+ 1) ap— 1] on I [+ 1) B — 1]
Tyn-5 = 1—n_2 v Tan—a = Z_'n,—2 )
a”’lﬂnilil;[o [(2i +2) ve — 1] 5n71wn71i1;[0 (2 +2)on —1]
And
n—2 n—2
o Lun I [(20) ye — 1] gr=twnt I [(24) on — 1]
Yan—7 = n—2 r Y6 = no? 7
e T (20 + 1) ape— 1] oty I [+ 1) o = 1]
n—2 n=—2
@ T (20 + 1) 7€ — 1 gt B @i+ ) on — 1]
Yan—5 = 5 v Yan = - '
An—len-1 '1;10 [(2i +2) ap — 1] gr—lyn-1 .1_10 (20 +2) Bw — 1]
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Now, it can be obviously observed from system (1) that

T o Lon—5Yan—17
in—3 —
Yan—5 (1 - $4n—5y4n—7)
n—2 n—2
yrer I [(2i1)ap—1] o~ 1un =t I [(2i)ye-1]
1= 1=

n—2 n—2
an—lyn-1 .HO [(2i+2)ye—1] yn—1len—2 ‘HO [(2i+1)au—1]
1= 1=
—2

n—2 n
[ men=t "I (264 opi1]  an=tum T [(20)ye1]

n—2
ar=tun 11 [(2i+1)ye—1]
=

n—2 n—2 n—2
yn—len—1 _HO[(2i+2)ay,—1] an—lyn—1 'HO [(2042)ye—1] y—1en—2 'HD [(2t+1)ap—1]
1= 1= 1=

n—2
7 TL[(2i)ye-1]
n727

_HO [(2t42)ve—1]
i=

n—2
[ e @ine) ]

n—2
an—lyn _HO [(2i41)ve—1]
i=

7”—16”—1j:ﬁ§[(2i+2)04u71] ji[j[(ZiJrQ)’yefl}

n—2 n—2
e [(20) ve — 1T 2+ 2) g 1
n—2

n—2 n—2
a1y T (204 1) 96 = 1] [T (24 2) 9 1] = eI (20 e 1

n—2 n—1
et I [(2i+2) ap —1] et I [(20) ap —1]
n—1 - n—1 ’
oty T (20 + 1) e 1] ar iy T [(20 4 1) ye 1]

Now, system (1) gives us that
Yan—5Tan—17

Yan—3 = 1
x4n75[ _y4n75x4n77]
n—2 n—2
a1 T (it )ye—1] 4 ten 1T [(20) 1]
1= 1=

n—2 n—2
yrotent I [(2i42)ap—1] an=2pn=t I [(2i+1)ye—1]
1= 1=

n—2 n—2
an—tpn I [2i+1)ye-1]  ynoten=t I [(2)ap—1]
i
v

n—2
yren—1 TI [(2i+1)ap—1]
i=0 i=
n—2 n—2
n—len—1 'HO [(2i4+2)ap—1] an—2pun—1 'HO [(2t41)ve—1]
1= 1=

n—2
an=tun=t I [(2i42)ye—1]
1=
n—2 .
ap L [(20)ap—1]

n—2
1 [(2i+2)ap—1]
=

n—2 n—2
Amen—1 igo [(2i+1)ap—1] auigo [(Qi)au—l]]
- =

—2
a1 T [(2i2)ye—1] T (2i+2)ap—1]
1= 1=

n—2 n—2
arp I{(20) ape — 1) 11 [(20 + 2) ye — 1]
n—2 n—2 n—2
ren VI (20 + 1) ap — 1] {HO (20 +2) ap = 1] = ap 11 [(20) app — 1]
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n—2 n—1
ap® I [(20 +2) ye — 1] ap® 11 [(22) ye =1

n—1 n—1 :
ye T (i Dap—1] eI (204 1) ap— 1)

Hence, the rest of the results can be similarly proved.

Tn—1Yn—3 y — Yn—1Tn—3
nfl(_l'i_wnflynf?)) ) 77,+1 xn71<_1+yn71xn73)

2.2 Second System z,,] = .

Our leading duty in this subsection is to determine the solutions of the following discrete
systems:

Tpn-1Yn-3 y o Yn—-1Tpn—-3 (2)
) n+l — .

Yn—1 <_1 + xn—lyn—3) - Tn-1 (_1 + yn—lxn—3)

The initial values of this system are arbitrary real numbers.

Tpy1 =

Theorem 2 Suppose that {x,,y,} is a solution to system (2) and assume that v_3 =
a, T 9=0,x1="7, g=90, y3=¢€ Yyo=1, y_1 = pp and yo = w.Then, forn =0, 1, ...
we have

AT 5
Lgnp— = no Tin—2 = no
T an i (ye— 1) T Breten (o — 1)
B ,yn—i-lGn (oz,u _ 1)" B 6n+177n (6(") _ 1)”
Ton—1 = non v Tan = n,n )
an Brw
And
am Brw™
Yan—3 = nen—1 my Y2 = ST no
et (ap — 1) ot (Bw — 1)
_ anun+1 (’76 _ 1)" B ann—i-l (577 _ 1)"
Yan—1 = non y o Yan = non .
e 0"

Proof. It is obvious that all solutions are satisfied for n = 0. Next, we suppose that n > 1
and assume that the solutions hold for n — 1. That is

o — ,yn—len—l o — 5n—1nn—l
n an—2un—1 (’}/E _ 1)n—17 n= ﬁn—2wn—1 (67] _ 1)”‘1’
e o= )M o (Bw = )"
Ton—5 = Ozn_lun_l s Ton—4 = Bn—lwn—l .
And
i anfllunfl s = anlwnfl
" ylen=2 (ap — 1)"_17 " on—lnn=2 (fw — 1)"_1’
oam (e )" e (o — 1)
Yan—5 = J—len—1 y o Yan—a = P .
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We now turn to illustrate the first result. System (2) leads to

Lon—5Y4n—7
Yan—s (—1 + Tan—5Yan—17)

,ynen—l(a'uil)n—l Oln_lun_l
an—lun—l 7n716n72(a’u71)”_1

Tan—3 =

an—lun(,ye,l)n—l 1+ ,ynen—l(au,l)n—l an—lyn—t
,yn—len—l Ozn_l,u,n_l ,yn—len—Q(aufl)n_l
n. n

Y€

an=pn (ve — 1) =14y o lut (e —1)

,yn en

Similarly, it is easy to see from system (2) that

Yan—5Tan—7
Tan—s5 (—1 + Yan—5Tan—7)

Oénilun(’ye—l)nil ,yn716n71
,ynflenfl an—2un—1(76_1)n71
nen—1(q—1 n—1 an—1lyn(~ye—1 n—1 n—1.,n—1
z nf(l Mnfl) _1 _|_ l:‘tf(lrynfl) n—2 77,,716 n—1
an=lp ynTle an=2pun=1(ye=1)

Yan—3 =

n,n

o’ B
yren—t (ap — 1 nt [—1+au] et (ap—1)

(X’nun

I

The remaining solutions of system (2) can be clearly justified in a similar technique. Thus,
the proof is complete.

3 _ Tn—1Yn—3 _ Yn—1Tn—3
2.3 Third SyStem Tnt1 = Yn—1(1—Tp_1Yn—3)’ Ynt1 = Tp—1(—14+Yn—1Tn—3)

The central point of this subsection is to resolve a system of fourth order rational recursive
equations given by the form:

Tn-1Yn— n—1Tn—
g1 = 1Yn—3 Yn—1 3 (3)

s Yn == ;
Yn-1 (1 — 2p_1Yn_3) T (=1 + Ypn_12n_3)

where the initial values are as described previously.

Theorem 3 Let {x,,y,} be a solution to system (3) and suppose that x_3 = o, T_o =
B, x_1 =7, x0=0, Yy3==¢€ Yy o=mn, y_1 = and yo = w. Then, forn =0, 1, ... we have
-1 n nen _1 ndn n
Tin-3 = n(—l ] v Tan—2 = n(—l R
a1 T {(2641) e — 1] frton T [(20+1) 8 — 1]

(CU" e ap = 1)t (1) (B — 1)

) in —

Y

Tan—1

n—1 n—1 ’
oz”u”il;lo (26 + 2) ye — 1] ﬁnw”il;lo (20 +2)6n —1]

And
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n—1 n—1
(~1)" "I [(20) e — 1] (~1)" 5w TL [(24) 6y — 1]
Yy = e ap— 1" T T T (Go — 1)
n—1 n—1
(~1)" a1 T (24 1) e — 1] (~1)" w1 T [(20 41) by — 1
Yan—1 = = s Yan = = .
,-)/nen 5n7]n

Proof. The results are true for n = 0. Next, we suppose that n > 1 and assume that the
relations hold for n — 1. That is

-1 n—1 n—len—l -1 n—1 6n—1 n—1
Lan-7 = ( 2_2 1 y Lan—6 = ( 2_2 L )
an-2un VI [(20 4+ 1) ye — 1] fr-2un 1T [(2i+ 1)9n — 1]
(D)t ap = 1) =Dyt (o =)
Tin—5 = n—o v Tan—a = n—2 )
an=1un VI [(2i 4+ 2) ye — 1] frtwn 1T ((2i+2)9n — 1)
And
n—2 n—2
(~1)" ar e T [(20) ye - 1] (~1)" gt T [(20) 6y - 1]
o T e -1 T T e (G — 1y
n—2 n—2
(=1)" " artpr (204 1) ve = 1] (=)™ Bt I [(2i+ 1) 61— 1]
Yan—s5 = f)/n—len—l ’ Yan—4 = 5n—1nn—1 :

Now, we establish the proofs of two relations. Firstly, system (3) gives us that

Tan—5Yan—1
Yan—s (1 — Tap—5Yan—7)

T4n—3

_1\yn—1 n—-1 n71n72 ; _
(_l)nfl,ynenfl(au_l)nfl( 1) 6] 1 Z_EO[(QZ)’YE 1}

n—2
an—lyn—1 _HO [(2t42)ve—1]
i=

T2 (ap—1)" ]

-2 n—2
_)rlgn=1,m"] ; _ _1\»—1lyn—1,n-1 A
R NG I I e i N 0 )

,yn—len—l ,yn—len—Q(au_l)nfl

n—2
an=tpn=t I [(2i42)ye—1]
=

n—2
7 T [(2i)ye-1]

nﬁj[(2i+2)'ye—1]

1=

(1) tan =ty T (204 1)re1] [1 - 76?12[02[(22')75—1}]

,ynfl enfl n—2 ]
'Ho [(26+2)ve—1]
i=
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n—2
(~1) "+ e T [(20) e - 1]

n—2 n—2 n—2
0ty T [(20+ 1)y — 1] | T [(26 +2)7e — 1] 7€ I [(26) e — 1
_ _ (_1)—"""1 ,ynen _ (_1)” ,ynen
n—1

- n—1 :
an=tpr I [(20+ 1) ye 1] an=ipn T{(20 4+ 1) ve — 1]

Next, it can be noticed from system (3) that

y _ Yan—5Tan—7
An—3 —
" Tan—5 (—1 + Yan—5Tan—7)
()"t T e (et
,yn—len—l n—2 ]
an=2un =1 TL (24 1)ye1]
()" e o) | g (‘1)"1“"1“?95 [1(2”1)76‘” (—1)nLyn—ten-1
n—2 n—len— n—2
an=1un =1 [(2i42)ye1] K an=2pun =1 T [(2i+1)ye1]
n—2 n—1
—n+l 0 n . n—1 n n .
(=)™ atpt I {(2i+2)ye— 1] = (=1)" a”p" I [(2i) ye — 1]
e lap— )" -1 +ap yrer ! (o — 1)"

n—1
(~1)" T [(20)7¢ — 1]
yrer—1 (ap —1)"

The proofs of the remaining relations can be likewise achieved. Therefore, they are omitted.

Tn—1Yn—3 y — Yn—1Tn—3
ynfl(_l""mnflynfS) ) n+1 xnfl(l_ynflxnf?;)

2.4 Fourth System z,,; =

Our fundamental task in this subsection is to develop fractional solutions to the system of
recursive equations given by the form:
Tn—1Yn—3 Yn—1Tn—3
y o Ynt1 = s 4
Yn—1 (_1 + xn—lyn—fi) * Tp—1 (1 - yn—lxn—S) ( )

Tn+1 =

where the initial conditions are required to be non-zero real numbers.

Theorem 4 Assume that {z,,y,} is a solution to system (4) and suppose that x_3 =
a, T_o = 67 1 =79, To = 67 Y3 = €6 Y2 =10, Y1 = [ and Yo = W. Th6n7 fOT
n=20, 1, ... we have

n—1 n—1
(=1)" e T [(20) ot — 1] (=1)" " 11 [(20) o — 1]
s = Ty L T e s )
n—1 n—1
(=1)" e T [(2i+1) o — 1 (—1)" 8 T [(20+ 1) o — 1)
Tan—1 = — y o Tap = — .
anun 6nwn
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—1 "an n -1 n n "
Yan—3 = ngl ) . v Yan—2 = n<,1 S8 ’
yren= I [(2i+ 1) ape — 1] g1 L [(2i +1) B — 1]
(=1)" "™ (ye = 1)" (=1)" grw™** (on — 1"
Yan—1 = p— v Y = n—1 '
yren T (20 +2) ape — 1] o T [(20+2) o — 1]

Proof. The relations hold for n = 0. Next, we let n > 1 and assume that the formulas hold
for n — 1. That is

n—2 n—2
(1) e T [(20) g — 1) (-1 T [(20) e — 1)
Tan— - — 5 Tyn—6 — n— 9
dn—7 a2 (ye — 1) 4n—6 Br=2un=1 (5 — 1)"
n—2 n—2
(-1 e T (204 Dap - 1 (—1y VT (204 1) B 1)
Tan—5 = Oén_llLLn_l » o Tan—4 = ﬁn—lwn—l ’
And
-1 n—1 an—l n—1 -1 n—1 n—lwn—l
Yan—7 = ( n>—2 a sy Yan—6 = ( n)—2 ﬁ ;
eI (204 1) ap - 1] g1 20+ 1) o — 1]
(1" ot (e =) (=" gt Gy — )"
Yan—5 = n—2 sy Yan—a = "o .
e (204 2) ap - 1) gt (20 +2) o — 1

We now turn to verify the proof of two relations. It can be obviously seen from system (4)
that

Lan—5Yan—7
Yan—s (—1 + Zan_5Yan—7)

n—1_n n—ln_2 :
(-1 ymen=t I (2 1o 1]

Tan—-3 =

(71)n—1an—l‘un—1

an—l n—1 n—2
" ynten=2 I [(2i+ ap—1]
i

n—2
(—1)”7106”71},6'"‘(’)/6—1)”71 (_1)n717n6n71ig0 [(21"_1)0‘“_1] (_1)"71*1067171“77,71

n—2 _1 + a”ﬂfl n—1 n—2
yrlent I [(2i+2)ap—1] a ynlen=2 T [(2i+1)ap—1]
n—2 n—1
(—1) 7 men (2 +2)ap—1] - (=) Anen I [(20) ap = 1]
B a1l (ve — )" =1+ ve] an~tyum (ve —1)"

(1) e T [(2) g — 1]

ar=tur (ye —1)"
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Further, it can be attained from system (4) that

Yan—5Tan—7
L4n—5 (1 - y4n—5x4n—7)

Yan—-3 =

n—2
(—1)”710477’71}1”(’)/6—1)’”71 (71)’”717”716”71 iEO [(21)&}1,71]

n—2 n—2,n—1 _1)”*1
n—1len—1 1T 2542 —1 « 12 ('75
yn=ten=1 T [(2i+2)ap—1]

—2 n—2
_1)n—1 7177. i _ _1\yn=1.n—1,n—-1 . _
(=) ymen Z.EO[(QZ-H)CW 1] 1_ (71)”_104"*1#"(75—1)”_1( DT n—len Z_E()[(Qz)cu,u, 1]
n—1,n—1 n—2 n—2,n—1(~re_1)"" 1L
o H ,\/nflenfl _HO[(Q’Z-&-Q)&M—I} « 14 (75 1)
i=

n—2 .
ap TL[(20)a—1]

Ej[(?i“)a“—ﬂ
(e U e an1) [ e [(Gan-1)
an=iun Tt jgj[(2i+2)aufl}

(~1) "y T [(20) ap — 1

7=

n—2 n—2 n—2
yren=U I (20 + 1) ap — 1] {1_10 (20 +2) ap = 1] — o 1T [(20) ape — 1]

(=1)"amp"

n—1 '
et {(2i 4 1) ap — 1]
Other results can be proved in a similar way. Thus, the remaining proofs are omitted.

2.5 Numerical Examples

This subsection aims to present graphical confirmations to the whole solutions obtained in
the previous subsections. Here, we plot the solutions (by using MATLAB software) under
specific selections of some initial conditions.

Example 1. This example shows the paths of the solutions of system (1). The initial
conditions of this example are given as follows: x_ 3 =3, v o =1, v_1 =5, x9 =2, y_3 =
1, y o =3, y_1 =5and yg=>5. See Figure 1.
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Plot of The First System

x(n),y(n)

Figure 1: The behaviour of the solution of system (1).

Example 2. In Figure 2, we illustrate the behaviour of the solution of system (2) under
the following selection of initial conditions: x_3 =34, x5 =07, z_1 =2, xg =3, y_3 =
1.5, y o =15, y_1 =0.5 and yo = 1.22.

Plot of The Second System
200 ‘ ‘

x(n)
y(n)

150r

100p

x(n),y(n)
Z

o
T

-100 ! ! ! !
0 10 20 30 40 50

n

Figure 2: The behaviour of the solution of system (2).

Example 3. Figure 3 illustrates the curves of the solutions of system (3) when we assume
that x_3 = 0.7, x_ o =21, x.1 =1, g = 0.5, y_3 = 0.1, y o = 0.2, y 1 = 2.2 and
Yo = 0.5.
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Plot of The Third System
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Figure 3: The behaviour of the solution of system (3).

Example 4. The solutions of system (4) are depicted in Figure 4 under the following initial
data: v_3=0.2, x o =1, x_1 =03, 20=02, y3=3, yo=1, y 1 =2and gy, =0.3.

x 10'° Plot of The Fourth System

x(n)
y(n) |1

x(n).y(n)

10 20 30 40 50 60 70
n

Figure 4: The behaviour of the solution of system (4).
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