
Weighted composition operator acting between some

classes of analytic function spaces

A. El-Sayed Ahmed 1,2

1Taif University, Faculty of Science, Math. Dept. Taif, Saudi Arabia
2 Sohag University, Faculty of Science, Math. Dept. Egypt

e-mail: ahsayed80@hotmail.com
and

Aydah Al-Ahmadi3
3Jouf University

Colleague of Sciences and arts at Al-Qurayyat- Mathematics Department,
Jouf- Saudi Arabia

Abstract

In this paper, we define some general classes of weighted analytic function spaces in the unit
disc. For the new classes, we investigate boundedness and compactness of the weighted composition
operator uCφ under some mild conditions on the weighted functions of the classes.

1 Introduction

Let H(D) denote the class of analytic functions in the unit disk D. As usual, two quantities Lf and Mf ,
both depending on analytic function f on the unit disk D, are said to be equivalent, and written in the
form Lf ≈ Mf , if there exists a positive constant C such that

1
C

Mf ≤ Lf ≤ C Mf .

The notation A . B means that there exists a positive constant C1 such that A ≤ C1B.
For 0 < α < ∞. The weighted type space H∞

α is the space of all f ∈ H(D) such that

‖f‖H∞
α

= sup
z∈D

(1− |z|2)α|f(z)| < ∞.

and H∞
α, 0 denotes the closed subspace of H∞

α such that f ∈ H∞
α satisfies

(1− |z|2)α|f(z)| → 0 as |z| → 1.

Let the Green’s function g(z, a) = ln | 1−āz
a−z | = ln 1

|ϕa(z)| , where ϕa(z) = 1−āz
a−z stands for Möbius transfor-

mation. The following classes of weighted function spaces are defined in [7]:

Definition 1.1 Let K : [0,∞) → [0,∞) be a nondecreasing function and let f be an analytic function
in D then f ∈ NK if

‖f‖2NK
= sup

a∈D

∫

D
|f(z)|2K(g(z, a))dA(z) < ∞,
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where dA(z) defines the normalized area measure on D, so that A(D) ≡ 1.
Now, if

lim
|a|→1

∫

D
|f(z)|2K(g(z, a))dA(z) = 0,

then f is said to belong to the class NK,0.

Clearly, if K(t) = tp, then NK = Np (see [19]) , since g(z, a) ≈ (1 − |ϕa(z)|2). For K(t) = 1 it gives the
Bergman space A2 (see [17]).
It is easy to check that ‖ · ‖NK

is a complete semi-norm on NK and it is Möbius invariant in the sense
that

‖f ◦ ϕa‖NK = ‖f‖NK , a ∈ D,

whenever f ∈ NK and ϕa ∈ Aut(D) is the group of all Möbius maps of D. If NK consists of just the
constant functions, we say that it is trivial.

We assume from now that all K : [0,∞) → [0,∞) to appear in this paper is right-continuous and
nondecreasing function such that the integral

∫ 1/e

0

K(log(1/ρ))ρ dρ =
∫ ∞

1

K(t)e−2t dt < ∞.

From a change of variables we see that the coordinate function z belongs to NK space if and only if

sup
a∈D

∫

D

(1− |a|2)2
|1− āz|4 K

(
log(1/|z|)) dA(z) < ∞.

Simplifying the above integral in polar coordinates, we conclude that NK space is nontrivial if and only
if

sup
t∈(0,1)

∫ 1

0

(1− t)2

(1− tr2)3
K

(
log(1/r)

)
rdr < ∞. (1)

An important tool in the study of NK space is the auxiliary function φK defined by

φK(s) = sup
0<t<1

K(st)
K(t)

, 0 < s < ∞.

The following condition has played a crucial role in the study of NK space:
∫ ∞

1

φK(s)
ds

s2
< ∞, (2)

and ∫ 1

0

φK(s)
ds

s
< ∞. (3)

The test function in NK can be stated as follows (see [7]):

Lemma 1.1 For w ∈ D we define

hw(z) =
1− |w|2

(1− wz)2
.

Suppose that condition (1) is satisfied. Then hw ∈ NK and

sup
w∈D

‖hw‖NK
≤ 1.
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2 Analytic NK, ω and H∞
α, ω-spaces

Let ω : (0, 1] −→ [0, ∞) be any reasonable and right continuous nondecreasing function and K :
[0, ∞) −→ [0, ∞) be right continuous nondecreasing function too. Then, we give the following definitions.

Definition 2.1 Let 0 < α < ∞. The weighted type space H∞
α, ω is defined by

H∞
α,ω := {f ∈ H(D) : sup

z∈D

(1− |z|2)α

ω(1− |z|2) |f(z)| < ∞}.

If

lim
|z|−→1

(1− |z|2)α

ω(1− |z|2) |f(z)| = 0,

we say that f belongs to H∞
α, ω,0.

Definition 2.2 The analytic NK,ω -space is defined by

NK,ω := {f ∈ H(D) : sup
a∈D

∫

D
|f(z)|2 K(g(z, a))

ω2(1− |z|2)dA(z) < ∞}.

If

lim
|a|−→1

∫

D
|f(z)|2 K(g(z, a))

ω2(1− |z|2)dA(z) = 0,

we say that f belongs to the class NK,ω,0.

Clearly, if K(t) = tp and ω ≡ 1, then NK,1 = Np.
For K(t) = 1 and ω ≡ 1, it gives the Bergman space A2.

In the study of the space NK,ω, we assume the following condition holds:

∫ 1

0

K(log 1
r )

ω2(1− r2)
r dr < ∞. (4)

Throughout this paper, we always assume that condition (4) is satisfied, so that the NK,ω space we study
is not trivial.

Remark 2.1 It should be remarked that the weight function ω(1− |z|) is used to define and study some
general classes of function spaces, see [10, 15, 21] and others.

For a point a ∈ D and 0 < r < 1, let D(a, r) denote an Euclidean disk with center (1−r2)a
1−r2|a|2 and radius

(1−|a|2)r
1−r2|a|2 (see [20]). Suppose also that E(a, r) = {z ∈ D : |z − a| < r(1− |a|) }.
Now, we will prove the following lemma:

Lemma 2.1 Let ω : (0, 1] −→ [0, ∞) be any reasonable and right continuous nondecreasing function
and let K : [0,∞) → [0,∞) be right continuous nondecreasing function. Then

NK,ω ⊂ H∞
1, ω.

Proof: Suppose that f ∈ NK, ω, and let C be a constant such that

sup
a∈D

∫

D
|f(z)|2 K(g(z, a))

ω2(1− |z|2) dA(z) = C < ∞.
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By the fact that K is nondecreasing, for all r, 0 < r < 1, we have

C ≥
∫

D
|f(z)|2 K(g(z, a))

ω2(1− |z|2) dA(z)

≥
∫

D(a,r)

|f(z)|2
K

(
log 1

|ϕa(z)|
)

ω2(1− |z|2) dA(z)

≥
∫

E(a,r)

|f(z)|2
K

(
log 1

|ϕa(z)|
)

ω2(1− |z|2) dA(z)

≥ K
(
log 1

r

)

ω2(1− |a|2)
∫

E(a,r)

|f(z)|2 dA(z).

Since |f(z)|2 is subharmonic it follows that,

C ≥ K
(
log 1

r

)

ω2(1− |a|2)
∫

E(a,r)

|f(z)|2 dA(z)

≥ K
(
log 1

r

)

ω2(1− |a|2)2r2π(1− |a|2)2|f(a)|2.

For r0 ∈ (0, 1), there exists a constant λ such that

|f(a)|2(1− |a|2)2
ω2(1− |a|2) ≤ λ

∫

D(a,r0)

|f(z)|2dA(z)

≤ C λ

K(log 1/r0)
.

Since r0 is fixed, then

sup
a∈D

|f(a)|(1− |a|2)
ω(1− |a|2) ≤

√
C λ

K(log 1/r0)
.

Thus f ∈ H∞
1, ω in D. Hence, NK, ω ⊂ H∞

1, ω.

We will prove the following lemmas on NK, ω- spaces:

Lemma 2.2 Let ω : (0, 1] −→ [0, ∞), K : [0,∞) → [0,∞) and X, Y ∈ {H∞
α, ω,NK, ω}. Suppose that

uCφ(X) ⊂ Y. Then uCφ : X → Y is compact if and only if for every bounded sequence {fj} ∈ X which
converges to 0 uniformly on compact subset of D, we have

lim
j→∞

‖uCφfj‖Y = 0.

Proof: This is an extension of a well-known result on the compactness of the composition operator on
the Hardy spaces (see [9], Proposition 3.11). We see that any bounded sequence in H∞

α, ω forms a normal
family. Also by Lemma 2.1 we have the relation

‖f‖H∞
1, ω

≤ ‖f‖NK, ω

and the growth estimate for f ∈ H∞
1, ω imply that any bounded sequence in NK, ω forms a normal family.

Hence a similar argument by using Montel’s theorem also proves this lemma, and so we omit its proof.

Now, for α ∈ (0,∞), θ ∈ [0, 2π) and r ∈ (0, 1], we put

fθ,r(z) :=
∞∑

k=0

2αk(reiθ)2
k

z2k

(z ∈ D).

Using the function fθ,r, we have the following result:
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Lemma 2.3 The function fθ,r(z) belongs to H∞
α, ω and ‖fθ,r‖H∞

α, ω
. 1 which is independent of θ and r.

In particular, fθ,r ∈ H∞
α, ω. 0 if r ∈ (0, 1).

Proof: The proof is similar to the corresponding results in [27], with some simple modifications, so it
will be omitted.

Lemma 2.4 Let ω : (0, 1] −→ [0, ∞), K : [0,∞) → [0,∞) with ω(kt) = kω(t) , k > 0. Suppose that
condition (4) is satisfied. For all z, w ∈ D, we define the function hw(z) by

hw(z) =
(1− |w|2)(1− |z|)

(1− wz)2
.

Then hw(z) ∈ NK,ω and supw∈D ‖hw‖NK,ω . 1.
Proof: First, we have that

‖hw‖NK, ω
= sup

w∈D

∫

D

∣∣∣∣
(1− |w|2)
(1− wz)2

∣∣∣∣
2 (1− |z|)2
ω2(1− |z|2)K(g(z, w)dA(z).

Since, 1− |w| ≤ |1− w̄z| ≤ 1 + |w| < 2 and 1− |z| ≤ |1− w̄z| ≤ 1 + |z| < 2 where z, w ∈ D, then

‖hw‖NK, ω
≤ 4 sup

w∈D

∫

D

K(g(z, w)
ω2(1− |z|2)dA(z) = 4 sup

w∈D

∫

D

K(log 1
|ϕw(z)| )

ω2(1− |z|2) dA(z).

Now, let z = ϕw(z), then

‖hw‖NK, ω ≤ 4 sup
w∈D

∫

D

K(log 1
|z| )

ω2(1− |ϕw(z)|2)
(1− |w|2)2
|1− wz|4 dA(z)

≤ 16 sup
w∈D

∫

D

K(log 1
|z| )

|1− wz|2ω2(1− |ϕw(z)|2) dA(z).

Since,

1− |ϕw(z)|2 =
(1− |w|2)(1− |z|2)

|1− wz|2 .

Then, we obtain that

‖hw‖NK, ω
≤ 16 sup

w∈D

∫

D

K(log 1
|z| )

|1− wz|2 ω2
( (1−|w|2)(1−|z|2)

|1−wz|2
) dA(z)

= 16 sup
w∈D

∫

D

K(log 1
|z| )

|1− wz|2(1− |w|2)2 ω2
( (1−|z|2)
|1−wz|2

) dA(z)

≤ 16 sup
w∈D

∫

D

K(log 1
|z| )

|1− wz|2(1− |w|2)2 ω2
( (1−|z|2)

(1−|w|)2
) dA(z)

= 16 sup
w∈D

∫

D

(1− |w|)4K(log 1
|z| )

|1− wz|2(1− |w|2)2 ω2(1− |z|2) dA(z)

≤ c

∫ 1

0

K(log 1
r )

ω2(1− r2)
r dr < ∞,

where c is a positive constant. Then,
sup
w∈D

‖hw‖NK,ω
. 1.

This completes the proof.
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3 Weighted composition operator on H∞
α, ω and NK, ω spaces

Let φ be an analytic self-map of the unit disk D. For any u ∈ H(D) and φ : D → D, the weighted
composition operator uCφ : H(D) → H(D) is defined by uCφf = u.(f ◦ φ). This class of operators has
been appeared in the studies of isometries of many holomorphic function spaces. In fact, many isometries
of holomorphic function spaces are described as weighted composition operators. For more information
and various studies on weighted composition operators, we refer to [8, 12, 13, 16, 18, 25, 27, 28, 29]
and others.

In this section we study weighted composition operators acting on NK, ω-space.
Let φ ∈ H(D) to denoted a non-constant function satisfying φ(D) ⊂ D. First, in the following result, we
describe boundedness for the NK, ω-class. The results in this section generalizing some results in [19].

Theorem 3.1 Let u ∈ H(D), suppose that ω : (0, 1] −→ [0, ∞), K : [0,∞) → [0,∞) be nondecreasing
right continuous functions with ω(kt) = kω(t) , k > 0, also suppose that condition (4) is satisfied and
α ∈ (0,∞). Then uCφ : NK, ω → H∞

α, ω is bounded if and only if

sup
z∈D

|u(z)|(1− |z|2)α

(1− |φ(z)|2)ω(1− |z|2)) < ∞. (5)

Proof: First assume that (5) holds. Then

‖uCφf‖H∞
α, ω

= sup
z∈D

|u(z)|f(φ(z))
∣∣∣∣
(1− |z|2)α

ω(1− |z|2)

∣∣∣∣

. sup
z∈D

|u(z)|(1− |z|2)α

(1− |φa(z)|2)ω(1− |z|2) sup
z∈D

|f(φ(z))| (1− |φa(z)|2)
ω(1− |φ(z)|2)

. ‖f‖H∞
1, ω

sup
z∈D

|u(z)|(1− |z|2)α

(1− |φa(z)|2)ω(1− |φa(z)|2)
≤ λ‖f‖NK, ω ,

where λ is a positive constant.

Conversely, assume that uCφ : NK, ω → H∞
α, ω is bounded, then

‖uCφf‖H∞
α, ω

. ‖f‖NK, ω
.

Fix a z0 ∈ D, and let hw be the test function in Lemma 2.4 with w = φ(z0). Then

1 & ‖hw‖NK, ω
≥ λ1‖uCφhw‖H∞

α, ω

≥ |u(z0)|(1− |w|2)
|1− wφa(z0)|2)ω(1− |z0|2) (1− |z0|2)α

=
|u(z0)|(1− |z0|2)α

(1− |φa(z0|2))ω(1− |z0|2) ,

where λ1 is a positive constant. The proof of Theorem 3.1 is therefore established.

Theorem 3.2 Let u ∈ H(D), suppose that ω : (0, 1] −→ [0, ∞), K : [0,∞) → [0,∞) be nondecreasing
right continuous functions with ω(kt) = kω(t) , k > 0, also suppose that condition (4) is satisfied and
α ∈ (0,∞). Then the weighted composition operator uCφ : H∞

α, ω → NK, ω is bounded if and only if

sup
a∈D

∫

D

|u(z)|2ω2(1− |φ(z)|2)
(1− |φ(z)|2)2α(ω2(1− |z|2))K(g(z, a))dA(z) < ∞. (6)

Proof: First we assume that condition (6) holds and let

sup
a∈D

∫

D

|u(z)|2ω2(1− |φ(z)|2)
(1− |φ(z)|2)2α(ω2(1− |z|2))K(g(z, a))dA(z) < C,
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where C is a positive constant. If f ∈ H∞
α, ω, then for all a ∈ D we have

‖uCφf‖NK, ω
= sup

a∈D

∫

D
|u(z)|2|f(φ(z)|2 K(g(z, a)

ω2(1− |z|2)dA(z)

= sup
a∈D

∫

D

|u(z)|2
ω2(1− |z|2)

(1− |φ(z)|2)2α|f(φ(z)|2
ω2(1− |φ(z)|2) .

ω2(1− |φ(z)|2)K(g(z, a))
(1− |φ(z)|2)2α

dA(z)

≤ ‖f‖2H∞
α, ω

sup
a∈D

∫

D

|u(z)|2ω2(1− |φ(z)|2)
(1− |φ(z)|2)2α ω2(1− |z|2)K(g(z, a))dA(z)

≤ C‖f‖2H∞
α, ω

.

Conversely, assume that uCφ : H∞
α, ω → NK, ω is bounded, then

‖uCφf‖2NK, ω
. ‖f‖2H∞

α, ω
.

fixing a point z0 ∈ D , with w = φ(z0) then we set that

fw(z) =
ω
(
1− wφ(z0)

)

(1− wz)α
,

it is easy to check that ‖fw‖H∞
α, ω

. 1. Then,

‖uCφfw‖2NK, ω
= sup

a∈D

∫

D

|u(z0)|2ω2(1− |φ(z0)|2)K(g(z0, a))(
1− φ(z0)φ(z0)

)2α
ω2(1− |z0|2)

dA(z0)

= sup
a∈D

∫

D

|u(z0)|2ω2(1− |φ(z0)|2)K(g(z0, a))(
1− |φ(z0)|2

)2α
ω2(1− |z0|2)

dA(z0)

. ‖fw‖2H∞
α, ω

.

Theorem 3.3 Let u ∈ H(D), suppose that ω : (0, 1] −→ [0, ∞), K : [0,∞) → [0,∞) be nondecreasing
right continuous functions with ω(kt) = kω(t) , k > 0, also suppose that condition (4) is satisfied and
α ∈ (0,∞). Then, the operator uCφ : NK, ω → H∞

α, ω is compact if and only if

lim
r→1

sup
|φ(z)|>r

|u(z)|(1− |z|2)α

(1− |φ(z)|2)ω(1− |z|2) = 0. (7)

Proof: First assume that uCφ : NK, ω → H∞
α, ω is compact and suppose that there exists ε0 > 0 a

sequence (zn) ⊂ D such that

|u(zn)|(1− |zn|2)α

(1− |φ(zn)|2)ω(1− |zn|2) ≥ ε0 whenever |φ(zn)| > 1− 1
n

.

Clearly, we can assume that
wn = φ(zn) −→ w0 ∈ ∂D as n →∞.

Let hwn
=

(1− |wn|2)
(1− wnz)2

be the test function in Lemma 2.4. Then hwn
→ hw0 with respect to the compact

open topology. Define fn = hwn − hw0 . Then ‖fn‖NK, ω ≤ 1 (see Lemma 2.4) and fn → 0 uniformly on
compact subsets of D. Thus, ufn ◦ φ → 0 in H∞

α, ω by assumption. But, for n big enough, we obtain

‖uCφfn‖H∞
α, ω

≥ |u(zn)|
∣∣hwn

(φ(zn))− hw0(φ(zn))
∣∣ (1− |zn|2)α

ω(1− |zn|2)

≥ |u(zn)|(1− |zn|2)α

(1− |φ(zn)|2)ω(1− |zn|2)︸ ︷︷ ︸
≥ ε0

∣∣∣∣1−
(1− |wn|2)(1− |w0|2)∣∣1− w0 wn

∣∣
∣∣∣∣

︸ ︷︷ ︸
= 1

,
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which is a contradiction.

Conversely, assume that for all ε > 0 there exists r ∈ (0, 1) such that

|u(z)|(1− |z|2)α

(1− |φ(z)|2)ω(1− |z|2) < ε whenever |φ(z)| > r.

Let (fn)n be a bounded sequence in NK, ω norm which converges to zero on compact subsets of D. Clearly,
we may assume that |φ(z)| > r. Then

‖uCφfn‖H∞
α, ω

= sup
z∈D

|u(z)||fn(φ(z))| (1− |z|
2)α

ω(1− |z|2)

= sup
z∈D

|u(z)|(1− |z|2)α

(1− |φ(z)|2)ω(1− |z|2)
∣∣fn(φ(z))

∣∣(1− |φ(z)|2).

It is not hard to show that
||.||H∞

1, ω
. ||.||NK,ω

.

Thus, we obtain that

‖uCφfn‖H∞
α, ω

≤ ε ‖fn‖H∞
1, ω

≤ ε ‖fn‖NK, ω
≤ ε.

It follows that uCφ is a compact operator. This completes the proof of the theorem.

Remark 3.1 It is still an open problem to extend the results of this paper in Clifford analysis, for several
studies of function spaces in Clifford analysis, we refer to [1, 2, 3, 4, 5, 6] and others.

Remark 3.2 It is still an open problem to study properties for differences of weighted composition oper-
ators between NK, ω and H∞

α, ω classes. For more information of studying differences of weighted compo-
sition operators, we refer to [14, 22, 23, 26] and others.
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