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ABSTRACT

The aim of authors in this manuscript is to establish the sufficient condition to determine the fixed points
for continuous mappings under (a,f3)-weakly contraction mapping of type A and B in fuzzy metric
spaces. To demonstrate the established result an example is also given. Our result is generalization of [5,
Theorem 2.1] from metric spaces to fuzzy metric spaces.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [6] in 1965 to obtain a more accurate and natural
method for mathematical modeling of situations which involve vagueness and uncertainty because of the
existence of non-probabilistic elements. This concept was thoroughly investigated by several authors in
the form of fuzzy metric space, which was originally introduced by Kramosil and Michalek [2]. Kramosil
and Michalek further developed this theory since then and have shown quite a number of interesting
applications for it, mostly in topology and analysis. The formal definition of the concept is as follows:

Definition 1.1: [2] A fuzzy metric space is a triple (X, M,*), where X # ¢, * is a continuous t-norm and M
is a fuzzy set on X2 X [0, ) such that following properties hold:

1. M(x,y,0)=0, Vxy€EX;

M(x,y,t) =1,vt>0iffx =y;

M(x,y,t) = M(y,x,t), Vx,y € X, t >0;

M(x,y,):[0,00) = [0,1] is left continuous for all x,y € X;

M(x,z,t+5s) = M(x,y,t) * M(y,z s)forall x,y,z € X&s,t > 0.

Thls space is referred as KM - Fuzzy metric space and has been generalized by George and Veeramani [1]
in the following manner:

U".'PS*’!\J

Definition 1.2: A fuzzy metric space is a triple (X, M,*), where X # ¢, * is a continuous t-norm and M is a
fuzzy set on X2 x (0, ) such that following properties hold:

1. M(x,y,t)>0, Vx,yeEXt>0;

2. M@,y t) =1,vt>0iffx =y;

3. M(x,y,t) =M(y,x,t),Vx,y€EXt>O0;

4. M(x,y,):(0,0) = (0,1] is continuous for all x,y € X;

5 M(x,z,t+s) = M(x,y,t) * M(y,z,s) forall x,y,z € X and s,t > 0.

Value of M(x,y,t) is known as degree of nearness between x and y with respect to‘t’ and from axiom (2)
we can relate the value 0 & 1 of a fuzzy metric to the notions of oo and 0 of classical metric, respectively.
The condition (5) is a fuzzy version of triangular inequality.

Example 1.3:Consider the metric space (@, d), where d(x,y) = |x — y| is the usual Euclidean distance on
the real line. Now, let us define the fuzzy set M(x,y,t) as M(x,y,t) = for t > 0. Now, let the

t+lx—

maximum norm * be defined as a * b = max{a, b}. Then the triplet (&, M,*) forms a fuzzy metric space.
Recently, in the reeling notion of weak contraction mapping of type Aand B, Tiwari and Som [5] have
established a fixed-point result for (¢, /)-weak contraction in fuzzy metric space.
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Definition 1.4: [4] Let X be a nonempty set and a: X X X — [0, ). We say a self mapping f on X is a-
admissible if a(x,y) = 1, then a(fx, fy) = 1, for all x,y € X.To understand the aforementioned concept,
we have the following example:
Example 1.5: [4] Let X = [0, ). Then define f: X — X such that f(x) = g forall x € X and a: X X X —
[0, ) such that

0, x<y

a(x,y) = 1

1+ |x—yl’
Clearly for a(x,y) = 1, we have a(fx, fy) = 1. Therefore, f is a-admissible.
The concept of generalized (a, §)-weakly contraction mapping of type A is as follow:

x=y

Definition 1.6: Let (X, M,*) be a fuzzy metric space and let a, f: X X X — [0, ) be two given mappings.
Assume f is a self mapping on Xand , ¢: [0, 0) = [0, o0), where ¥ is altering distance function and ¢ is a
continuous function such that ¢(t) =0 iff t = 0. We say f is generalized (a,f)-weakly contraction

mapplng of type 1A, if Vx,y c X'
¥ (G~ 1) < B, y) — alx,y)¢ | max (s =) "
M(fx,fy.t) - ’ ’ ) ( | _ )
M@.fy.t)
where

mxy) = max{(m -1) (M(x.lfx. 57 1) (M(y.lfy. 5 G (x'lfy' 5)

iz )

The concept of generalized (a,f)-weakly contraction mapping of type B is as follow:

Definition 1.7: Let (X, M,*) be a fuzzy metric space «, f: X X X = [0, ) be two given mapping. Assume
that f is a self-mapping on Xand ¢:[0,00) — [0,00), where Y is altering distance function and
¢(t) =0 <t =0.Wesay f is generalized (a, f)-weakly contraction mapping of type B, if Vx,y € X,

¥ (W B 1) < Bl y)lp(m(x, y)) —¢ (max {<M(x,1y, ) 1) ’ (M(y,lfy, £ 1>}>'(2)

where
m(x,y) = max {(M(xl,y,t) B 1) ’ (M(x,lfx,t) B 1) ’ (M(y,lfy,t) B 1) '%((M(x;y,t) B 1) + M(y,lfx,t) - 1)))}

Definition 1.8:Let X be a nonempty set and $: X X X — [0, ). We say a mapping f: X — X is 8, sub-
admissible if for all x, y € X it satisfies the following inequalities

0<Bly) <1=0<B(fx,fy) <1 (3)
Definition 1.9: [3] Let X be a nonempty set. The mapping a: X X X — [0, =) is called forwarded transitive
if a(x,y) = land a(y,z) =1, then a(x,z) =1, for all x,y,z€X.

Definition 1.10: [3] Let X be a nonempty set. The mapping a: X X X — [0, o) is called 0 —backward
transitive if 0 < a(x,y) < 1land 0 < a(y,z) < 1,then 0 < a(x,z) <1,forallx,y,z € X.

2. Main Results
Theorem 2.1: Suppose (X, M,*) is fuzzy metric space and a, 5: X X X = [0,0) be two given mappings
such that f is 0 —backward transitive and « is forward transitive. Assumethat f is generalized (a, 8)-
weakly contraction mapping of type A. If f is continuous, a-admissible, 8, sub-admissible, and there exist
Xo € X such that (xg, fxy) = 1 = B(xy, fx9) > 0, then f has fixed point in X.
Proof:If we consider an arbitrary elementx, € X, then in view of the forward transitiveness of a along
with the sequence x,, ., = fx,,¥n € B U {0}, one can find an element n, € B U {0} such that x,; = x,41-
Thus x,,,, is fixed point of f.
Now suppose that x, # x,,1Vn € @ U {0}. Using the condition that there exist x, € X such that
a(xg, fxg) = 1= B(xg, fxy) > 0 one have
a(xg,x1) =212 f(xp,x1) >0 4

Since f is a-admissible,

a(fxo, fx1) 212 p(fxo, fx1) >0 ()

and hence

706 Satya Narayan et al 705-710



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

a(xy,xz) =212 B(xy,x) >0 (6)
Proceeding as above, we get a sequence {x, } in X such that x,,,; = fx, and
a(xn'xn+1) =212 .B(xnlxn+1) >0vnedu {0} (7)

Clearly, for allIL € @ U {0}, one has .
Y (m - 1)= Y (m) < B, X1 DY (MO, X 41))
1 1
et ) )

< w(m(xn,xn+1)) —¢ (max {(m — 1) , (m — 1)})

where

'“%“Hﬂ:m“KMum;HJY;Q(Mu;;%o_1>QM%H;%HJYA)

1 1 1 1 1
E <M(xn'fxn+l' t) B ) * M(xn+1'fxn't) B

1
=max —1) ( 1) ( 1),
{(M(xnvxn+1:t) M(xnxxn+1:t) M(xn+1:xn+2't)

1 1
|l - 1) -1
2<<M(Xn.xn+2; t) M(xn+1:xn+1tt) >

1
=max ( - 1) ( 1):
{ M(xn,xn+1. t) M(xn'xn+1't)

1 1
o 2l 1) °
M(xn+1'xn+21t) M(xn:xn+2't) ( )
Equations (7) and (8) can be utilized to obtain the following

Wi ) =l ) Gz )

—9 (max{(M(xn,chnH, 0 1>'<1M(xn+1,1xn+2, 0 1)}) vneau

- 1} is monotonic decreasing. On contrary,

€

We now aim to demonstrate that the sequence {7
M(fxn,fxn+1,t)

for some n
S W, DA W ’
<M(fxn-1,fxn.t) )< (M(fxn.fxn+1,t) (10)

In light of equation (9), one obtains

s~ ) == ol ) G s - ) @
By employing equations (10) and (11), one has .

Vi 1)< <M<fxn,11fxnl+1,t) 1) =4 (s~ 1) 02

<0

¢ G Y S

1 -
- 1) =0, and hence x,.; = x,4,, a contradiction. Therefore, the

M (xp+1.Xn+2,t)

- 1} is monotonic decreasing.

this provides that (
1

M(f xn,f Xn+1,t)
We will now prove that {x, } is a Cauchy sequence. To do this suppose that

1
rlll_IBO (M(xn+1' Xn 42 t) ) A(t)
Now we shall prove that A(t) = 0, ¥t > 0. On contrary there corresponds some t > 0 such that A(t) < 0.
Assuming that limit n = oo in (12), we get

YD) < Y(AD) — ¢(A(D)
this implies that ¢(A(t)) <0, a contradiction. Therefore, {x,} is a Cauchy sequence.
Since X is complete metric space, there exist x* such that x,, = x*as n — co. By continuity of f,

sequence {
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. o s
limx,,; = lim fx, = fx
n—-oo n—oo

Therefore, one conclude that fx*=x".

Theorem 2.2: Suppose (X, M,*) is fuzzy metric space and a,: X X X — [0, 00) be two given mappings
such that B is 0 —backward transitive and a is forward transitive. Assume that f is generalized (a, §)-
weakly contraction mapping of type B. If f is continuous, a-admissible, 5, sub-admissible, and there exist
Xy € X such that (xg, fxg) =1 = B(xg, fxg) > 0, then f has fixed point in X.

Proof: Suppose that for any element x, € X, owing to the forward transitiveness of a and sequence
Xn41 = fx,Vn € B U {0}, we get an element n, € @ U {0} with the property that x,, = x, 4. Therefore,
Xy, is fixed point of f.

Letx, # x,,1Vn € B U {0}. Using the condition that x, € X exists such that a(x,, fx,) =1 = B(x, fx) >
0 is satisfied, one have

a(xg,x1) =12 B(xy,x1) >0 (13)
Since f is a-admissible,
a(fxo, fx1) =212 B(fxo, fx1) >0 (14)
and hence
alxy,x) =212 B(x,x) >0 (15)
In the similar vein, we get {x, } is sequence in X such that x,, ,; = fx,, and
a(xy, Xpy1) =12 B(x,, x,41) foralln € @ U {0} (16)

Moreover, for eachn € @ U {03,

1 1
m(x,, X, 41, )=max{(7—1),(——1>}
w1 Y M(xnr xn+1:t) M(xn+11xn+2't

Since f is generalized (a, §)-weakly contraction mapping of type B, for alln € @ U {0}, we get
1

L e B B (77w ey ) ST (M(fxn,}lfxnﬂ,t) -1)
< Bt G 5,20) = ({57555 1) - (i~ 1))

< wmCenx) =8 (mox{(r——5-1) (e~ )
1 1

=¥ (max{(M(xn,xn, t) 1)'<M(xn+1,xn+2, ) 1>})
1 1

—¢ (max{(M(anXn’ t) 1) ’ (M(xn+1,xn+2,t) B 1)})

This indicates that

v (M(xn+1,1xn+2, 0 1) <y <max{<M(xn,31cn+l, 0 1) ’ (M(xn+1,1xn+2, >l 1)})
1 1
—¢ (max {(M(xnl, Xp41,t) B 1) ’ (M(xn+1, Xp42,t) B 1)})

We have now demonstrated that the sequence {

S ——— 1} is monotonically decreasing sequence.
M(xn4+1.%n+2:t)

On contrary, for some n,

1 1
— 1) < (— - 1) 17
<M(xn:xn+1't) M(xn+1'xn+2’t) ( )
By inequality (16), we have

v (M<fxn_11.fxn, 1) =y <max{(M(fxnj,fxn, 5-1): <M(fxn,11fxn+1, 5-1)pas
Using (17) and (18), . . .
U Crermmemey st B e rameyrs B B Ve sy s K
1
=9 <M(fxn,fxn+1, D
= M (X 41, X402, t) — 1) = 1 thatimplies x,, 11 = X, 4

1>S0

a contradiction.  Therefore is  monotonically decreasing sequence.

M(fan frnsnt) 1}
Now, we shall prove that {x, } is a Cauchy sequence. To do this first suppose that

lim (; 1) - AGD) (20)

-0 \M (X 11, Xn 42, )
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Now our aim is to show that A(t) = 0,Vt > 0. On the contrary there corresponds some t > 0 such that

A(t) < 0. Taking limit n — oo in (17), we get
Y(AM) <y(AM) - (AM)

This implies ¢ (A(t)) < 0, a contradiction, and hence {x,,} is Cauchy sequence. Since X is complete metric

space, 3x* such that x,, = x*when n — oo. By the continuity of f, we have
limx,,; = lim fx, = fx".
n—oo n—oo

Therefore, we conclude that x* is a fixed point.

Example 2.3: Let X = [0,1] and (X,M,*) be a complete fuzzy metric space. Consider M(x,y,t) =

—lx=yl

et ()= %,w(t) =t, and f(x) = g Clearly, these functions satisfy all conditions of Theorem 2.1.
Without loss of generality assume that x > y. Since f is contraction mapping of type 4, equation (1) holds.

Clearly,

x—y, OSySi
_ oy _y _ X\ = 2
max-{|x y|,2,2,2(|x 2|+|y zl)}_{f Z<y<af
2’ 2 -7 =
We shall consider the cases separately;
Casel:Let0 <y < g Then

and

employing (23) in (22), we get

Y(mx,y)) = (elxzyI - 1)
Since ¢(t) = %,

¢ (max{(M(x,ly, 0 ). (m(y,lfy, 0 1)}> = (elx;yl -1) (25)

lx=y|
lx—yl <et _1>
¢(e t —1>:f (26)
Using (1), (22) and (23), we get

lx=yl 1) < lx=yl 1 1/ =l 1 1/ kvl 1

2 —_ t — —_— t —_ = — t —

(5 =)= (1) =5(e 7 -1) =3 1)

CaseZ:Let% <y < x.Then

m(x,y) = (e% - 1) (28)
P(mx,y) = (e% - 1) (29)

max{(m - 1) , (m - 1)}) - (elzitl - 1) (30)
e% — 1)

¢(e%—1)=<7

2

(31)

Using (28), (29), (30), (31), we get
Ix—yll<ﬂllm1m11M1lil
2t — 2t — ——|lezt—1)=e2t —1 ——e2t —— = —_—

(et )‘(et ) z(et ) e 27 T2 T2

Hence, in both cases (1) inequality holds. Therefore f has a fixed point.

Iyl
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