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Abstract
In this paper, we investigate the global behavior of the di¤erence equa-

tion
xn+1 =

�xn�1

� + 
kP
i=1
xp�1n�2mi

kQ
j=1

xn�2mj

; n = 0; 1; 2; :::

with positive parameters and non-negative initial conditions.
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1. INTRODUCTION

Di¤erence equations appear as natural descriptions of observed evolution phenom-
ena because most measurements of time evolving variables are discrete and as such
these equations are in their own right important mathematical models. More im-
portantly, di¤erence equations also appear in the study of discretization methods
for di¤erential equations. Several results in the theory of di¤erence equations have
been obtained as more or less natural discrete analogues of corresponding results
of di¤erential equations.
The study of these equations is quite challenging and rewarding and is still in

its infancy.
We believe that the nonlinear rational di¤erence equations are of paramount

importance in their own right, and furthermore, that results about such equations
o¤er prototypes for the development of the basic theory of the global behavior of
nonlinear di¤erence equations.
Recently there has been a lot of interest in studying the global attractivity,

boundedness character, periodicity and the solution form of nonlinear di¤erence
equations.
El-Owaidy et al [1] investigated the global asymptotic behavior and the peri-

odic character of the solutions of the di¤erence equation

xn+1 =
�xn�1

� + xpn�2
; n = 0; 1; 2; :::

where the parameters �; �;  and p are non-negative real numbers.
Other related results on rational di¤erence equations can be found in refs.

[2-15].
In this paper, we investigate the global asymptotic behavior and the periodic

character of the solutions of the di¤erence equation

xn+1 =
�xn�1

� + 
kP
i=1

xp�1n�2mi

kQ
j=1

xn�2mj

; n = 0; 1; 2; ::: (1.1)

where the parameters �; �;  and p are positive real numbers, k 2 f1; 2; :::g;
fmigki=1 be positive integers such that mi > mi�1 ; i = 2; :::k and the initial
conditions x�2mk

; x�2mk+1; :::; x0 are non-negative real numbers.
The results in this work are consistent with the results in [1] when k = 1 and

m1 = 1:
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The results in this work are consistent with the results in [3] when k = 2;
m1 = 1 and m2 = 2:
We need the following de�nitions.

De�nition 1. Let I be an interval of real numbers and let

f : Ik+1 ! I

be a continuously di¤erentiable function. Consider the di¤erence equation

xn+1 = f(xn; xn�1; :::; xn�k); n = 0; 1; :::; (1.2)

with x�k; x�k+1; :::; x0 2 I: Let x be the equilibrium point of Eq.(1.2). The
linearized equation of Eq.(1.2) about the equilibrium point x is

yn+1 = c1yn + c2yn�1 + :::+ ck+1yn�k (1.3)

where
c1 =

@f
@xn
(x; x; :::; x) , c2 =

@f
@xn�1

(x; x; :::; x); :::; ck+1 =
@f

@xn�k
(x; x; :::; x):

The characteristic equation of Eq.(1.3) is

�k+1 �
k+1X
i=1

ci�
k�i+1 = 0: (1.4)

(i) The equilibrium point x of Eq.(1.2) is locally stable if for every � > 0;
there exists � > 0 such that for all x�k; x�k+1; :::; x�1,x0 2 I with

jx�k � xj+ jx�k+1 � xj+ :::+ jx0 � xj < �;

we have
jxn � xj < � for all n � �k:

(ii) The equilibrium point x of Eq.(1.2) is locally asymptotically stable if x is
locally stable and there exists  > 0; such that for all x�k; x�k+1; :::; x�1, x0 2
I with

jx�k � xj+ jx�k+1 � xj+ :::+ jx0 � xj < ;

we have
lim
n!1

xn = x:
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(iii) The equilibrium point x of Eq.(1.2) is global attractor if for all x�k; x�k+1; :::; x�1,
x0 2 I; we have

lim
n!1

xn = x:

(iv) The equilibrium point x of Eq.(1.2) is globally asymptotically stable if x is
locally stable, and x is also a global attractor of Eq.(1.2).
(v) The equilibrium point x of Eq.(1.2) is unstable if x is not locally stable.

De�nition 2. A positive semicycle of fxng1n=�k of Eq.(1.2) consists of a �string�
of terms fxl; xl+1; :::; xmg ; all greater than or equal to x; with l � �k and m <1
and such that either l = �k or l > �k and xl�1 < x and eitherm =1 orm <1
and xm+1 < x:
A negative semicycle of fxng1n=�k of Eq.(1.2) consists of a �string�of terms

fxl; xl+1; :::; xmg ; all less than x; with l � �k and m < 1 and such that either
l = �k or l > �k and xl�1 � x and either m =1 or m <1 and xm+1 � x:

De�nition 3. A solution fxng1n=�k of Eq.(1.2) is called nonoscillatory if there
exists N � �k such that either

xn � x 8n � N or xn < x 8n � N ;

and it is called oscillatory if it is not nonoscillatory.

(a) A sequence fxng1n=�k is said to be periodic with period p if

xn+p = xn for all n � �k: (1.5)

(b) A sequence fxng1n=�k is said to be periodic with prime period p if it is
periodic with period p and p is the least positive integer for which (1.5) holds.
We need the following theorem.

Theorem 1.1. (i) If all roots of Eq.(1.4) have absolute value less than one, then
the equilibrium point x of Eq.(1.2) is locally asymptotically stable.

(ii) If at least one of the roots of Eq.(1.4) has absolute value greater than one,
then x is unstable.

The equilibrium point x of Eq.(1.2) is called a saddle point if Eq.(1.4) has
roots both inside and outside the unit disk.
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2. Main results

In this section, we investigate the dynamics of Eq.(1.1) under the assumptions
that all parameters in the equation are positive and the initial conditions are
non-negative.

The change of variables xn =
�
�


� 1
p+k�1

yn reduces Eq.(1.1) to the di¤erence
equation

yn+1 =
ryn�1

1 +
kP
i=1

yp�1n�2mi

kQ
j=1

yn�2mj

; n = 0; 1; 2; ::: (2.1)

where r = �
�
> 0:

Note that y1 = 0 is always an equilibrium point of Eq.(2.1). When r > 1;

Eq.(2.1) also possesses the unique positive equilibrium y2 =
�
r�1
k

� 1
k+p�1 :

Theorem 2.1. The following statements are true
(i) If r < 1; then the equilibrium point y1 = 0 of Eq.(2.1) is locally asymptot-

ically stable.
(ii) If r > 1; then the equilibrium point y1 = 0 of Eq.(2.1) is a saddle point.

(iii) When r > 1; then the positive equilibrium point y2 =
�
r�1
k

� 1
k+p�1of

Eq.(2.1) is unstable.

Proof: The linearized equation of Eq.(2.1) about the equilibrium point y1 = 0
is

zn+1 = rzn�1; n = 0; 1; 2; :::

so, the characteristic equation of Eq.(2.1) about the equilibrium point y1 = 0 is

�2mk+1 � r�2mk�1 = 0;

and hence, the proof of (i) and (ii) follows from Theorem A.
For (iii), we assume that r > 1; then the linearized equation of Eq.(2.1) about

the equilibrium point y2 =
�
r�1
k

� 1
k+p�1has the form

zn+1 = zn�1� (r�1)(p+k�1)
rk

zn�2m1�
(r�1)(p+k�1)

rk
zn�2m2�:::�

(r�1)(p+k�1)
rk

zn�2mk
; n =

0; 1; 2; :::
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so, the characteristic equation of Eq.(2.1) about the equilibrium point y2 =�
r�1
k

� 1
k+p�1 is

f (�) = �2mk+1 � �2mk�1 +
(r � 1)(p+ k � 1)

rk

kP
i=1

�2mk�2mi = 0;

It is clear that f (�) has a root in the interval (�1;�1); and so, y2 =
�
r�1
k

� 1
k+p�1

is an unstable equilibrium point.

This completes the proof.

Theorem 2.2. Assume that r < 1; then the equilibrium point y1 = 0 of Eq.(2.1)
is globally asymptotically stable.

Proof: We know by Theorem 2.1 that the equilibrium point y1 = 0 of Eq.(2.1)
is locally asymptotically stable. So, let fyng1n=�2mk

be a solution of Eq.(2.1). It
su¢ ces to show that limn!1 yn = 0: Since

0 � yn+1 =
ryn�1

1 +
kP
i=1

yp�1n�2mi

kQ
j=1

yn�2mj

� ryn�1 < yn�1:

So, the even terms of this solution decrease to a limit (say L1 � 0), and the odd
terms decrease to a limit (say L2 � 0), which implies that

L1 =
rL1

1 + kLk+p�12

and L2 =
rL2

1 + kLk+p�11

:

If L1 6= 0) Lk+p�12 = r�1
k
< 0; which is a contradiction, so L1 = 0; which implies

that L2 = 0:
So, limn!1 yn = 0; which the proof is complete.

Theorem 2.3. Assume that r = 1; then Eq.(2.1) possesses the prime period two
solution

:::; �; 0; �; 0; ::: (2.2)

with � > 0: Furthermore, every solution of Eq.(2.1) converges to a period two
solution (2.2) with � � 0:
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Proof: Let
:::; �;  ; �;  ; :::

be period two solutions of Eq.(2.1). Then

� =
r�

1 + k k+p�1
; and  =

r 

1 + k�k+p�1
;

so,

k� =
(r � 1)(��  )

 k+p�2 � �k+p�2
� 0;

If k + p > 2, then we have r � 1 � 0:
If r < 1; then this implies that � < 0 or  < 0; which is impossible, so r = 1:
If k + p < 2, then we have r � 1 � 0:
If r > 1; then we have either � =  = 0; which is impossible or � =  =�

r�1
k

� 1
k+p�1 ; which is impossible, so r = 1:

If k + p = 2, then we have(r � 1)(��  ) = 0; which implies that r = 1:
To complete the proof, assume that r = 1 and let fyng1n=�2k be a solution of

Eq.(2.1), then

yn+1 � yn�1 =

�yn�1

 
kP
i=1

yp�1n�2mi

kQ
j=1

yn�2mj

!

1 +
kP
i=1

yp�1n�2mi

kQ
j=1

yn�2mj

� 0; n = 0; 1; 2; :::

So, the even terms of this solution decrease to a limit (say � � 0), and the
odd terms decrease to a limit (say 	 � 0). Thus,

� =
�

1 + k	k+p�1
and 	 =

	

1 + k�k+p�1
;

which implies that k�	k+p�1 = 0 and k�k+p�1	 = 0: Then the proof is complete.

Theorem 2.4. Assume that r > 1; and let fyng1n=�2mk
be a solution of Eq.(2.1)

such that

y�2mk
; y�2mk+2; :::; y0 � y2 and y�2mk+1; y�2mk+3; :::; y�1 < y2; (2.3)

or
y�2mk

; y�2mk+2; :::; y0 < y2 and y�2mk+1; y�2mk+3; :::; y�1 � y2: (2.4)

Then fyng1n=�2mk
oscillates about y2 =

�
r�1
k

� 1
k+p�1with a semicycle of length one.
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Proof: Assume that (2.3) holds. (The case where (2.4) holds is similar and
will be omitted.) Then,

y1 =
ry�1

1 +
kP
i=1

yp�1�2mi

kQ
j=1

y�2mj

<
ry2

1 + ky2
k+p�1 = y2

and
y2 =

ry0

1 +
kP
i=1

yp�1�2mi+1

kQ
j=1

y�2mj+1

>
ry2

1 + ky2
k+p�1 = y2

and then the proof follows by induction.

Theorem 2.5. Assume that r > 1; then Eq.(2.1) possesses an unbounded solu-
tion.

Proof: From Theorem 2.4, we can assume without loss of generality that the
solution fyng1n=�2kof Eq.(2.1) is such that

y2n�1 < y2 =

�
r � 1
k

� 1
k+p�1

and y2n > y2 =

�
r � 1
k

� 1
k+p�1

; for n � �mk+1:

Then
y2n+1 =

ry2n�1

1 +
kP
i=1

yp�12n�2mi

kQ
j=1

y2n�2mj

<
ry2n�1

1 + ky2
k+p�1 = y2n�1

and
y2n+2 =

ry2n

1 +
kP
i=1

yp�12n�2mi+1

kQ
j=1

y2n�2mj+1

>
ry2n

1 + ky2
k+p�1 = y2n

from which it follows that

lim
n!1

y2n =1 and lim
n!1

y2n+1 = 0:

Then, the proof is complete.
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