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HERMITE-HADAMARD TYPE INEQUALITIES FOR THE
ABK-FRACTIONAL INTEGRALS

ARTION KASHURI

ABSTRACT. The author introduced the new fractional integral operator called ABK-fractional
integral and proved four identities for this type. By applying the established identities,
some integral inequalities connected with the right hand side of the Hermite-Hadamard type
inequalities for the ABK-fractional integrals are given. Various special cases have been
identified. The ideas of this paper may stimulate further research in the field of integral
inequalities.

1. INTRODUCTION

The class of convex functions is well known in the literature and is usually defined in the
following way:

Definition 1.1. Let I be an interval in R. A function f: I — R, is said to be convex on [ if
the inequality

fQer + (1= Nez) < Af(er) + (1 —A)f(e2) (1.1)
holds for all ej,eq € I and X € [0, 1]. Also, we say that f is concave, if the inequality in (1.1))
holds in the reverse direction.

The following inequality, named Hermite-Hadamard inequality, is one of the most famous in-
equalities in the literature for convex functions.

Theorem 1.2. Let f: 1 CR — R be a convex function and ey, es € I with e; < ea. Then the
following inequality holds:

F(52) <t [ roe < KA (12)

2 2
This inequality 18 also known as trapezium inequality.

The trapezium inequality has remained an area of great interest due to its wide applications in
the field of mathematical analysis. Authors of recent decades have studied in the premises
of newly invented definitions due to motivation of convex function. Interested readers see the
references [2],[4]-[20],[22]-[27].

In [§], Dragomir and Agarwal proved the following results connected with the right part of

[C2).

Lemma 1.3. Let f: I° CR — R be a differentiable mapping on I°, e1,eq € I° with e; < es.
If f' € Lley, es], then the following equality holds:

flen) + fle2) 1

2 €9 — €1

/ F2)da = (62261)/0 (1—20)f(ter + (1 — t)ea)dt.  (1.3)
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Theorem 1.4. Let f : I° CR — R be a differentiable mapping on I°, ey, es € I° with ey < es.
If |f'] is convex on [eq, es], then the following inequality holds:

ol e / f<w>d$‘ <2 (e ife. 0

Now, let us recall the following definitions.

Definition 1.5. X7? (e1,e2) (¢ € R),1 < p < oo denotes the space of all complex-valued
Lebesgue measurable functions f for which || f||x» < oo, where the norm || - || x» is defined by

e = (| |t0f<t>|”f>’l“ (1<p<)

and for p = oo
[fllxz= =ess sup [t°f(t)].
e1<t<es
Recently, in [12], Katugampola introduced a new fractional integral operator which generalizes
the Riemann-Liouville and Hadamard fractional integrals as follows:

Definition 1.6. Let [e1, ea] C R be a finite interval. Then, the left and right side Katugampola
fractional integrals of order o (> 0) of f € XP (e1,e2) are defined by

1—a x —1
el @)= ?(Oé) /el (xr iptp)lfaf(t)dt’ r=a (1.5)

and pl—oz e tp_l
It =Ty [ e O 2 < (16)

where p > 0, if the integrals exist.

In [3], Atangana and Baleanu produced two new fractional derivatives based on the Caputo
and the Riemann-Liouville definitions of fractional order derivatives. They declared that their
fractional derivative has a fractional integral as the antiderivative of their operators. The
Atangana-Baleanu (AB) fractional order derivative is known to possess nonsingularity as well
as nonlocality of the kernel, which adopts the generalized Mittag-Leffler function, see [15],[21].

Definition 1.7. The fractional AB-integral of the function f € H* (e1,es) is given by
1—-v v t
AB rv v—1
L'fit)==——f(t — t— d t 1.7
SIS0 = G O+ gy [ 0w e > e (17)
where e; < e2, 0 < v < 1 and B (v) > 0 satisfies the property B (0) =B (1) = 1.
Similarly, we give the definition of the ((1.7) opposite side is given by

ST f() = ﬁf(t) + m /t (u—1)""" fu)du, t<ey.

Here, I'(v) is the Gamma function. Since the normalization function B (v) > 0 is positive, it
immediately follows that the fractional AB-integral of a positive function is positive. It should
be noted that, when the order v — 1, we recover the classical integral. Also, the initial function
is recovered whenever the fractional order v — 0.

Motivated by the above literatures, the main objective of this paper is to establish some new
estimates for the right hand side of Hermite-Hadamard type integral inequalities for new frac-
tional integral operator called the ABK-fractional integral operator. Various special cases will
be identified. The ideas of this paper may stimulate further research in the field of integral
inequalities.

310 KASHURI 309-326



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

HERMITE-HADAMARD TYPE INEQUALITIES FOR THE ABK-FRACTIONAL INTEGRALS 3

2. HERMITE-HADAMARD INEQUALITIES FOR ABK-FRACTIONAL INTEGRALS
Now, we are in position to introduce the left and right side ABK-fractional integrals as follows.

Definition 2.1. Let [e;,e2] C R be a finite interval. Then, the left and right side ABK-
fractional integrals of order v € (0,1) of f € X? (e, e2) are defined by

v t —
RO = G0 5t | e e 1220 e

(v) B(v)I'(v tr —up)l—v
and . 1—v Py es wp—1
ey PIV f(t) = Wf(t) + BT /t (w7 = tp)l_uf(u)du, t < ey, (2.2)

where p > 0 and B (v) > 0 satisfies the property B (0) =B (1) = 1.

Remark 2.2. Since the normalization function B (v) > 0 is positive, it immediately follows that
the fractional ABK-integral of a positive function is positive. It should be noted that, when the
p — 1, we recover the AB-fractional integral. Also, using the same idea as in [12], the ABK-
fractional integral operators are well-defined on X? (eq, e2) . Finally, using the same idea as in
[1], the interested reader can find new nonlocal fractional derivative of it with Mittag-Leffler
nonsingular kernel, several formulae and many applications.

Let represent Hermite-Hadamard’s inequalities in the ABK-fractional integral forms as follows:

Theorem 2.3. Let v € (0,1) and p > 0. Let f : [ef,e5] — R be a function with 0 < e; < es
and f € XP (ef,eb). If f is a convex function on [}, €5, then the following inequalities for the
ABK fmctzonal integrals hold:

2 (e —ef)” e +eb l—v., ., o
B(v)T (v+1)p2~ f( 2 >+B(V) [f(e1) + f(e5)]
< |:ABKpI f( ) ABKPI f(€1):| (23)
(ef —el)” 4+ p(1 — V)F(I/) o y
< (et e + 1)

Proof. Let t € [0,1]. Consider z*, y” € [ef,eb], defined by z¥ = tPe] + (1 — tP)eb, y? = (1 —
tP)el +tPeb. Since f is a convex function on [ef, 5], we have

p(Er) eI

Then, we get
27 (AFE) < f et (1= )+ £ (1= )+ ). (2.4

Multiplying both sides of 1’ by Wt””_l, then integrating the resulting inequality with
respect to t over [0, 1], we obtain

2 el +ef
s’ (T10)
- E@ﬁ?@iﬁtw_f“%f+ﬂf¢0%ﬁﬁ+@ﬁﬁfaiétW‘f«l—wp§+w¢nu

v 2 feh —gP\V oy P
B(v)T (v) /e1 (eg—e’f) f(x)eg—e’fdx
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v oyt =Ny
_— d
*soral, (oa) g
Therefore, it follows that

2 (eh —ef)” A 1—v
B()T (v +1) oo f( 2 )+IB%(1/)

< [Pemmpen + PEorn )

[f(ef) + f(e5)]

and the left hand side 1nequahty of (2.3 . is proved.
For the proof of the right hand side inequality of (2.3]) we first note that if f is a convex function,
then

ftPe] + (1 —t7)eh) <t f(ef) + (1 —t°) f(eh)
and
FUA=1P)e] +tPef) < (L—17) f(e]) + 17 f(eh).
By adding these inequalities, we have
[Pl + (1 - t")eé) +f (1= t7)e] +t7eh) < f(ef) + f(e5). (2.5)
Then multiplying both sides of (2.5)) by B D)F( )tp” I and integrating the resulting inequality

with respest to ¢ over [0,1], we obtaln

v

W/{) v f(tpeﬁ)-F(l—tp)eg)dt—FWA L (1= t9)el + 1768 dt

[ 6P eP ! pr—1
ST U+ ) [ et

ie.

|:ABKpI fle ) AQBKp]y fle ?)} < ((65 —6218:‘;(1(1/—) V)F(l/)> [f(efll) _~_f<eg)]-

The proof of this theorem is complete. O

Corollary 2.4. If we take p — 1 in Theorem then the following Hermite-Hadamard’s
inequalities for the AB-fractional integrals hold:

2(eg —ey)” f (61 +62> + 1-v [f(e1) + f(e2)]

B(v)I(v+1) 2 B ()
< [2PL flea) + APIY f(en)] (2.6)
(S e

Remark 2.5. If in Corollary we let v — 1, then the inequalities (2.6) become the inequalities
2.
3. THE ABK-FRACTIONAL INEQUALITIES FOR CONVEX FUNCTIONS

For establishing some new results regarding the right side of Hermite-Hadamard type inequal-
ities for the ABK-fractional integrals we need to prove the following four lemmas.

Lemma 3.1. Let v € (0,1) and p > 0 and f : [e],e5] — R be a differentiable mapping on
(ef,€e5) with 0 < e < ea. Then the following equality for the ABK -fractional integrals exist:

(eh —ef) 1—v of Y [ABKopu oo ABK ppu 000
(o S e+ 7 = [ AP ey + AP fep)
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(es_ef)VﬂLl ! P\V pv1p—1 ¢l (4p_pP o\ P
Proof. Integrating by parts, we get
1
L = / (1 —t") P~ (tPel + (1 —tP) ef) dt
0
(1—tr)” ) N v ! el 91 ) )
Mf (t7ef 4+ (1 —17) €3) . M/o (L—=t?)" 7 f (tPef 4+ (1 — t7) e5) dt
f(ep) v ! v—1 —
TR A
Similarly,
1
I, = / tPFD=L T (el 4 (1 — tP) eh) dt
0
tp(y+1)—1 o p ! v ! (v+1) P P
= S 0 - [ e - a
f(ef) v / '
- - D £ (el 4+ (1 — tP) ef) dt.
R S
(ef —ef)' !
Thus, by multiplying I; and I, with W, using definition of the ABK-fractional
prB (v 14
integrals and subtracting them, we get the result. 0

Remark 3.2. If in Lemma [3.1] we let p — 1, then we get the following equality for the AB-
fractional integrals:

(62_61)V 1-v _ [ ABjyv e AB v e
(]B(z/)l“(u) - B(U)) [fler) + flea)] — [ &PIY flea) + SPIY fler)]

(62 o 61)D+1

1
e [ [(1=1)" = "] f (ter + (1 — t)eq) dt. (3.2)
BT (v) /0
Remark 3.3. If in Lemma we let p, v — 1, then we obtain the equality (|1.3)).

Lemma 3.4. Let v € (0,1) and p > 0 and f : [e],e5] — R be a differentiable mapping on
(ef,€e5) with 0 < e < ea. Then the following equality for the ABK -fractional integrals exist:

( (e —ef)” 1-v
prBE)C (V)  B(v)
p p)V+1

(€3 — €y ' PAL=LT £l (1 _ 4P)oP 4 $PeP) — f ($PeP _#P)eP
SEEOTw L T =) ) - @+ (=) Jar. (33)

VU + )] - [ 2 ety + A0 g

€2

Proof. The proof is similarly as Lemma[3.1] so we omit it. O

Remark 3.5. If in Lemma we let p — 1, then we get the following equality for the AB-
fractional integrals:

<(62—e1)” 1—v

BT (v)  B(v)
v+1

) Flex) + Flea)] — [ API% flea) + AT f(er)]

(e2 —e1)

W/O tr [f/ (I —=t)er +teg) — I (ter + (1 — t)eQ)]dt. (3.4)
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Lemma 3.6. Let v € (0,1) and p > 0 and f : [e],e5] — R be a twice differentiable mapping on
(ef,€e5) with 0 < e; < ea. Then the following equality for the ABK -fractional integrals exist:

(egfef) 1—v 0 oy [ ABK o ABK gy o
(vmz( )T (v )*B(V)>[f(€1)+f( 5)] [ 1, f(eg) + 2FR T £( 0]

_ P 1
- e >er1<)u+z> {/ (1= D] 7 (1= 10)ef + 10 d

1
— / tPFDTL LI (el 4 (1 — tP)eh) dt}.

0

Proof. By using twice integration by parts the proof is similarly as Lemma [3:1]} so we omit
it. O

Remark 3.7. If in Lemma we let p — 1, then we get the following equality for the AB-
fractional integrals:

((62 — 61)V 1—v
BW)I'(v)  B(v)
v+2

) Fle) + () — [ API% flea) + APIY f(er)]

v(es —e1)
()T (v +2)

X { /01 [1— P 7 (1= t)ey + teo) dt — /1 T (tey 4 (1 — t)eg) dt}.

0

Lemma 3.8. Let v € (0,1) and p > 0 and f : [e],e5] — R be a twice differentiable mapping on
(ef,€e5) with 0 < e < ea. Then the following equality for the ABK -fractional integrals exist:

() L () + 1] - [ AP Ig s + PR p(ep)]
PPBWT(v)  B(v) ! ’ Ve A
v+2
- Y% -a) (cf =)™ /1 [1—(1—t) ! — t"(”“)]tp’lf” (tPef + (1 —tP)eb) dt. (3.5)
pP'BW)T (v +2) Jo
Proof. By using twice integration by parts and Lemma [3.1]} we get the desired result. O

Remark 3.9. If in Lemma we let p — 1, then we get the following equality for the AB-
fractional integrals:
(e2—e)” 1-v AB AB
— 17 17
(B (1/) T (l/) + B (I/) [f(el) + f(€2)] [ ey ezf(e2) + eo elf(el)]
v+2

M ' _ AV = B S A Y e ~ e
B(u)r(u+2)/0 [1= (L= t)" " =71 7 (ter + (1 = t)es) dt. (3.6)

Using Lemmas [3:] [3:4] [3:6] and [3-8] we can obtain the following the ABK-fractional integral

inequalities.

Theorem 3.10. Let v € (0,1) and p > 0 and f : [e],e5] — R be a diﬁer@ntiable mapping
on (ef,ef) with 0 < ey < ey. If |f'|* is convex on [e],eb] for ¢ > 1 and * —|— = =1, then the
following inequality for the ABK -fractional integrals holds:

(s + 5o ) U+ £ - [ 0 ng sy + A et

(e - e Wf )|’ +|ff "
< BT () ¢/D(p,p,v) (3.7)
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where
1

1
D(p, p,v) = /02 [(1 — iy tpp”] to= L +/ [tW —(1- tf’)f’”} to= L

1

2

2 1\PH 1
=—— 1 (1-— -\
plpr +1) ( 29> 2p(pr+1)

Proof. Using Lemma convexity of |f’|?, Holder inequality and properties of the modulus,

we have
’<p£§(;)€£)(,/) + Ila%z;) [f(e?) + f(e5)] — [ABK”I f(es) + AQBK”I” f(e T)H
v(eh —ef)™"
p'B (V)T (v)
1 > 1 3
x (/0 ‘(17159)” ) (/0 ot (1Pl + (1 tP)e )] dt)
Vp(;;( )GIL)(VT (/Oé [(1 — PP — tpp”} tPldt + /; [#’P” —(1- t”)p”]t”ldt> ’
< ([ errenr s a-mren )’
0
_ <e§—e1>”“ \/\f DI+ )"
The proof of this theorem is complete. O

Corollary 3.11. With the notations in Theorem if we take |f'| < K, the following
inequality for the ABK -fractional integrals holds:

(G5mte * 5o ) Ve + 7= [ 2Pems) + 22 ngrien)
vK (ef — el)”+1
PIBOT W)

Corollary 3.12. With the notations in Theorem[3.10, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(e2—e))” 1-v [ ABqw ABv r(,
(B(V)F(z/) - E(V)) [fler) + fle2)] — [ APIY flea) + LPIY f( 1)]‘

D(p,p,v). (3.8)

< 1(13?2(;)61 W\/Wel’w (ea)l” (3.9)

Theorem 3.13. Let v € (0,1) and p > 0 and f : [e],€e5] — R be a differentiable mapping on
(ef,eh) with 0 < ey < ea. If | f'|? is convex on [e],e5] for ¢ > 1, then the following inequality
for the ABK -fractional integrals holds:

|(pf§§<y)e§)(:) ) D+ S = [ A ers e + A 0rs ple >H

v(ef —ef)

= BT W)

v+1 N
[D(1,p,)] "7 (3.10)
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< {Em AFEN + (F(p.v) — Elp, )| F/(e5)]°

N G(p,u)If’(ef)|q+(F(va)G(07V))|f'(6§)|q}q,

where

1

z 1 1
E = 1—tP) — |2 dt = — 2,v+1) = |}
(p,v) /0 {( ) } p[ﬂ <2p v+ ) D (1 2) |

1

F(p,v) = /j [(1 —tP) — tf’”} tPdt = /1 [t”” —(1— t”)”}t”‘ldt

2

B 1 . i v+1 1 .
pv+1) 20 op(r+1) |’
! pv P\V | 42p—1 11- 2"(”+2)
Glpv) = [ [t f(lft)]t dt = ﬁ+5 =20+ 1) - B2 v+ 1),
2

where B(-;-,-), B(-,-) are respectively the incomplete and complete beta functions and D(1, p,v)
is defined as in Theorem[3.10 for value p = 1.

Proof. Using Lemma convexity of |f’|?, the well-known power mean inequality and prop-
erties of the modulus, we have

KPS(TB?(V)?(Z)*]%J) (D) + Fe)) = | APFrny fleg) + P01 fe f)]‘
t- 1dt>1_;

+1
V(€§*61V </’ — PV
p'B

1

x (/ ‘ YWt |t f (06l + (1 — tP)e )‘ dt)
M[D(l pov)|
BT @) 7
x { | o=y — oot el + - mlre)) a
1 %
+ / [t — =y ]t | D)+ (- 0)] e dt}
_ (612)_61)1/Jrl A7
x {E<p, P+ (Flo,v) — E(o,0)|£(e5)]"

1

. G(p,u>|f'<ef>\Q+<F<p,u>—G(p,u>>|f'<es>\Q}q.

The proof of this theorem is complete. 0
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Corollary 3.14. With the notations in Theorem if we take |f'| < K, the following
inequality for the ABK -fractional integrals holds:

(s ) e+ e - [ AP et + A7 az g

VK (ef — el)VH
< W[D(Lpz’/ﬂ- (3.11)

Corollary 3.15. With the notations in Theorem[3.13, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(62—61)V 1-v _ [ ABjv e AB v e
(B(V)I‘(z/) + IB%(I/)) [fer) + flea)] = [ AP 1L, flea) + LP1Y f( 1)]‘

v+1

v(es —eq)

< W [D(1,1L,v)]

X {E(l, v)|f'(en)|" + (F(1,v) — E(1,v))| f'(e2)|* (3.12)

-

+ G(17V)|f’(€1)\q+(F(1,V)—G(lal’))|f’(€2)|q} : (3.13)
Theorem 3.16. Let v € (0,1) and p > 0 and f : [e],e5] — R be a differentiable mapping
on (ef,ef) with 0 < e; < ea. If |f'|? is convex on [e},eb] for ¢ > 1 and % —1—5 =1, then the
following inequality for the ABK -fractional integrals holds:

(s + 5o ) U + 5] - [ A0 e + AP e

(eh - e’f)”“ 1 1

pr~'B (V)T {/p w+1) -1 +1¢p+1

{W' )1+ plf ()t + {folf1(eD)]a + £ (e >|}

Proof. Using Lemma convexity of |f’|?, Holder inequality and properties of the modulus,

we have
‘( (e —ef)” 1-v

#BWT () BW)
{ F{tPed + (1 —t7)e )‘dt)+<

v+1 1 1
(eh —ef) (/ p(p(r+1)—1) ) i
< S x ¢ dt
pr 1B )L (v) 0

(([ el a-enrera)

1

- (f @-etrenrserena) }

(3.14)

YU + 1) = [ AFem e + Aons g

1

X

0

(1 —=tP)ef +tPeh) ’th) }

X
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NG e’f)"“ 1 1
p'~1B (V)T {/p v+ -1 +1vp+1
{W DT+ LI ()N + ol (D)l + 11 ()l }
The proof of this theorem is complete. 0

Corollary 3.17. With the notations in Theorem if we take |f'| < K, the following
inequality for the ABK -fractional integrals holds:

(eg _ e/{)” 1—v &P )] — ABK p yv e ABK p yv e
(oot + 5o ) U+ 1) = [ A5 ety + 225 nrpen)]
2K (e — 1)V+1 1
P’ B (v {/p —1+1

Corollary 3.18. With the notations in Theorem 15.10, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(62_61)V l-v _ [ ABjv e AB v e
(B(u)r(u) ]B%@)) [f(ex) + fle2)] = [ £71E, flea) + 571 f( 1)}’

(3.15)

2 (62 — 61 |f €1 |q + ‘f (62)|
< Alaca) \/ (3.16)

Theorem 3.19. Let v € (0,1) and p > 0 and f : [¢],e5] — R be a differentiable mapping on
(ef,ef) with 0 < ey < ea. If | f'|? is convex on [e],e5] for ¢ > 1, then the following inequality
for the ABK -fractional integrals holds:

)V+1

v(eh —ef

= P’ Vv +2B ()T (v +2)
{\/If’(61)|q+(V+1)|f’ )+ {/ (v + DI (e )Iq+|f’(e§)q}-

(3.17)

Proof. Using Lemma convexity of |f’|?, the well-known power mean inequality and prop-
erties of the modulus, we have

(s T e+ e - [ AP+ 2o )|

v+1
(65 — 61) i % (/1 tp(l/Jrl)ldt)
p B )T (v) 0
1
(/ tPv+1)—1
0
1
. (/ pp(v+1)—
0

v+1
< (e — )™ o (/1 tp(VJrl)ldt)
T o pB@)IN(v) 0

1—1

X

F (128 + (1 — t7)eh) ‘th)

U5 (- t0)ef + tref) \th) ' }

1—1
q
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X{@”W“wwm%uWW@m@q
! p(rv+1)—1 4P N ANES ol er7.P\|49 é
+ (/Ot (@ =) f' ()] +t°| f (€5)] )dt) }

v(eh — 61)”Jrl

T v T 2B ()T (v + 2)
{W ot + DI E + i+ DIr )Iq+|f’(e§)q}-

The proof of this theorem is complete. O

Corollary 3.20. With the notations in Theorem if we take |f'| < K, the following
inequality for the ABK -fractional integrals holds:

(s S e+ ) - [ AP et + A7 az )]

WK (ef — ef)" !
P T +2)

Corollary 3.21. With the notations in Theorem[3.19, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(2—e))” 1-v _[ABpv 4(e ABv £(,
(E(y)r(y) + B(y)) [fer) + flex)] = [ &P 1L, flea) + SPIZ f( 1)}’

(3.18)

veg—ey) !
T Yv+2B(v)T (v +2) (8.19)

) { YU (en)ls+ (v + 1) f ()]t + /(v + 1) f (en)]a + |f’(62)|q}.

Theorem 3.22. Let v € (0,1) and p > 0 and f : [e},e5] — R be a twice dzﬁerentzable mapping
on (€f,e5) with 0 < ey < eq. If |f"|? is convex on [e},ef] for ¢ > 1 and * 5+ E = 1, then the
following inequality for the ABK -fractional integrals holds:

<pf§<y)e§)(:)+;(yg) () + F(e)] = | AP0my flef) + 2PR0n e ?)H

v(eh—ef)? (/ pv+1) \/If” \q+|f”(62)\
= P’ 1B ()T (v {p plv+1)+1 (3:20)

‘f” 61 |q+P|fN(62)‘
e/((u+2—1 +1 p+1 ’

Proof. Using Lemma [3.6] convexity of |f”|?, Holder inequality and properties of the modulus,
we have

| <p£§<;>e£)<:> i ) D)+ el = [ 7o)+ 2o pe]

<
- pr BT
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1 » : 1
(/ ‘1 _tp(V+1)‘ t"_ldt> (/ tP—1
0 0
1 s 1
(/ tp(p(”+2)_1)dt) (/
0 0

)1/+2

X

1
P e+ oty ar)

+

P (PR + (1 — tP)e )(dt) }

v (eh —ef

= BT (0 +2)

{([[fr-ventorsa) ([ e @-elreorseirera)
0 0

1
q

X
L 1 L 1
o ([eeea) () (t’”|f”(e€)lq+(1—t”)|f”(e§)|q)dt> }
v (e —ef)"™ p(v+1) \/If” Dl + 17 ()l
P 1IB(W)T (v+2) P pl/+1 )+ 1
of LI (D)9 + plf"(e5)]?
{/p (v+2)—-1)+1 p+1
The proof of this theorem is complete. O

Corollary 3.23. With the notations in Theorem if we take |f"| < K, the following
inequality for the ABK -fractional integrals holds:

j(;;?(;;ﬁﬁﬁg@g) )+ £ - [ A rn i) + 2250 )|

vK (e — 1)V+2 1 p(v+1) 1
P IB ()T (v +2)X{p p(v+1) —|—1 /p(p(v+2) 1)+1} (3.21)

Corollary 3.24. With the notations in Theorem[3.23, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(62761)V Loy es)] — [ ABv ABV £(c
(52504 oy ) e + slenl = [4P e + 24712 1)

<V(62—€1)V+2x {Q (v+1) +1 \/f” el |‘1+|f”(€2)
“BW)L (v+2) Ypv+1)+1

Theorem 3.25. Let v € (0,1) and p > 0 and f : [e],e5] — R be a twice differentiable mapping

on (ef,ef) with 0 < ey < ea. If | f"|? is convex on [e],eb] for ¢ > 1, then the following inequality

for the ABK -fractional integrals holds:

(S5m0 = [ 20%em gy + 22 ng e

(3.22)

v(eh — 61)V+2

= BT (v +2)

v41 \'70 L D0+ e, 0D |,
% {(p(y+2)> \/2p(1/+2)(1/+3)‘f(1)’ 2p(u+3)’f( )’

(3.23)
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. 1_% ” 1 //
<P(V+2)> \/ u+3|f ol mU €2|}-

Proof. Using Lemma convexity of |f”|?, the well-known power mean inequality and prop-
erties of the modulus, we have

(4 il +1_V) )+ £ - [ 25 0ns e + 2 a (e

B)I'(v) B(v)
v(eh—ep)"*?
S FEML Y
1 - 1 :
X {(/O [1—tﬂ<“+1)}t9—1dt) (/0 [1—#(”*”}#"1 f”((l—t”)e’ertpeS)‘th)
1 -2 1 :
P(V+2)—1d> ( p(v+2)=1| ¢1 (1p 1—¢tP d)
+(/Ot ¢ /Ot £ (e + ( t))‘t}
v(eh — byt ! (w+1)] o "
< py—IIBSQ(V) Fl(u+2) : { </0 [lftp H]tp 1dt>
1 :
< ([ e @l el a)
+ (/lt”(”*z)ldt)p (/ T | )]+ (= )| (D)) dt)q}
0 0
_ vl =e)r
T BT +2)
el \'a J W+ +4 Y (1/+1 "
- {(p(v+2)> \/2p(v+2>v+3|f D+ DR
1 1_% " 1 //
(p(y+2)) \/(1/+3’f Ol p(l/+2)l/+3’f il }
The proof of this theorem is complete. O

Corollary 3.26. With the notations in Theorem if we take |f"| < K, the following
inequality for the ABK -fractional integrals holds:

[EEEXENET
PBOTG) T BW)
vE (cf — )"
P’BW)T (v +2)

YU + 1) - [ e e + 22 er e

(3.24)

Corollary 3.27. With the notations in Theorem[3.25, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(62_61)V v e es)] — [ ABIY (e ABv £,
’(B(y)r(y) + B(V)) [fer) + flea)] — [ 2PTZ flea) + 2PIY f( 1)]‘

v+2

I/(€2 —61)
B()T (v +2)
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<1/—|—]_> \/(1/—|—4)|f// e1) |‘1 1/—|—2)|f//(62)|q
v+2 2(v +3)

1/+2 f” e1 | +|f” €a | }

(r+2) \/ﬁ\/

Theorem 3.28. Let v € (0,1) and p > 0 and f : [e},e5] = R be a twice differentiable mapping
on (ef,eh) with 0 < ey < ea. If |f"|? is convex on [e],eb] for ¢ > 1 and % —1—% =1, then the
following inequality for the ABK -fractional integrals holds:

‘(pff,f(;fﬁ): +1133?§> (D) + Feh)) = | APF01 () + iBKpfeugf(ef)H

v(es— k) o -1 VU” "l
”“1532 1 wv+2)\ plr+1)+1 (3.25)

Proof. Using Lemma convexity of |f”|?, Hélder inequality and properties of the modulus,
we have

(e —ef)” 1—v
(m( T T B

)1/+2

YU + 1) = [ A n ey + 2 ons g

v(eh—ef
p'B@)T (v +2)

1 1
1 > 1
X (/ ‘1 — (1=t T — t”(”“)‘pt”‘ldt) (/ P (tPel + (1 —tP)eh) ‘ dt)
0 0
Pyt 1)1 1 i
< A D ([ wlenr s ool )
P TPBW)T (v+2) | Pv+1)+1 0
_ v =e)" 1) =1 )|+ ()]
pHB )T (v +2) | plv+1)+1 2 '
The proof of this theorem is complete. O

Corollary 3.29. With the notations in Theorem if we take |f"| < K, the following
inequality for the ABK -fractional integrals holds:

(G5t * 50 VD + S [ sien) + 225 engsien)]

VK (=) [pw+1)—1
PIBWT (v +2) \ pr+ D)+ 1

(3.26)

Corollary 3.30. With the notations in Theorem[3.28, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(e2—e))”  1-v _[AB £, ABv (,
(B(V)I‘(y) - B(V)) [fler) + fle2)] = [ AP1Y f(e2) + APIY f( 1)]‘

vies —e)’? Ip(v+1)—1 i/‘f//(elﬂq ‘; ‘f”(e2>‘q. (3.27)

Trv+2)\plv+1)+1

Theorem 3.31. Let v € (0,1) and p > 0 and [ : [ef, e8] — R be a twice differentiable mapping
on (ef,eh) with 0 < e; < es. If |f”|? is convex on [ef, €8] for ¢ > 1, then the following inequality
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for the ABK -fractional integrals holds:

v
€y — €]

(2 L) e + 5l - [ 270t + 2oz )|

v(eh —

ef)’ v -3
oty Goes) (3.25)

x \/ Clon el + (g — o) ) 1D

where

1

Clpv) = » (

v+1

M—B(Z,V—&—2)).

Proof. Using Lemma convexity of |f”|?, the well-known power mean inequality and prop-
erties of the modulus, we have

(doar i
PEWT W) B@)

VU + 1) = [ A n )+ 2 ons o)

v (es — 61)U+2
p’B(v)T (v +2)
1 1-3
x (/ ==yt tp(”“)}tpldt)
0
) L
x (/ [1—(1—#’)”*1 —tf’“*”}tf"1 1 ({tPef + (1 —t")e )‘ dt)
0
V(eg—el)'/+2 ( v )1‘11
= BT +2) \pr+9)
1 %
< ([ [r-a-emrr— e e e - a- o)) o)
_ vl ( v )1_; [C(p.0) | f1(e0)|" + (” —C(p v)) |77 (e)]”
FBO)T (v +2) \p(v +2) S Ve R 2l
The proof of this theorem is complete. O

Corollary 3.32. With the notations in Theorem if we take |f"| < K, the following
inequality for the ABK -fractional integrals holds:

(o1
PPBWT(v)  B(v)
V2K (ef — 1)V+2
BT (v +3)
Corollary 3.33. With the notations in Theorem[3.31} if we take p — 1, the following inequality
for the AB-fractional integrals holds:

(e2—e))” 1-v _[AB £, ABv (,
’(B(V)I‘(y) - B(V)) [fler) + fle2)] = [ AP f(e2) + APTIY f( 1)]‘

YU + 1) = [ A er e + 2 erz e

(3.29)

1

et )
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X K/C(l,u)‘f”(el)‘q—k (H_C L,v ) | £ (e2)|".

Theorem 3.34. Let v € (0,1) and p > 0. Let f and g be real valued, nonnegative and convex
functions on [ef,€5)], where 0 < ey < ea. Then the following inequality for the ABK -fractional
integrals holds:

| PO p(eBg(ed) + AP n fe)gled)]

<1I/+ v(v2+v+2) (e —ef)” )M(efl’,eg’)+MN(€17€2) (3.30)

B (v) pB ()T (v +3) BT (v+3)

where
M(ef,e5) = f(ef)g(er) + f(e5)g(es)

N(ef, e5) = f(er)g(es) + f(e5)g(er)-

Proof. Since f and g are convex on [ef, ef], then

f(tPe] + (1= t7)eh) < 7 f(ef) + (1 —17) f(e5) (3.31)

and

and
g(t7ef + (1= 19)ef) < tg(ef) + (1 — 7)g(e). (3.32)
From and -7 we get
f(t”el + (1= t")eh)g(tPef + (1 —1F)es) < 2 f(ef)g(er) + (1 —t7)f(ef)g(eh)
(1= t")[f(e)g(eh) + feh)g(er)]-

_|_

Similarly,

FA—t7)ef +1Pe5)g((1 —tF)ef +tPeh) < (1—t7)*f(ef)g(el) + % f(e5)g(eh)
+ (L= t")[f(eD)g(el) + fleh)g(el)].
By adding the above two inequalities, it follows that

FEPEL + (1= t9)e)g(t7ef + (1 — 9)ef) + F((L — t9)ef + tef)g((1 — t9)ef + t7ef)

< (27 =27 + 1)[f(e)g(el) + f(e5)g(es)] + 2t7(1 — t7)[f(e)g(e5) + f(e5)g(el)].
Multiplying both sides of above inequality by B ) © )t Pv=1 and integrating the resulting in-
equality with respest to t over [0, 1], we obtain

B@HﬁdAuW&ﬂ”£+“—”ﬁ9ﬂﬂﬁ+ﬂ—ﬁkQﬁ

1
+”(U)/ 1Y LE((1— t9)el + tPel)g((1 — t9)ef + tPeh)dt
0

B()T

< some | e -2 D) + B

" @Gﬁﬁﬁ/tWI%%L%ﬂUM)w@+ﬂémwmw

= m/ V(2420 — 2tP + 1)di + W Al Y140 (1 — tP)dt
MY LD M) + e VD)

By the change of variables and with simple integral calculations, we get the desired result. [
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Corollary 3.35. With the notations in Theorem [3.34, if we choose f = g, the following
inequality for the ABK -fractional integrals holds:

| PRI ) + AP )]
1l—v v(2+v+2)(eh—ef)”

< N 202 (ef — ef)”
- B(v) pB@W)T (v+3)

BT (v+3)

M1(6€,6§)+ N1(617€2) (3 33)

where
M(ef,ef) = f2(el) + f2(e5), Nu(ef,eh) = 2f(ef) f(eh).

Corollary 3.36. With the notations in Theorem[3.34, if we take p — 1, the following inequality
for the AB-fractional integrals holds:

[ QBIZQf(ez)g(ez) + éBlglf(el)g(el)]

1—v v(2+v+2)(e2—e1)”

202 (eg —e1)”
= (8w BT (v +3)

B()T (v +3)

M(el,eg) + N(el,eg). (334)

Remark 3.37. With the notations in our theorems given in Section [3] if we take p, v — 1, then
we get some classical integral inequalities.
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