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Abstract

In this paper, we will establish some new sufficient condition for oscillation of
solutions of a certain class of first-order neutral delay difference equations of the
form

A (.I‘n - pnmn—l) + qnxz—r =0,

where v is a quotient of odd positive integers. We will consider the sublinear and
super linear cases. The results will be obtained by using the oscillation theorems of
second order delay difference equations.
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1 Introduction

In recent decades there has been much research activity concerning oscillation and nonoscil-
lation of first and second order delay and neutral delay difference equations, we refer the
reader to the papers [1, 2, 3,4, 5,6, 7,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]
and the references cited therein. In the following, we recall some results of first order
neutral delay difference equations of sublinear and super linear types that motivate the
contents of this paper. Xiaoyan Lin in [12] studied the oscillatory behavior of solutions of
the neutral difference equations with nonlinear neutral term of the form

(1.1) A (a:n —pna;fz_g) + q,,,a:g_T =0, for n € N,,,

where a and 3 are quotient of odd positive integers, 7 and ¢ are nonnegative integers
and {p,} and {¢,} are two sequences of nonnegative real numbers. The authors obtained
necessary and sufficient conditions for existence of oscillatory solutions and studied the
two cases when 0 < o < 1 and when « > 1. As usual, a nontrivial solution z,, of (1.1) is
called nonoscillatory if it eventually positive or eventually negative, otherwise it is called
oscillatory and A is the forward difference operator defined by Az, = z,11 — x, and
N; = {i+ 1,4+ 2,...}. Lalli [11] established several sufficient conditions for oscillation of
the equation

(12) A (xn +pxn—6k) + an (xn—r) = F,, n > ng,
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where § = +1, p is a nonnegative real number, k € N = {1,2,...}, 7 is a sequence of
nonnegative integers with lim, . 7, = 00, and {F, }, {¢,} are sequences of real numbers
and f is a real valued function satisfying zf (z) > 0 for z # 0. El-Morshedy et al. [6]
considered the equation

(1.3) Ag(@n + pnto,) + f (n,27,) =0,

where 0 < p, < p < 1, 0, and 7, are sequences of integers such that lim, .., o, =
lim;, oo = 00 and 0,41 > 0, for all n > ng. They established several sufficient conditions
for oscillation when the function f satisfies the condition

f(n, )
h ()

2 qn, $7éoandn2n0’

where ¢, > 0 for n > ng, h € C (R,R) and zh(z) > 0 for all  # 0. Recently Murugesan
and Suganthi [13] discussed the oscillatory behavior of all solutions of the first order
nonlinear neutral delay difference equation

[A (Tn (anmn - pnxnfr))} + @nTpn—o = 07

where 7, and a,, are sequences of positive real numbers p, and ¢, are sequences of non-
negative real numbers, 7 and o are positive integers. Following this trend in this paper,
we will consider the first order neutral delay difference equation

(1.4) A(Ty — ppTn-1) + qnz,)_. =0, for n € N,

Our aim in this paper is to establish some new sufficient conditions for oscillation of (1.4)
by using a new technique when 0 < p, < p < 1 and we will consider the sublinear and
the super linear cases. The new technique depends on the application of an invariant
substitution which transforms the first nonlinear neutral difference equation to a second
nonlinear difference equation. This allows us to obtain several sufficient conditions for
oscillation of (1.4) by employing the oscillation conditions of second order delay difference
equations by using the Riccati technique.

2 Main results

In this section, we prove the main results but before we do this, we apply an invariant
substitution which transforms the first order neutral equation to a non-neutral second
order difference equations. This substitution is given by

n 1 n

(21) Ynt+1 = T H R where sz =0 (n) ’
1 Di .
=1 i=1

This gives us that

n—r

n n—1
(2.2) Tn=Ynp1 [[ e v =va [[ 2 andznr =yuria [] pi
i=1 i=1

i=1

From (2.2), we have

(23) Tp — PnTp—1 = Ayn Hpi~

=1
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Substituting (2.3) into (1.4), we obtain

(24) A (Ayn sz) + qn H PiYyn—r+1 = =0.

=1 =1
Setting d,, = Hr_:l pi, and @, = ¢nd,—, then (2.4) becomes
(2.5) A (d,Ayy,) + Qnyz,(T,l) =0, n € Np.

In this section, we intend to use the Riccati transformation technique for obtaining several
new oscillation criteria for (1.4). First we state some fundamental lemmas for second order
difference equations that will be used in the proofs of the main results (see [15]).

Lemma 2.1 Assume that p, is a real sequence with 0 < p, < p < 1 for all n € N.
Furthermore assume that

(2.6) }:57

Let y be a positive solution of (2.5). Then
(). Ay(n) >0, y(n) = nAy(n) forn >N,
(II). y is nondecreasing, while y(n)/n is nonincreasing for n > N.

Lemma 2.2 Assume that p, is a real sequence with 0 < p, < p < 1 for all n € N.
Furthermore assume that (2.6) holds. If y, be a nonoscillatory solution of (2.5) such that
Yn >0, Ay, <0, then lim,, o y, = 0 and hence

(2.7) lim 2% =,

n—oo n
where x,, is a solution of (1.4).

Throughout this paper, we will assume that the real sequences p,,, ¢, are nonnegative,
v is a quotient of odd positive integers, T is a nonnegative integer. Now, we state and prove
the sufficient conditions which ensure that each solution of equation (1.4) is oscillatory or
satisfies (2.7). We start with the case when 0 <y < 1.

Theorem 2.3 Assume that (Hy) holds and Ady, > 0. Furthermore, assume that there
exists a positive sequence p,, such that,

: S A1 (i 42—7)7 (Ap) | _
(2.8) nlLH;o sup izn Qi — P = 00,
=no

where d, = I_IT.L_1 pi and Qpn = Gndn—r. Then every solution of (1.4) oscillates for all
0<vy<1. ;

Proof. Assume to the contrary that z, be a nonoscillatory solution of (1.4) such that
Tp_1, Tn—r, Tn > 0 for all large n > n; > ng sufficiently large. We shall consider only
this case, since the substitution y,, = —x,, transforms equation (1.4) into an equation of
the same form. From (2.1) we see that y,, is a positive solution of (2.5) such that y,, > 0
and y,—,41 > 0 for n > ny > ng sufficiently large. From equation (2.5), we have

(2'9) A (dnAyn) = _Qnyz_-,—.t,_l <0, n>mn,
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and then d, Ay, is an eventually nonincreasing sequence. We first show that d, Ay, >
0 for n > ng. In fact, if there exists an integer ny > ng such that d,,, Ay,, = ¢ < 0 then
(2.9) implies that d, Ay, < ¢ for n > n; that is Ay, < c¢/d,, and hence

n—1 1

(2-10) Yn < Yn, T C Z di — —00, as n — 00,

i:nl

which contradicts the fact that y, > 0 for n > ng then d, Ay, > 0. Also since Ad,, > 0,
we can prove that A2y, > 0 for n > n;. Therefore we have

(2.11) yn >0, Ay, >0, and A%y, <0, for n > n,.
From (2.9) and (2.11)

(212) dn—T+1Ayn—T+l Z dn-‘,—lA (yn—i-l) and Yn—14+1 Z Yn—1-
Defining the sequence u,, by the Riccati substitution
dn Ay,

n_ )
yn—r+1

(2.13) Up = p for n > ny.

This implies that u, > 0, and

A (dnAyn
Auy = dy1Ayn 1A |:'yp:| + %M-
n—r+1 ynf'rJrl
Hence
Apn y'Z*T ~ Pn Ayzf'r A dnA n
(214) Aun = dn+1Ayn+1 ( ’Y+1) ~ ( +1) + pnw
Yn—r+1Yn—7r+2 Yn—r+1

From this, (2.5) and (2.14) we see that

A
(2.15) Aup < 2Py —
Pn+1

From (2.5) and (2.14), we have

{dn+1 Ayn+1pnAyZ—7—+1

] Y
y7L—T+2y'IL—T+1

i1 Ass p Ay
(216) Au,, < _ann + Apn Uny1 — +18Yn+1Pp yn—‘l"’rl.

2y
n+1 Yn—r+2

By using the inequality (see [8]),

(2.17) Y =yt > 27 Nz —y), forall z # y > 0 where 0 < vy < 1,

we have

(218) Ay} iy = Whior—Uni1r) =V Wnt2—r)"" Wnors2 = Ynri1)
= Y (Wnr2)"" (Aynri1),

Substituting (2.18) into (2.16), we obtain that

Apn u —d Y (yn-&-Q—T)’Y_l (Ayn_-,—+1)Ayn+1
n+1 Ppnln+1 .

(2.19) Aty < —p, Qn + N
n+1 Yn—r+2
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From (2.12) and (2.19), we have that

A &2 (Aynit)?
Aun < *ann“i’ P VPn n+1( Y +1)

Un4+1 —

1— 2"
n+1 dp—r41 (Yns2-7) (yz—r+2)
Hence,
Apn VPn 2
(220) Aun < _ann =+ Un+1 — 2 1~y (un—i-l) .
Pr+1 (pn-‘rl) dn—T+l (yn+2—'r)

From (2.11), we conclude that
Yn < Yng + AyYng (n—no), 1=,
and consequently there exists a no > ny and appropriate constant 8 > 1 such that
Yn < Bn, for n > ng,
and this implies that
Ynto—r < B(n+2—71), for n>ng=ngs+7+2,

and then
1 1
1—v = 1—v"
(Yn+2—r) (B(n+2-7))
Substituting (2.21) into (2.20) we obtain

(2.21)

20 VP
(222 Atin < =pyQn + Un+1 — 2 1—v 1—y (tnt1)?

Pri1 (pn+1) dp_r41P (n+2—7)
Hence

d -7 1=y 2 — 1—v A 2
Aun < _ann + n +16 (n + T) ( pn)
Pn,
; 2
Pr Apn\/dnf‘luklﬁliw (n+2-71)""

— Up41 —

P (Bln+2 = 7)) i

2p,,

Then, we have

dnf'rJrlﬁl_’Y (n+2- 7_)1*“/ (Apn)2
p7L

(2.23) Au, < — lann —

Summing (2.23) from ng to n we obtain

- dier 1B (i 4+2-7)77 (Ap;)°
—Upy < Upt1 — Upg < — Z [piQi — +18 ' ( > )" (Apy)
K3

i:ng

which yields

<c,

Xn: L’%‘Qi — d"_”‘lﬁl_v @ +p? — T)l_’y (Api)z

i=ng
for all large n, and this contrary to (2.8). The proof is complete. m
From the Theorem 2.3, we can obtain different condition for oscillation of all solutions
of (1.4) by different choices of p,,. For example if we take p, =n*, n > ng and A > 1 is a
constant we have the following result.
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Corollary 2.4 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.8) is replaced by

n ds_- 1—v +2— 1—v Asg? 2
i up 35 |, - S TEERID T

n— 00 s=no S

Then every solution of (1.4) oscillates for all 0 < v < 1.
Remark 2.5 When v =1 the equation (1.4) reduced to linear delay difference equation
A (xn _pnxnfl) 4+ gntn_r =0, forn € Nno,

and the condition (2.8) in Theorem 2.3 reduced to

= 00,

n 2
(2.24) lim sup » [piQi _ dizre1 (Bp)”

i:no
n
where d, = H i and Qp, = qndp—r for all 0 < v < 1.
i=
Now, we consider the case when v > 1.

Theorem 2.6 Assume that (2.6) holds. Furthermore, assume that there exists a positive
sequence {p, 152, such that for every positive constant M,

. - (di—0)" (Ap))?
(2.25) lim sup P1q1 — — ~ — = 00,
o 2 P )

l:no

where o =7 — 1. Then every solution of (1.4) oscillates for all v > 1.

Proof. Suppose to the contrary that z, is a nonoscillatory solution of (1.4). Without
loss of generality, we may assume that x,, is an eventually positive solution of (1.4) such
that z,_1, xp—r, x, > 0 for all large n > ny; > ng sufficiently large. We shall consider
only this case, since the substitution y,, = —z,, transforms equation (1.4) into an equation
of the same form. As in the proof of Theorem 2.3, we have by (2.6) that

(2.26) yn >0, Ay, >0, A(d, (Ay,)) <0, n > ny.

Define the sequence u,, by

dn Ay
(2.27) Uy = pyy I
yn*o’
Then u, > 0, and
A(dn Ay,
(2.28) Au, dn+1Ayn+1A{ D } 4 Pn y(v )

In view of (2.5), (2.28), we have

A Ay Ay Ay
(2.29) Aty < —ppgn + =2y, g — LoErt L2180
Pn+1 Ynt1—cYn—o

From (2.26), we see that

(230) dn—UAyn—a > dn+1Ayn+1y and Yntl—o = Yn—o-
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Substituting (2.30) into (2.29), we have

_ pndn-‘rl Ayn-ﬁ-l Ay;{—a

p
7 Un+1

(2.31) Auy, < —pogn + 5
Prt1 (Yns1-0)

Now, by using the inequality
27—y =2z —y)?, forallz >y >0and y > 1,
we find that
(2.32) AY o = Ypitoo —Yn-o 2 2" Wnt1-0 — Yn—0)" =277 (Ayn—s)" .

Substituting (2.32) into (2.31), we have

] A Ay )"
Pn Upi1 — 21_andn+1 Yn+1 ( Yn 20) )
n+1 (yn+1—0')

From (2.30) and (2.33), we obtain

(2.33) Auy, < —poagn +

1 1
(2.34) Aup < —pogn + B, =2t (dnt1)"™ (Agni1)""
. n > ndn n " 5 >
Pri1 (dn—o) (yZHfa)
Hence,
1 - 2
(2.35) Aty < —pgn+ Py (dnt)"™ 2779, (Aynin)”

Pny1 (dn—0)” (yZJrlfo)? (Aynﬂ)%l.

From the definition of u,,, we get that

A 1p (dnir)t
(236) Auy, < —Ppdn + ﬂu’rbﬁ-l - p"2 ( C;+1) v +1’Y—1
Pn+1 (pn_H) (dn—0) (Ayn+1)

Since {d,, (Ay,)} is a positive and nonincreasing sequence, there exists a ns > n; suffi-
ciently large such that d,, (Ay,) < 1/M for some positive constant M and n > nj, and
hence by (2.26), we have

1 vo1
Byt - M)

Substituting the last inequality into (2.36), we obtain

M\ gy e 1
(pn-l-l)Q (d"—ﬂ)’y s

A
(237) Aun S —Pndn + ﬁun-l—l -

Pr+1 2

so that

dn—0)" (Ap,)?
Aun S 7ann+ 3 ( ,),,)1 ( pn)?'ny B
257 (M) (dus)® 1,

VA @)™ 20, (dn—0)" Apy
o] Unt1 — -1 2y—2
puirV/ (o) 2/(42) (dns)” 2,

(dn—0)" (Ap,,)> ]
257 (M) (dpy1)” 2y

< -

ann -
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Then, we have

(2.38) Au, < — |f%ﬂ]n _ (dn-s)" (Ap,)? 1
Pn

21 (M) (d)T

Summing (2.38) from ns to n, we obtain

n

(dlfa)’y (Apl)2
Tnz S Ungl T ey < Z [plqz 93— (M)Wf1 (ahﬂ)zwi2 P 7

l=ny

which yields

n

_ (di—0)” (Apy)? .
Z lﬂzfﬂ 23— (M) (dz+1)2v2pl] =

l:n2

for all large n. This contradicts (2.25). The proof is complete. m

From Theorem 2.6, we can obtain different conditions for oscillation of all solutions of
(1.4) when (2.6) holds by different choices of {p,,}. For example, let p, = n*, n > ng and
A > 1 is a constant. From Theorem 2.6 we have the following result.

Corollary 2.7 Assume that all the assumptions of Theorem 2.6 hold, except the condition
(2.25) is replaced by

(o) (511 — V)2
257 (M) (dyi2)™ 2 5>

= Q.

n
(2.39) lim sup Z 52,

S=ngo
Then, every solution of (1.4) oscillates for all v > 1.

As a variant of the Riccati transformation technique used above, we will derive some
oscillation criterion which can be considered as a discrete analogy of the Philos condition
for oscillation of second order differential equation by introducing the following class of
sequences that will be used in this chapter and later. Let

Lo={(m,n): m>n>ne}, £={(m,n): m>n>ng}.

The double sequence H,, ,, € ¥ if:

(I). Him,m) =0on £,

(II). H(m,n) > 0 on Lo;

(III). AgHpp = Hyppnt1r — Hin < 0 for m > n > 0, and there exists a double
sequence R, , such that

AoH,,
hmn:—é, for m >n > 0.

) vV Hmm

Theorem 2.8 Assume that (2.6) hold. Let {p,,}>2, be a positive sequence and Hy, ,, € 2.
If

m—1 2
1 Apy
2.4 li —_— Hpn n— Bn | bmn — o Hy,p = ’
( 0) mgnoo Sup }Lm7 7;] [ Pl ( ' pn—i—l ' ) ] >

where 5
— (dn—a) pn+1
DT ()

n

Then every solution of (1.4) oscillates for all v > 1.
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Proof. We proceed as in the proof of Theorem 2.6, we may assume that (1.4) has a
nonoscillatory solution x, such that x, > 0. As in the proof of Theorem 2.6 we get that
(2.26) holds. Define {u,} by (2.27) as before, then we have u,, > 0 and there is some
M > 0 such that (2.37) holds. For the sake of convenience, let us set

P = 2177 (M) (dps) ™ p
! (dn—o)"

Then, we have from (2.37) that

n

A
(2'41) Prln < —Auy + Pn Un+1 — %uiﬂ'
Pr+1 (pn+1)

Therefore, we get

m—1 m—1 m—1 Ap m—1 ; ’ZL2
(242) Y Huopntn < = > HpnSun + Y Hopn— i1 — Y Hp "1
n=m n=ni n=ny Pr+1 n=ni (pn-‘rl)

The rest of the proof is similar to the proof of [15, Theorem 2.3.6]. m
As an immediate consequence of Theorem 2.8, we get the following:

Corollary 2.9 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.40) is replaced by

m—1
> Hypnpon = o,

n=ngo

) 1
lim sup
m—0o0 Hm,O

1 = (dn—0)" Ppia Apn ?
lim sup = (hm n - - Hm n) < 0.
A s 2 G (e T T VI

n=no

Then every solution of (1.4) oscillates for all v > 1.

By choosing the sequence H, , in appropriate manners, we can derive several oscilla-
tion criteria for (1.4). For instance, let us consider the double sequence {H,, ,} defined

by
13771,77,:('n’l_n))\7 )\Zl,mZnZO,
A
(2.43) Hyppo = (log 1;;111) A>1Lm>n>0,

Hm,n:(m*n)()\) )\>2, mZnZO,
where (m —n)* = (m —n)(m —n+1)...(m —n+ X — 1), and
Ag(m —n)N = (m—n—-1)N = (m —n)N = —\(m —n) AV,

Then H,, , = 0 for m > 0 and Hy,, > 0 and AgH,p, ,, < 0 for m > n > 0. Hence we
have the following result which gives new sufficient conditions for the oscillation of (1.4)
of Kamenev type.

Corollary 2.10 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.40) is replaced by

m—1 2
1
(2.44) mlgnoo Sup mr Z (m — ”)Apnqn - f;n_-i-l Vvi,n =0,
n=0 Pn
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where
A—2 Apn

Vi 1= <)\(m —n) 2 (m — n)/\> )

pn+1
Then every solution of (1.4) oscillates for all v > 1.

Corollary 2.11 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.40) is replaced by

1 m—1 ma1 A P2 2
2.45 li —_— 1 , — ol p2 =
( ) mgnoc sup (10g(m+ 1)))\ ;) [( 0g n+ 1> Pnd 45 m,n 0,
where
A-2 by
Ryn= A logm+1 i —% 1ogm+1
mn n+1 n+1 Pri1 n+1

Then, every solution of (1.4) oscillates for all v > 1.

Corollary 2.12 Assume that all the assumptions of Theorem 2.8 hold, except that the
condition (2.40) is replaced by

m—1 2
1
(246) W}E}H{)Q sup m Z (m _ n)()\) [pnqn _ Zn:rl Uv% = 00,
n=0 Pn

where

U, = ( A _ A )2.
m-n+A—-1 p,
Then, every solution of (1.4) oscillates for all v > 1.
In the following theorem, we consider the case when 0 < v < 1.
Theorem 2.13 Assume that (2.6) holds and Ad,, > 0. If

(2.47) i <"d_na>w n = 0.

n=ngo

Then every solution of (1.4) oscillates for all 0 <y < 1.

Proof. Proceeding as in Theorem 2.6, we assume that (1.4) has a nonoscillatory solution,
say x, > 0 and x,_, > 0 for all n > ng. From the proof of Theorem 2.6 we know that
Ay, > 0, then 7, is nondecreasing sequence. Since Ad, > 0 we obtain that A%y, < 0
and then Ay, is a nonincreasing for all n > ny > ng. Then, we have y,, > (n — n1)Ay,
which implies that y,, > 5 Ay, for n > ny > 2n; + 1. Then

n—o

(2.48) Yoo >

n—o
Ayp_o > TAyn_H, forn>N=mny+o0.

From (2.5) and (2.48) by dividing by z,4+1 = (dnAYn+1)” > 0 and summing from 2N to
k, we obtain

k

(2.49) 3 ("2;“> m<— Y Alen) - pson.

-
n=2N n=2N (2n+1)

10

261 SAKER 252-265



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Since
Yyl — 27 < vy’ Yy —2)fory<landy >z >0,

we see that
A1) = (231) = (2677) £ (1= +1) 7 Az(n),

Substituting in (2.49), we see that

< 00, as n — 00

which contradicts (2.47). The proof is complete. ®
Now, we consider the case when

(2.50) i (;) < 00,

n=0 n

holds and establish some oscillation criteria for (1.4) in the sublinear and superlinear
cases.

Theorem 2.14 Assume that (2.50) holds and there exist positive sequences {p,, }52, such
that (2.25) holds for every positive constant M, and

(2.51) Z (dln z_: qi> = 0.

n=0 ’i=7l0
Then every solution of (1.4) oscillates or lim,, oo T /dn, =0 for all v > 1.

Proof. Suppose that {z,} is a nonoscillatory solution of (1.4). Without loss of generality
we may assume that {z,} is eventually positive. From (2.5), we have

(252) A(dnAyn) S 7QRy1_g S Oa n Z no,

and so {d,(Ay,)} is an eventually nonincreasing sequence. Since {g,} has a positive
subsequence, either {Ay,} is eventually negative or eventually positive. If {Ay,} is
eventually positive, we are then back to the case where (2.26) holds. Thus the proof of
Theorem 2.6 goes through, and we may conclude that {y,} cannot be eventually positive,
which is not possible. If { Ay, } is eventually negative, then lim, . y, = b > 0. We assert
that b = 0. If not then yz_g — b7 > 0 as n — oo, and hence there exists n; > ng > 0
such that y,) _ > b7. Therefore from (2.52) we have

A(dnAyn) < _an’y-

The rest of the proof is similar to the proof of [15, Theorem 2.3.7] and hence is omitted.
|

By choosing {p,, }52, in appropriate manners, we may obtain different oscillation crite-
ria. For instance, let p,, = n* for n > 0 and A > 1. Then we have the following oscillation
conditions of all solutions of (1.4) when (2.50) holds.
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Corollary 2.15 Assume that all assumptions of Theorem 2.1/ hold, except that the condi-
tion (2.25) is replaced by (2.39). Then, every solution of (1.4) oscillates or limy, oo Ty /dy =
0 for all v > 1.

Theorem 2.16 Assume that (2.50) and (2.51) hold. Furthermore, assume that there ex-
ists a double sequence H,,, € % such that (2.40) holds. Then every solution of (1.4)
oscillates or lim,, oo, /dy, = 0 for all v > 1.

Indeed, suppose that {z,} is an eventually positive solution of (1.4). Then as seen in
the proof of Theorem 2.3, either {Az,} is eventually positive or is eventually negative.
In the case when {Ay,} is eventually positive, we may follow the proof of Theorem 2.8
and obtain a contradiction. If {Ay,} is eventually negative, then we may follow the proof
of Theorem 2.14 to show that {y,} converges to zero.

By choosing H,, ,, in appropriate manners, we can derive several oscillation criteria for
(2.5) when (2.50) holds. For instance, let us consider the double sequence H,, , defined
again by (2.43). Hence we have the following results.

Corollary 2.17 Assume that all the assumptions of Theorem 2.16 hold, except that
the condition (2.40) is replaced by (2.44). Then, every solution of (1.4) oscillates or
lim,, o0 zp/dy, =0 for all y > 1.

Corollary 2.18 Assume that all the assumptions of Theorem 2.16 hold, except that the
condition (2.40) is replaced by( 2.45) or (2.46). Then, every solution of (1.4) oscillates
or imy, o0 T /dn, =0 for all v > 1.

Theorem 2.19 Assume that (2.50) and (2.47) hold. Let {p, }°2, such that (2.51) holds.
Then every solution of (1.4) oscillates or imy, o z, /d, =0 for all 0 <y < 1.

Indeed, suppose that {z,} is an eventually positive solution of (1.4). Then as seen in
the proof of Theorem 2.6, either {Ay,} is eventually positive or is eventually negative.
In the case when {Ay,} is eventually positive , we may follow the proof of Theorem 2.13
and obtain a contradiction. If {Ay,} is eventually negative, then we may follow the proof
of Theorem 2.14 to show that {x,/d,} converges to zero.

From Theorem 2.14 if p,, = 1, we see that the Riccati inequality associated with the
equation (1.4) is given by

1
(2'53) Auy, + Prln + ;Ui+1 <0,
where
271 (dn—o)’y

(254) An = 1 2v—2
(M) (dns1)™

>0,

for every positive constant M > 0. Using the inequality (2.53) and proceeding as in the
proof [15, Theorem 2.3.8], we can prove the following Hille and Nehari type results.
Theorem 2.20 Assume that (Hi) holds and Ad,, > 0. Furthermore, assume that

lim inf —— i q(s) > E

n—oo ATL 4 ’

n+1
or
N — 12 s2
lim inf T ; gt liminf ~ ZN: 0> 4.

Then every solution of (1.4) is oscillatory.
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