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Abstract

In this paper, we study a nonlinear system of second order ordinary differ-
ential equations with nonlocal integral multi-strip coupled boundary conditions.
Leray-Schauder alternative criterion, Schauder fixed point theorem and Banach
contraction mapping principle are employed to obtain the desired results. Ex-
amples are constructed for the illustration of the obtained results. We emphasize
that our results are new and enhance the literature on boundary value problems
of coupled systems of ordinary differential equations. Several new results appear
as special cases of our work.
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1 Introduction

This paper is concerned with the following coupled system of nonlinear second-order
ordinary differential equations:{

u′′(t) = f(t, u(t), v(t)), t ∈ [a, b],
v′′(t) = g(t, u(t), v(t)), t ∈ [a, b],

(1.1)

supplemented with the nonlocal integral multi-strip coupled boundary conditions of
the form:

∫ b

a

u(s)ds =
m∑
j=1

γj

∫ ηj

ξj

v(s)ds+ λ1,

∫ b

a

u′(s)ds =
m∑
j=1

ρj

∫ ηj

ξj

v′(s)ds+ λ2,∫ b

a

v(s)ds =
m∑
j=1

σj

∫ ηj

ξj

u(s)ds+ λ3,

∫ b

a

v′(s)ds =
m∑
j=1

δj

∫ ηj

ξj

u′(s)ds+ λ4,

(1.2)

where f, g : [a, b] × R × R → R are given continuous functions, a < ξ1 < η1 < ξ2 <
η2 < · · · < ξm < ηm < b, and γj, ρj, σj and δj ∈ R+ (j = 1, 2, . . . ,m), λi ∈ R (i =
1, 2, 3, 4).

Mathematical modeling of several real world phenomena lead to the occurrence
of nonlinear boundary value problems of differential equations. During the past few
decades, the topic of boundary value problems has evolved as an important and inter-
esting area of investigation in view of its extensive applications in diverse disciplines
such as fluid mechanics, mathematical physics, etc. For application details, we refer
the reader to the text [1], while some recent works on boundary value problems of
ordinary differential equations can be found in the papers ([2]-[5]).

Much of the literature on boundary value problems involve classical boundary con-
ditions. However, these conditions cannot cater the complexities of the physical and
chemical processes occurring within the domain. In order to cope with this situation,
the concept of nonlocal boundary conditions was introduced. Such conditions relate
the boundary values of the unknown function to its values at some interior positions
of the domain. For a detailed account of nonlocal nonlinear boundary value problems,
for instance, see ([6]-[16]) and the references cited therein.

Computational fluid dynamics (CFD) technique are directly concerned with the
boundary data [1]. However, the assumption of circular cross-section in the fluid flow
problems is not justifiable in many situations. The concept of integral boundary con-
ditions played a key role in resolving this issue as such conditions can be applied to
arbitrary shaped structures. Integral boundary conditions are also found to be quite
useful in the study of thermal and hydrodynamic problems. In fact, one can find numer-
ous applications of integral boundary conditions in the fields like chemical engineering,
thermoelasticity, underground water flow, population dynamics, etc. ([17]-[20]). For
some recent results on boundary value problems integral boundary conditions, we refer
the reader to a series of articles ([21]-[32]) and the references cited therein.
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A study of a coupled system of nonlinear ordinary differential equations 3

Motivated by the importance of nonlocal and integral boundary conditions, we
introduce a new kind of coupled integral boundary conditions (1.2) and solve a nonlin-
ear coupled system of second-order ordinary differential equations (1.1) equipped with
these conditions. Our main results rely on Leray-Schauder alternative and Banach
contraction mapping principle.

The rest of the paper is organized as follows. In Section 2, we present an auxiliary
lemma. The main results for the problem (1.1) and (1.2) are discussed in Section 3.
We also construct examples illustrating the obtained results. The paper concludes with
some interesting observations.

2 An auxiliary lemma

The following lemma plays a key role in defining the solution for the problem (1.1)−
(1.2).

Lemma 2.1 For f1, g1 ∈ C([a, b],R), the solution of the linear system of differential
equations

u′′(t) = f1(t), t ∈ [a, b],

v′′(t) = g1(t), t ∈ [a, b], (2.1)

subject to the boundary conditions (1.2) is equivalent to the system of integral equations

u(t) =

∫ t

a

(t− s)f1(s)ds

− 1

A3

{∫ b

a

[1

2
A1(b− a)(b− s) + L1 + (b− a)A2(t− a)

]
(b− s)f1(s)ds

+

∫ b

a

[1

2
A1(b− s)

m∑
j=1

γj(ηj − ξj) + L2 + A2(t− a)
m∑
j=1

ρj(ηj − ξj)
]

×(b− s)g1(s)ds
}

+
1

A3

{ m∑
j=1

∫ ηj

ξj

∫ s

a

[
γjA1(b− a)(s− p) + ρjL1 (2.2)

+ρj(b− a)A2(t− a)
]
g1(p)dpds+

m∑
j=1

∫ ηj

ξj

∫ s

a

[
σjA1

m∑
j=1

γj(ηj − ξj)(s− p)

+δjL2 + δjA2(t− a)
m∑
j=1

ρj(ηj − ξj)
]
f1(p)dpds

}
+ Ω1(t),

v(t) =

∫ t

a

(t− s)g1(s)ds−
1

A3

{∫ b

a

[A1

(
(b− a)2 − A2

)
2
∑m

j=1 γj(ηj − ξj)
(b− s)
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+L3 + A2(t− a)
m∑
j=1

δj(ηj − ξj)
]
(b− s)f1(s)ds

+

∫ b

a

[1

2
A1(b− a)(b− s) + L4 + A2(b− a)(t− a)

]
(b− s)g1(s)ds

}
+

1

A3

{ m∑
j=1

∫ ηj

ξj

∫ s

a

[
(s− p)

A1

(
(b− a)2 − A2

)
∑m

j=1(ηj − ξj)
+ ρjL3 (2.3)

+δjA2(t− a)
m∑
j=1

ρj(ηj − ξj)
]
g1(p)dpds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
σjA1(b− a)(s− p) + δjL4 + δjA2(b− a)(t− a)

]
f1(p)dpds

}
+Ω2(t),

where

A1 = (b− a)2 −
( m∑
j=1

ρj

)( m∑
j=1

δj(ηj − ξj)2
)
, (2.4)

A2 = (b− a)2 −
( m∑
j=1

γj

)( m∑
j=1

σj(ηj − ξj)2
)
, A3 = A1A2 6= 0, (2.5)

L1 = (b− a)
m∑
j=1

γj(ηj − ξj)
((ηj − a)2

2
− (ξj − a)2

2

)( m∑
j=1

σj +
m∑
j=1

δj

)
− (b− a)4

2
− (b− a)2

2

( m∑
j=1

γj

)( m∑
j=1

δj(ηj − ξj)2
)
, (2.6)

L2 =
m∑
j=1

γj

((ηj − a)2

2
− (ξj − a)2

2

)(( m∑
j=1

ρj

)( m∑
j=1

σj(ηj − ξj)2
)

+ (b− a)2
)

− (b− a)3

2

m∑
j=1

(ηj − ξj)(ρj + γj), (2.7)

L3 =
m∑
j=1

((ηj − a)2

2
− (ξj − a)2

2

)(
(b− a)2(σj + δj)− A2δj

)
+

(b− a)3

2

[ A2 − (b− a)2∑m
j=1 γj(ηj − ξj)

−
m∑
j=1

δj(ηj − ξj)
]
, (2.8)

L4 =
(b− a)∑m

j=1(ηj − ξj)

m∑
j=1

((ηj − a)2

2
− (ξj − a)2

2

)[
σj

m∑
j=1

ρj(ηj − ξj)2
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+(b− a)2 − A2

]
− (b− a)4

2
+

(b− a)2

2
∑m

j=1 γj

m∑
j=1

ρj

(
A2 − (b− a)2

)
, (2.9)

Ω1(t) =
1

A3

{
A1(b− a)λ1 +

[
L1 + A2(b− a)(t− a)

]
λ2 + A1

m∑
j=1

γj(ηj − ξj)λ3

+
[
L2 + A2(t− a)

m∑
j=1

ρj(ηj − ξj)
]
λ4

}
, (2.10)

Ω2(t) =
1

A3

{A1

(
(b− a)2 − A2

)
∑m

j=1 γj(ηj − ξj)
λ1 +

[
L3 + A2(t− a)

m∑
j=1

δj(ηj − ξj)
]
λ2

+ A1(b− a)λ3 +
[
L4 + A2(b− a)(t− a)

]
λ4

}
. (2.11)

Proof. Integrating the linear system (2.1) twice from a to t, we get

u(t) = c1 + c2(t− a) +

∫ t

a

(t− s)f1(s)ds, (2.12)

v(t) = c3 + c4(t− a) +

∫ t

a

(t− s)g1(s)ds, (2.13)

where c1, c2, c3 and c4 are arbitrary real constants.
Using the boundary conditions (1.2) in (2.12) and (2.13), together with notations (2.4),
we obtain

(b− a)c1 +
(b− a)2

2
c2 −

m∑
j=1

γj(ηj − ξj)c3 −
m∑
j=1

γj

((ηj − a)2

2
− (ξj − a)2

2

)
c4

= −
∫ b

a

(b− s)2

2
f1(s)ds+

m∑
j=1

γj

∫ ηj

ξj

∫ s

a

(s− p)g1(p)dpds+ λ1,

(2.14)

(b−a)c2−
m∑
j=1

ρj(ηj−ξj)c4 = −
∫ b

a

(b−s)f1(s)ds+
m∑
j=1

ρj

∫ ηj

ξj

∫ s

a

g1(p)dpds+λ2, (2.15)

−
m∑
j=1

σj(ηj − ξj)c1 −
m∑
j=1

σj

((ηj − a)2

2
− (ξj − a)2

2

)
c2 + (b− a)c3 +

(b− a)2

2
c4

= −
∫ b

a

(b− s)2

2
g1(s)ds+

m∑
j=1

σj

∫ ηj

ξj

∫ s

a

(s− p)f1(p)dpds+ λ3,

(2.16)

−
m∑
j=1

δj(ηj − ξj)c2 + (b− a)c4 = −
∫ b

a

(b− s)g1(s)ds+
m∑
j=1

δj

∫ ηj

ξj

∫ s

a

f1(p)dpds+ λ4.

(2.17)
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Solving the equations (2.15) and (2.17) for c2 and c4, we find that

c2 =
1

A1

[
−
∫ b

a

(b− s)
(

(b− a)f1(s) +
m∑
j=1

ρj(ηj − ξj)g1(s)
)
ds

+
m∑
j=1

ρj

∫ ηj

ξj

∫ s

a

(
(b− a)g1(p) +

m∑
j=1

δj(ηj − ξj)f1(p)
)
dpds

+(b− a)λ2 +
m∑
j=1

ρj(ηj − ξj)λ4
]
, (2.18)

c4 =
1

A1

[
−
∫ b

a

(b− s)
( m∑
j=1

δj(ηj − ξj)f1(s) + (b− a)g1(s)
)
ds

+
m∑
j=1

δj

∫ ηj

ξj

∫ s

a

( m∑
j=1

ρj(ηj − ξj)g1(p) + (b− a)f1(p)
)
dpds

+
m∑
j=1

δj(ηj − ξj)λ2 + (b− a)λ4

]
. (2.19)

Using (2.18) and (2.19) in (2.14) and (2.16) and then solving the resulting equations
for c1 and c3, we obtain

c1 =
1

A3

{
−
∫ b

a

[1

2
(b− a)A1(b− s) + L1

]
(b− s)f1(s)ds

−
∫ b

a

[1

2
A1(b− s)

m∑
j=1

γj(ηj − ξj) + L2

]
(b− s)g1(s)ds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
A1γj(b− a)(s− p) + ρjL1

]
g1(p)dpds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
A1

m∑
j=1

γjσj(ηj − ξj)(s− p) + δjL2

]
f1(p)dpds

+A1(b− a)λ1 + L1λ2 + A1

m∑
j=1

γj(ηj − ξj)λ3 + L2λ4

}
,

c3 =
1

A3

{
−
∫ b

a

[A1

(
(b− a)2 − A2

)
2
∑m

j=1 γj(ηj − ξj)
(b− s) + L3

]
(−s)f1(s)ds

−
∫ b

a

[1

2
A1(b− a)(b− s) + L4

]
(b− s)g1(s)ds
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+
m∑
j=1

∫ ηj

ξj

∫ s

a

[A1

(
(b− a)2 − A2

)
∑m

j=1 γj(ηj − ξj)

m∑
j=1

γj(s− p) + ρjL3

]
g1(p)dpds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
σjA1(b− a)(s− p) + δjL4

]
f1(p)dpds

+
A1

(
(b− a)2 − A2

)
∑m

j=1 γj(ηj − ξj)
λ1 + L3λ2 + A1(b− a)λ3 + L4λ4

}
.

Inserting the values of c1, c2, c3 and c4 in (2.12) and (2.13), we get the solutions (2.2)
and (2.3). The converse follows by direct computation. This completes the proof. 2

3 Main results

Let us introduce the space X = {u(t)|u(t) ∈ C([a, b])} equipped with norm ‖u‖ =
sup{|u(t)|, t ∈ [a, b]}. Obviously (X , ‖ · ‖) is a Banach space and consequently, the
product space (X × X , ‖u, v‖) is a Banach space with norm ‖(u, v)‖ = ‖u‖ + ‖v‖ for
(u, v) ∈ X × X .

By Lemma 2.1, we define an operator T : X × X → X ×X as

T (u, v)(t) := (T1(u, v)(t), T2(u, v)(t)),

where

T1(u, v)(t) =

∫ t

a

(t− s)f(s, u(s), v(s))ds+
1

A3

{
−
∫ b

a

[1

2
A1(b− a)(b− s)

+L1 + (b− a)A2(t− a)
]
(b− s)f(s, u(s), v(s))ds

−
∫ b

a

[1

2
A1(b− s)

m∑
j=1

γj(ηj − ξj) + L2 + A2(t− a)
m∑
j=1

ρj(ηj − ξj)
]

×(b− s)g(s, u(s), v(s))ds+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
γjA1(b− a)(s− p) (3.1)

+ρjL1 + ρj(b− a)A2(t− a)
]
g(p, u(p), v(p))dpds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
σjA1

m∑
j=1

γj(ηj − ξj)(s− p) + δjL2

+δjA2(t− a)
m∑
j=1

ρj(ηj − ξj)
]
f(p, u(p), v(p))dpds

}
+ Ω1(t),

T2(u, v)(t) =

∫ t

a

(t− s)g(s, u(s), v(s))ds+
1

A3

{
−
∫ b

a

[A1

(
(b− a)2 − A2

)
2
∑m

j=1 γj(ηj − ξj)
(b− s)
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+L3 + A2(t− a)
m∑
j=1

δj(ηj − ξj)
]
(b− s)f(s, u(s), v(s))ds

−
∫ b

a

[1

2
A1(b− a)(b− s) + L4 + A2(b− a)(t− a)

]
(b− s)

×g(s, u(s), v(s))ds+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
(s− p)

A1

(
(b− a)2 − A2

)
∑m

j=1(ηj − ξj)
(3.2)

+ρjL3 + δjA2(t− a)
m∑
j=1

ρj(ηj − ξj)
]
g(p, u(p), v(p))dpds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
σjA1(b− a)(s− p) + δjL4 + δjA2(b− a)(t− a)

]
×f(p, u(p), v(p))dpds

}
+ Ω2(t).

In order to prove our main results, we need the following assumptions.

(H1) There exist real constants mi, ni ≥ 0, (i = 1, 2) and m0 > 0, n0 > 0 such that
∀u, v ∈ R, we have

|f(t, u, v)| ≤ m0 +m1|u|+m2|v|,
|g(t, u, v)| ≤ n0 + n1|u|+ n2|v|.

(H2) There exist nonnegative functions α(t), β(t) ∈ L(0, 1) and u, v ∈ R, such that

|f(t, u, v)| ≤ α(t) + ε1|u|p1 + ε2|v|p2 , ε1, ε2 > 0, 0 < p1, p2 < 1,

|g(t, u, v)| ≤ β(t) + d1|u|l1 + d2|v|l2 , d1, d2 > 0, 0 < l1, l2 < 1.

(H3) There exist `1 and `2 such that for all t ∈ [a, b] and ui, vi ∈ R, i = 1, 2, we have

|f(t, u1, v1)− f(t, u2, v2)| ≤ `1(|u1 − u2|+ |v1 − v2|),

|g(t, u1, v1)− g(t, u2, v2)| ≤ `2(|u1 − u2|+ |v1 − v2|).

For the sake of convenience in the forthcoming analysis, we set

q1 =
(b− a)2

2
+

1

|A3|

{
|A1|

(b− a)4

6
+ |L1|

(b− a)2

2
+ |A2|

(b− a)4

2

+|A1|
( m∑
j=1

γj

)( m∑
j=1

σj(ηj − ξj)
)((ηj − a)3

3!
− (ξj − a)3

3!

)
+

m∑
j=1

δj|L2|
((ηj − a)2

2
− (ξj − a)2

2

)
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+|A2|(b− a)
( m∑
j=1

ρj

)( m∑
j=1

δj(ηj − ξj)
)((ηj − a)2

2
− (ξj − a)2

2

)}
, (3.3)

q̄1 =
1

|A3|

{
|A1|

(b− a)3

6

m∑
j=1

γj(ηj − ξj) + |L2|
(b− a)2

2
+ |A2|

(b− a)3

2

m∑
j=1

ρj(ηj − ξj)

+|A1|(b− a)
m∑
j=1

γj

((ηj − a)3

3!
− (ξj − a)3

3!

)
+

m∑
j=1

ρj|L1|
((ηj − a)2

2
− (ξj − a)2

2

)
+|A2|(b− a)2

m∑
j=1

ρj

((ηj − a)2

2
− (ξj − a)2

2

)}
, (3.4)

q2 =
1

|A3|

{∣∣∣A1

(
(b− a)2 − A2

)
∑m

j=1 γj(ηj − ξj)

∣∣∣(b− a)3

6
+ |L3|

(b− a)2

2
+ |A2|

(b− a)3

2

×
m∑
j=1

δj(ηj − ξj) + |A1|(b− a)
m∑
j=1

σj

((ηj − a)3

3!
− (ξj − a)3

3!

)
+

m∑
j=1

δj|L4|
((ηj − a)2

2
− (ξj − a)2

2

)
+|A2|(b− a)2

m∑
j=1

δj

((ηj − a)2

2
− (ξj − a)2

2

)}
, (3.5)

q̄2 =
(b− a)2

2
+

1

|A3|

{
|A1|

(b− a)4

6
+ |L4|

(b− a)2

2
+ |A2|

(b− a)4

2

+
∣∣∣A1

(
(b− a)2 − A2

)
∑m

j=1(ηj − ξj)

∣∣∣ m∑
j=1

((ηj − a)3

3!
− (ξj − a)3

3!

)
+

m∑
j=1

ρj|L3|
((ηj − a)2

2
− (ξj − a)2

2

)
+|A2|(b− a)

( m∑
j=1

δj

)( m∑
j=1

ρj(ηj − ξj))
((ηj − a)2

2
− (ξj − a)2

2

)}
, (3.6)

λ̄1 = sup
t∈[a,b]

|Ω1(t)|, λ̄2 = sup
t∈[a,b]

|Ω2(t)|. (3.7)

Moreover, we set

Q1 = q1 + q2, Q2 = q̄1 + q̄2, λ̄ = λ̄1 + λ̄2, (3.8)

where qi, q̄i and λ̄i (i=1,2) are given in the equations (3.3)− (3.7) and

Q0 = min{1− (Q1m1 +Q2n1), 1− (Q1m2 +Q2n2)}, mi, ni ≥ 0 (i = 1, 2). (3.9)
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3.1 Existence of solutions

In this subsection, we discuss the existence of solutions for the problem (1.1)-(1.2) by
using standard fixed poit theorems.

Lemma 3.1 (Leray-Schauder alternative [33]). Let T : K → K be a completely con-
tinuous operator (i.e., a map that restricted to any bounded set in K is compact). Let
ω(T ) = {x ∈ K : x = ϕT (x) for some 0 < ϕ < 1}. Then either the set ω(T ) is
unbounded, or T has at least one fixed point.

Theorem 3.2 Assume that condition (H1) holds. In addition it is assumed that

Q1m1 +Q2n1 < 1 and Q1m2 +Q2n2 < 1, (3.10)

where Q1 and Q2 are given by (3.8). Then there exist at least one solution for problem
(1.1)− (1.2) on [a, b]

Proof. First of all, we show that the operator T : X × X → X ×X is completely
continuous. Notice that the operator T is continuous as the functions f and g are
continuous. Let Υ ⊂ X × X be bounded. Then there exist positive constants κf and
κg such that |f(t, u(t), v(t))| ≤ κf , |g(t, u(t), v(t))| ≤ κg, ∀(u, v) ∈ Υ. Then, for any
(u, v) ∈ Υ, we can obtain

|T1(u, v)(t)| = sup
t∈[a,b]

∣∣∣ ∫ t

a

(t− s)f(s, u(s), v(s))ds− 1

A3

{∫ b

a

[1

2
A1(b− a)(b− s)

+L1 + (b− a)A2(t− a)
]
(b− s)f(s, u(s), v(s))ds

+

∫ b

a

[1

2
A1(b− s)

m∑
j=1

γj(ηj − ξj) + L2 + A2(t− a)
m∑
j=1

ρj(ηj − ξj)
]

×(b− s)g(s, u(s), v(s))ds
}

+
1

A3

{ m∑
j=1

∫ ηj

ξj

∫ s

a

[
γjA1(b− a)(s− p)

+ρjL1 + ρj(b− a)A2(t− a)
]
g(p, u(p), v(p))dpds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
σjA1

m∑
j=1

γj(ηj − ξj)(s− p) + δjL2

+δjA2(t− a)
m∑
j=1

ρj(ηj − ξj)
]
f(p, u(p), v(p))dpds

}
+ Ω1(t)

∣∣∣
≤ κf

{(b− a)2

2
+

1

|A3|

[
|A1|

(b− a)4

6
+ |L1|

(b− a)2

2
+ |A2|

(b− a)4

2

+|A1|
( m∑
j=1

γj

)( m∑
j=1

σj(ηj − ξj)
)((ηj − a)3

3!
− (ξj − a)3

3!

)
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+
m∑
j=1

δj|L2|
((ηj − a)2

2
− (ξj − a)2

2

)
+|A2|(b− a)

( m∑
j=1

ρj

)( m∑
j=1

δj(ηj − ξj)
)((ηj − a)2

2
− (ξj − a)2

2

]}
+κg

{ 1

|A3|

[
|A1|

(b− a)3

6

m∑
j=1

γj(ηj − ξj) + |L2|
(b− a)2

2

+|A2|
(b− a)3

2

m∑
j=1

ρj(ηj − ξj)

+|A1|(b− a)
m∑
j=1

γj

((ηj − a)3

3!
− (ξj − a)3

3!

)
+

m∑
j=1

ρj|L1|
((ηj − a)2

2
− (ξj − a)2

2

)
+|A2|(b− a)2

m∑
j=1

ρj

((ηj − a)2

2
− (ξj − a)2

2

)]}
+ λ̄1

≤ κfq1 + κg q̄1 + λ̄1,

which implies that
‖T1(u, v)‖ ≤ κfq1 + κg q̄1 + λ̄1.

Similarly, it can be found that

‖T2(u, v)‖ ≤ κfq2 + κg q̄2 + λ̄2.

Consequently, we get ‖T (u, v)(t)‖ ≤ κfQ1 + κgQ2 + λ̄ (Q1 , Q2 and λ̄ are given by
(3.8)), which implies that the operator T is uniformly bounded. Next, we show that
T is equicontinuous. For t1, t2 ∈ [a, b] with t1 < t2, we have

|T1(u, v)(t2)− T1(u, v)(t1)|

≤ κf

∣∣∣ ∫ t1

a

[
(t2 − s)− (t1 − s)

]
ds+

∫ t2

t1

(t2 − s)ds
∣∣∣

+
(t2 − t1)
|A1|

{
κf

[ ∫ b

a

(b− a)(b− s)ds+
( m∑
j=1

δj

)∫ ηj

ξj

∫ s

a

m∑
j=1

ρj(ηj − ξj)dpds
]

+κg

[ ∫ b

a

m∑
j=1

ρj(ηj − ξj)(b− s)ds+
m∑
j=1

∫ ηj

ξj

∫ s

a

ρj(b− a)dpds
]

+(b− a)λ2 +
m∑
j=1

ρj(ηj − ξj)λ4
}

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

225 AHMAD 215-235



12 B. Ahmad, A. Alsaedi, M. Alsulami and S.K. Ntouyas

≤ κf

[
(t2 − t1)(t1 − a) +

(t2 − t1)2

2

]
+

(t2 − t1)
|A1|

{
κf

[(b− a)3

2

+
( m∑
j=1

ρj

)( m∑
j=1

δj(ηj − ξj)
)((ηj − a)2

2
− (ξj − a)2

2

)]
+κg

[ m∑
j=1

ρj(ηj − ξj)
(b− a)2

2
+ (b− a)

m∑
j=1

ρj

((ηj − a)2

2
− (ξj − a)2

2

)]
+(b− a)λ2 +

m∑
j=1

ρj(ηj − ξj)λ4
}
→ 0 independent of u and v as (t2 − t1)→ 0.

Similarly, one can obtain

|T2(u, v)(t2)− T2(u, v)(t1)|

≤ κg

[
(t2 − t1)(t1 − a) +

(t2 − t1)2

2

]
+

(t2 − t1)
|A1|

{
κf

[ m∑
j=1

δj(ηj − ξj)
(b− a)3

6

+(b− a)
m∑
j=1

δj

((ηj − a)2

2
− (ξj − a)2

2

)]
+κg

[(b− a)3

2
+
( m∑
j=1

δj

)( m∑
j=1

ρj(ηj − ξj)
)((ηj − a)2

2
− (ξj − a)2

2

)]
+

m∑
j=1

δj(ηj − ξj)λ2 + (b− a)λ4

}
→ 0 independent of u and v as (t2 − t1)→ 0.

Finally, we will verify that the set ω = {(u, v) ∈ X × X|(u, v) = ϕT (u, v), 0 < ϕ < 1}
is bounded. Let (u, v) ∈ ω. Then (u, v) = ϕT (u, v) and for any t ∈ [a, b], we have

u(t) = ϕT1(u, v)(t), v(t) = ϕT2(u, v)(t).

Then

|u(t)| ≤ q1(m0 +m1‖u‖+m2‖v‖) + q̄1(n0 + n1‖u‖+ n2‖v‖) + λ̄1

= q1m0 + q̄1n0 + (q1m1 + q̄1n1)‖u‖+ (q1m2 + q̄1n2)‖v‖+ λ̄1,

and

|v(t)| ≤ q2(m0 +m1‖u‖+m2‖v‖) + q̄2(n0 + n1‖u‖+ n2‖v‖) + λ̄2

= q2m0 + q̄2n0 + (q2m1 + q̄2n1)‖u‖+ (q2m2 + q̄2n2)‖v‖+ λ̄2.

Hence, we have

‖u‖+ ‖v‖ ≤ (q1 + q2)m0 + (q̄1 + q̄2)n0 + [(q1 + q2)m1 + (q̄1 + q̄2)n1]‖u‖
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+[(q1 + q2)m2 + (q̄1 + q̄2)n2]‖v‖+ λ̄1 + λ̄2,

which, in view of (3.9) and (3.10), yields

‖(u, v)‖ ≤ Q1m0 +Q2n0 + λ̄

Q0

,

for any t ∈ [a, b], which proves that the set ω is bounded. Hence, by Lemma 3.1, the
operator T has at least one fixed point. Therefore, the problem (1.1) − (1.2) has at
least one solution on [a, b]. This completes the proof. 2

Next, we apply Schauder fixed point theorem to prove the existence of solutions
for the problem (1.1)-(1.2) by imposing the the sub-growth condition on the nonlinear
functions involved in the problem.

Theorem 3.3 Assume that (H2) holds. Then, there exist at least one solution on [a, b]
for the problem (1.1)− (1.2).

Proof. Define a set Y in the Banach space X × X by

Y = {(u, v) ∈ X × X : ‖(u, v)‖ ≤ y},

where

y > max{7λ̄, 7Q1α(t), 7Q2β(t), (7Q1ε1)
1

1−p1 , (7Q1ε2)
1

1−p2 , (7Q2d1)
1

1−l1 , (7Q2d2)
1

1−l1 }.

In order to show that T : Y → Y. We have

|T1(u, v)(t)| = sup
t∈[a,b]

∣∣∣ ∫ t

a

(t− s)f(s, u(s), v(s))ds− 1

A3

{∫ b

a

[1

2
A1(b− a)(b− s)

+L1 + (b− a)A2(t− a)
]
(b− s)f(s, u(s), v(s))ds

+

∫ b

a

[1

2
A1(b− s)

m∑
j=1

γj(ηj − ξj) + L2 + A2(t− a)
m∑
j=1

ρj(ηj − ξj)
]

×(b− s)g(s, u(s), v(s))ds
}

+
1

A3

{ m∑
j=1

∫ ηj

ξj

∫ s

a

[
γjA1(b− a)(s− p)

+ρjL1 + ρj(b− a)A2(t− a)
]
g(p, u(p), v(p))dpds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
σjA1

m∑
j=1

γj(ηj − ξj)(s− p) + δjL2

+δjA2(t− a)
m∑
j=1

ρj(ηj − ξj)
]
f(p, u(p), v(p))dpds

}
+ Ω1(t)

∣∣∣
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≤
(
α(t) + ε1|u|p1 + ε2|v|p2

)
q1 +

(
β(t) + d1|u|l1 + d2|v|l2

)
q̄1 + λ̄1,

which implies that

‖T1(u, v)‖ ≤
(
α(t) + ε1|u|p1 + ε2|v|p2

)
q1 +

(
β(t) + d1|u|l1 + d2|v|l2

)
q̄1 + λ̄1.

Analogously, we have

‖T2(u, v)‖ ≤
(
α(t) + ε1|u|p1 + ε2|v|p2

)
q2 +

(
β(t) + d1|u|l1 + d2|v|l2

)
q̄2 + λ̄2.

In consequence,

‖T (u, v)‖ ≤
(
α(t) + ε1|u|p1 + ε2|v|p2

)
Q1 +

(
β(t) + d1|u|l1 + d2|v|l2

)
Q2 + λ̄ ≤ y,

where Q1 , Q2 and λ̄ are given by (3.8). Therefore, we conclude that T : Y → Y, where
T1(u, v)(t) and T2(u, v)(t) are continuous on [a, b].

Now we prove that T is completely continuous operator by fixing that

G = max
t∈[a,b]

|f(t, u(t), v(t))|, H = max
t∈[a,b]

|g(t, u(t), v(t))|.

Letting t, τ ∈ [a, b] with a < t < τ < b and (u, v) ∈ Y, we get

|T1(u, v)(τ)− T1(u, v)(t)|

≤ G
[
(τ − t)(t− a) +

(τ − t)2

2

]
+

(τ − t)
|A1|

{
G
[(b− a)3

2

+
( m∑
j=1

ρj

)( m∑
j=1

δj(ηj − ξj)
)((ηj − a)2

2
− (ξj − a)2

2

)]
+H

[ m∑
j=1

ρj(ηj − ξj)
(b− a)2

2
+ (b− a)

m∑
j=1

ρj

((ηj − a)2

2
− (ξj − a)2

2

)]
+(b− a)λ2 +

m∑
j=1

ρj(ηj − ξj)λ4
}
→ 0 as (τ − t)→ 0.

In a similar manner, one can obtain

|T2(u, v)(τ)− T2(u, v)(t)|

≤ H
[
(τ − t)(t− a) +

(τ − t)2

2

]
+

(τ − t)
|A1|

{
G
[ m∑
j=1

δj(ηj − ξj)
(b− a)3

6

+(b− a)
m∑
j=1

δj

((ηj − a)2

2
− (ξj − a)2

2

)]
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+H
[(b− a)3

2
+
( m∑
j=1

δj

)( m∑
j=1

ρj(ηj − ξj)
)((ηj − a)2

2
− (ξj − a)2

2

)]
+

m∑
j=1

δj(ηj − ξj)λ2 + (b− a)λ4

}
→ 0 as (τ − t)→ 0.

Thus the operator T Y ⊂ Y is equicontinuous and uniformaly bounded set. Hence T
is a completely continuous operator. So, by Schauder fixed point theorem, there exist
a solution to the problem (1.1)− (1.2). 2

3.2 Uniqueness of solutions

Here we establish the uniqueness of solutions for the problem (1.1) − (1.2) by means
of Banach’s contraction mapping principle.

Theorem 3.4 Assume that (H3) holds and that

Q1`1 +Q2`2 < 1, (3.11)

where Q1 and Q2 are given by (3.8). Then the problem (1.1)−(1.2) has a unique solution
on [a, b].

Proof. Define supt∈[a,b] |f(t, 0, 0)| = N1, supt∈[a,b] |g(t, 0, 0)| = N2 and

r ≥ Q1N1 +Q2N2 + λ̄

1− (Q1`1 +Q2`2)
.

Then we show that T Br ⊂ Br, where Br = {(u, v) ∈ X × X : ‖(u, v)‖ ≤ r}. For any
(u, v) ∈ Br, t ∈ [a, b], we find that

|f(s, u(s), v(s))| = |f(s, u(s), v(s))− f(s, 0, 0) + f(s, 0, 0)|
≤ |f(s, u(s), v(s))− f(s, 0, 0)|+ |f(s, 0, 0)|
≤ `1(‖u‖+ ‖v‖) +N1 ≤ `1‖(u, v)‖+N1 ≤ `1r +N1,

and

|g(s, u(s), v(s))| = |g(s, u(s), v(s))− g(s, 0, 0) + g(s, 0, 0)|
≤ |g(s, u(s), v(s))− g(s, 0, 0)|+ |g(s, 0, 0)|
≤ `2(‖u‖+ ‖v‖) +N2 ≤ `2‖(u, v)‖+N2 ≤ `2r +N2.

Then, for (u, v) ∈ Br, we obtain

|T1(u, v)(t)| ≤ sup
t∈[a,b]

∣∣∣ ∫ t

a

(t− s)f(s, u(s), v(s))ds+
1

A3

{
−
∫ b

a

[1

2
A1(b− a)(b− s)
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+L1 + (b− a)A2(t− a)
]
(b− s)f(s, u(s), v(s))ds

−
∫ b

a

[1

2
A1(b− s)

m∑
j=1

γj(ηj − ξj) + L2 + A2(t− a)
m∑
j=1

ρj(ηj − ξj)
]

×(b− s)g(s, u(s), v(s))ds+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
γjA1(b− a)(s− p)

+ρjL1 + ρj(b− a)A2(t− a)
]
g(p, u(p), v(p))dpds

+
m∑
j=1

∫ ηj

ξj

∫ s

a

[
σjA1

m∑
j=1

γj(ηj − ξj)(s− p) + δjL2

+δjA2(t− a)
m∑
j=1

ρj(ηj − ξj)
]
f(p, u(p), v(p))dpds

}
+ Ω1(t)

∣∣∣
≤ [`1r +N1]×

{(b− a)2

2
+

1

|A3|

{
|A1|

(b− a)4

6
+ |L1|

(b− a)2

2

+|A2|
(b− a)4

2
+

m∑
j=1

δj|L2|
((ηj − a)2

2
− (ξj − a)2

2

)
+|A1|

( m∑
j=1

γj

)( m∑
j=1

σj(ηj − ξj)
)((ηj − a)3

3!
− (ξj − a)3

3!

)
+|A2|(b− a)

( m∑
j=1

ρj

)( m∑
j=1

δj(ηj − ξj)
)((ηj − a)2

2
− (ξj − a)2

2

)}
+[`2r +N2]×

{ 1

|A3|

{
|A1|

(b− a)3

6

m∑
j=1

γj(ηj − ξj) + |L2|
(b− a)2

2

+|A2|
(b− a)3

2

m∑
j=1

ρj(ηj − ξj) + |A1|(b− a)

×
m∑
j=1

γj

((ηj − a)3

3!
− (ξj − a)3

3!

)
+

m∑
j=1

ρj|L1|
((ηj − a)2

2
− (ξj − a)2

2

)
+|A2|(b− a)2

m∑
j=1

ρj

((ηj − a)2

2
− (ξj − a)2

2

)}
+ λ̄1

≤ q1(`1r +N1) + q̄1(`2r +N2) + λ̄1.

Hence
‖T1(u, v)‖ ≤ q1(`1r +N1) + q̄1(`2r +N2) + λ̄1.

Likewise, we find that

‖T2(u, v)‖ ≤ q2(`1r +N1) + q̄2(`2r +N2) + λ̄2.
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From the above estimates, it follows that that ‖T (u, v)‖ ≤ r.

Next we show that the operator T is a contraction. For (u1, v1), (u2, v2) ∈ X ×X ,
we have

|T1(u1, v1)(t)− T1(u2, v2)(t)|

≤ sup
t∈[a,b]

{∫ t

a

(t− s)
∣∣∣f(s, u1(s), v1(s))− f(s, u2(s), v2(s))

∣∣∣ds
+

1

|A3|

{∫ b

a

[1

2
|A1|(b− a)(b− s) + L1 + (b− a)|A2|(t− a)

]
(b− s)

×
∣∣∣f(s, u1(s), v1(s))− f(s, u2(s), v2(s))

∣∣∣ds
+

∫ b

a

[1

2
|A1|(b− s)

m∑
j=1

γj(ηj − ξj) + L2 + |A2|(t− a)
m∑
j=1

ρj(ηj − ξj)
]

×(b− s)
∣∣∣g(s, u1(s), v1(s))− g(s, u2(s), v2(s))

∣∣∣ds}
+

1

|A3|

{ m∑
j=1

∫ ηj

ξj

∫ s

a

[
γj|A1|(b− a)(s− p) + ρjL1 + ρj(b− a)|A2|(t− a)

]
×
∣∣∣g(p, u1(p), v1(p))− g(p, u2(p), v2(p))

∣∣∣dpds
+

m∑
j=1

∫ ηj

ξj

∫ s

a

[
σj|A1|

m∑
j=1

γj(ηj − ξj)(s− p) + δjL2 + δj|A2|(t− a)
m∑
j=1

ρj(ηj − ξj)
]

×
∣∣∣f(p, u1(p), v1(p))− f(p, u2(p), v2(p))

∣∣∣dpds}
≤ `1(|u1 − u2|+ |v1 − v2|)×

{(b− a)2

2
+

1

|A3|

[
|A1|

(b− a)4

6
+ |L1|

(b− a)2

2

+|A2|
(b− a)4

2
+ |A1|

( m∑
j=1

γj

)( m∑
j=1

σj(ηj − ξj)
)((ηj − a)3

3!
− (ξj − a)3

3!

)
+

m∑
j=1

δj|L2|
((ηj − a)2

2
− (ξj − a)2

2

)
+|A2|(b− a)

( m∑
j=1

ρj

)( m∑
j=1

δj(ηj − ξj)
)((ηj − a)2

2
− (ξj − a)2

2

)]}
+`2(|u1 − u2|+ |v1 − v2|)×

{ 1

|A3|

[
|A1|

(b− a)3

6

m∑
j=1

γj(ηj − ξj) + |L2|
(b− a)2

2

+|A2|
(b− a)3

2

m∑
j=1

ρj(ηj − ξj) + |A1|(b− a)
m∑
j=1

γj

((ηj − a)3

3!
− (ξj − a)3

3!

)
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+
m∑
j=1

ρj|L1|
((ηj − a)2

2
− (ξj − a)2

2

)
+ |A2|(b− a)2

m∑
j=1

ρj

((ηj − a)2

2
− (ξj − a)2

2

)]}
≤ (`1q1 + `2q̄1)(|u1 − u2|+ |v1 − v2|),

which yields

‖T1(u1, v1)− T1(u2, v2)‖ ≤ (`1q1 + `2q̄1)(|u1 − u2|+ |v1 − v2|).

Similarly,

‖T2(u1, v1)− T2(u2, v2)‖ ≤ (`1q2 + `2q̄2)(|u1 − u2|+ |v1 − v2|).

So, it follows from the above inequalities that

‖T (u1, v1)− T (u2, v2)‖ ≤ (Q1`1 +Q2`2)(‖u1 − u2‖+ ‖v1 − v2‖),

where Q1 and Q2 are given by (3.8). By the given assumption (3.11), it follows that
the operator T is a contraction. Thus, by Banach’s contraction mapping principle, we
deduce that the operator T has a fixed point, which corresponds to a unique solution
of the problem (1.1)-(1.2) on [a, b]. 2

Example 3.5 Consider the following second order system of ordinary differential equa-
tions 

u′′(t) =
1

10 + t2

( |u|
1 + |u|

+ v(t)
)

+ e−t, t ∈ [2, 3],

v′′(t) =
1

3
√

32 + t2

(
u(t) + tan−1 v(t)

)
+ cos (t− 2), t ∈ [2, 3],

(3.12)

subject to the boundary conditions

∫ 3

2

u(s)ds =
3∑
j=1

γj

∫ ηj

ξj

v(s)ds+ 2,

∫ 3

2

u′(s)ds =
3∑
j=1

ρj

∫ ηj

ξj

v′(s)ds+ 1,∫ 3

2

v(s)ds =
3∑
j=1

σj

∫ ηj

ξj

u(s)ds+
3

2
,

∫ 3

2

v′(s)ds =
3∑
j=1

δj

∫ ηj

ξj

u′(s)ds+
1

2
,

(3.13)

where a = 2, b = 3,m = 3, λ1 = 2, λ2 = 1, λ3 = 3/2, λ4 = 1/2, γ1 = 2/5, γ2 =
21/40, γ3 = 13/20, ρ1 = 1/3, ρ2 = 1/2, ρ3 = 2/3, σ1 = 3/7, σ2 = 5/7, σ3 = 1, δ1 =
3/8, δ2 = 5/8, δ3 = 7/8, ξ1 = 15/7, η1 = 16/7, ξ2 = 17/7, η2 = 18/7, ξ3 = 19/7, η3 =
20/7.

Using the given data, we find that `1 = 1
7
, `2 = 1

9
, A1 ≈ 0.827806 6= 0, A2 ≈ 0.793367 6=

0, A3 ≈ 0.656754, |L1| = 0.03337, |L2| ≈ 0.225389, |L3| ≈ 0.027121, |L4| ≈ 0.185097,
q1 ≈ 1.963984, q2 ≈ 1.422591, q̄1 ≈ 1.290164 and q̄2 ≈ 1.851349. Also Q1`1 + Q2`2 ≈
0.832853 < 1 (Q1 and Q2 are given by (3.8)). Thus, all the conditions of Theorem
3.4 are satisfied. Hence it follows by the conclusion of Theorem 3.4 that the problem
(3.12)− (3.13) has a unique solution on [2, 3].
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4 Conclusions

The salient features of this work includes (i) considering a coupled system of nonlinear
ordinary differential equations on an arbitrary domain (ii) a new kind of integral multi-
strip coupled boundary conditions. The results obtained for the given problem are new
and significantly contribute to the existing literature on the topic. As a special case,
our results correspond to the uncoupled integral boundary conditions of the form:∫ b

a

u(s)ds = λ1,

∫ b

a

u′(s)ds = λ2;

∫ b

a

v(s)ds = λ3,

∫ b

a

v′(s)ds = λ4,

if we take all γj = 0, ρj = 0, σj = 0, δj = 0 (j = 1, . . . ,m) in the results of this paper.
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