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FURTHER INEQUALITIES FOR HEINZ OPERATOR MEAN

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some new inequalities for Heinz operator
mean.

1. INTRODUCTION

Throughout this paper A, B are positive invertible operators on a complex
Hilbert space (H, (-, -)) . We use the following notations for operators and v € [0, 1]

AV,B:=(1-v)A+vB,
the weighted operator arithmetic mean, and

At B = AV (A*l/QBAfl/Q)V A2,

the weighted operator geometric mean [13]. When v = & we write AVB and AfB
for brevity, respectively.
Define the Heinz operator mean by

1
H,(A,B):= 3 (A4, B+ Af1_,B).
The following interpolatory inequality is obvious
(1.1) A$B < H, (A,B) < AVB

for any v € [0,1].
The famous Young inequality for scalars says that if a, b > 0 and v € [0, 1], then

(1.2) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.2) is also called v-weighted
arithmetic-geometric mean inequality.
We consider the Kantorovich’s constant defined by

(h+1)?
4h

The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (1) for any h > 0.

In the recent paper [1] we have obtained the following additive and multiplicative
reverse of Young’s inequality

(1.4) 0<(1-v)a+vb—a b <v(l—v)(a—>b)(Ina—Inb)

(1.3) K (h) =  h>0.
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and
(1.5) 1< O—ﬂ#vb < exp [av (1 - v) (K (%) -1)].

for any a,b > 0 and v € [0, 1], where K is Kantorovich’s constant.
The operator version of (1.4) is as follows [1]:

Theorem 1. Let A, B be two positive operators. For positive real numbers m, m’,
M, M', put h:=2 p/ = 2 gnd let v € [0,1].
(i) If0<mI < A<m'I <M1I<B<MI, then

(1.6) 0<AV,B—-A4,B<v(l—v)(h—1)InhA
and, in particular

1
(1.7) 0< AVB — AfB < Z(h_ 1)InhA.

(is) If0<mI < B<m'I<MI<A<MI, then
—1

(1.8) 0<AV,B-A},B<v(l-v) f InhA
and, in particular

1h-—1
(1.9) 0<AVB - AB < 1 InhA.

The operator version of (1.5) is [1]:

Theorem 2. For two positive operators A, B and positive real numbers m, m', M,
M’ satisfying either of the following conditions
(1)0<mI<A<m'I<MI<B<MI,;
(1)) 0<mI<B<m'I<MI<A<ZMI;
we have

(1.10) AV,B <exp[dv (1 —v) (K (h) —1)] Af, B
and, in particular
(1.11) AV B < exp K (h) — 1] A$B.

For other recent results on geometric operator mean inequalities, see [2]-[12], [14]
and [16]-[17].
We recall that Specht’s ratio is defined by [15]

1

KA1

— if h € (0,1)U(1,00),
(1.12) S (h) := e (77

lifth=1.

It is well known that lim,_; S (h) =1, S(h) = S(+) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00) .

In the recent paper [6] we obtained amongst other the following result for the
Heinz operator mean of A, B that are positive invertible operators that satisfy the
condition mA < B < M A for some constants M > m > 0,

(1.13) w(m, M) A$B < H, (A, B) < Q (m, M) A$B,
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where
S (ml2v=1) i M < 1,
Q(m, M) := max{S(m'Ql’_”),S(M‘Q”_”)} ifm<1<M,
S (M=) if 1 < m,
and

S (M\”—%|> i M <1,
w(m,M):=4¢ 1ifm<1<M,

S (m'”_%|) if 1 <m.
Motivated by the above results we establish in this paper some new additive and
multiplicative reverse inequalities for the Heinz operator mean.

2. ADDITIVE REVERSE INEQUALITIES FOR HEINZ MEAN
We have the following generalization of Theorem 1:

Theorem 3. Assume that A, B are positive invertible operators and the constants
M > m > 0 are such that

(2.1) mA < B< MA.

Then for any v € [0,1] we have

(2.2) (0<)AV,B— A, B<v(1—v)Q(m,M)A
where

(m—1)Inm if M <1,
(2.3) Q(m,M):=< max{(m—1)Inm,(M —1)In M} ifm <1< M,

(M —1)InM if 1 < m.

In particular, we have
(2.4) (0<)AVB — AfB < iﬂ (m, M) A.

Proof. We consider the function D : (0,00) — [0, 00) defined by D (z) = (z — 1) Inz.
We have that D' (z) =Inz + 1 — L and D" (z) = Z& for € (0,00). This shows
that the function is convex on (0, c0) , monotonic decreasing on (0, 1) and monotonic
increasing on [1,00) with the minimum 0 realized in z = 1.

From the inequality (1.4) we have
0L)1-v)+ve—2"<v(l—-v)D(z)
for any = > 0, v € [0, 1] and hence

(2.5) 01— I+vX-X"<v(l-v) mr<nza<xMD(a:)

for the positive operator X that satisfies the condition 0 < mI < X < MI for
0<m< M andvel01].

164 DRAGOMIR 162-171



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

4 S.S. DRAGOMIRY'2

If the condition (2.1) holds true, then by multiplying in both sides with A~1/2
we get mI < A7Y/2BA~1/2 < MT and by taking X = A~Y/2BA~1Y/2 in (2.5) we
get

_ ~1/2p4-1/2 _ (41725 4-1/2)" < B
(2.6) (1—v)I+vA~Y/2BA (A BA )_y(1 v) max D(z)

Now, if we multiply (2.6) in both sides with A'/? we get

(2.7) (0<)(1 —v)A+vB— AY/? (A—1/2BA—1/2)" AV?
< —
<v(l-v) inngD () A

m<

for any v € [0,1].
Finally, since

(m—1)Inmif M <1,

21a<XMD(x): max{(m—1)Inm,( (M —1)InM} if m <1< M,

(M—-1)InM if 1 <m,
then by (2.7) we get the desired result (2.2). O
Corollary 1. With the assumptions of Theorem 3 we have
(2.8) (0<)AVB-H,(A,B) <v(l-v)Q(m,M) A.
Proof. From (2.2) we have by replacing v with 1 — v that
(2.9) (0<)AV,_,B—At1_,B<v(1—-v)Q(m,M)A.
Adding (2.2) with (2.9) and dividing by 2 we get (2.8). d
Corollary 2. Let A, B be two positive operators. For positive real numbers m,

m/, M, M', put h := %, I ::%/ and let v € [0,1].
(i) If0<mI < A<m'I<M1I<B<MI, then

(2.10) (0<)AVB—-H,(A,B) <v(1—v)(h—1)InhA.
(i) If0<mI < B<m'I<MI<A<MI, then

-1
(2.11) (0<)AVB-H,(A,B)<v(l-v) <hh) In hA.
Proof. If the condition (i) is valid, then we have
M’ M
I<—I=hI<X<hl=—I,
m m

which, by (2.8) gives the desired result (2.10).
If the condition (ii) is valid, then we have

| 1
0< o T<X<—T<I
SpisAspish

which, by (2.8) gives

h
that is equivalent to (2.11). O

(0<)AVB-H,(A,B)<v(l-v) (1_1> ln%
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Theorem 4. With the assumptions of Theorem 3 we have

(2.12) (0<)H, (A,B) — AtB < max D (z*7!) A,

4mi-v z€[m,M]
where the function D : (0,00) — [0,00) is defined by D (z) = (x — 1)Inx (see the
proof of Theorem 3).

Proof. From the inequality (1.4) we have for v = §
c+d

(2.13) (0<) 5=~

Ved < i(c—d) (Inc —Ind)

for any ¢, d > 0.
If we take in (2.13) ¢ = a'7¥b” and d = a”b' ™" then we get

171/bu llbl*l/ 1
(2.14) % —Vab < i (alf”b" _ aublfz/) (lnalfubu _In aubku)
for any a, b> 0 and v € [0,1].

This inequality is of interest in itself.

Now, if we take in (2.14) a = 1 and b = z, then we get

v 1-v
(2.15) 0< % —Vz < i (2" —2'") (Inz” —Inz'™)
_ 21/4— 1 (1’” . ml—y) Ing = 4331-_” (121171 _ 1) Inz2v—1
1 .
= P @)

for any > 0 and v € [0,1].
Now, if z € [m, M] C (0,00), then by (2.15) we get the upper bound

v 4 7Y 1

< V< D (z*71).
09— Vo< g ey, P )
Using the continuous functional calculus, we then have
XV +X17u
2.1 B e VP D (201
216 097 < G e, P @)

If the condition (2.1) holds true, then by multiplying in both sides with A=1/2 we
get mI < A='Y2BA~1/2 < MI and by taking X = A~Y/2BA~/2 in (2.16) we get

(A—l/QBA—l/Z)V + (A—l/QBA—Uz)l*V
(2.17) 0< 2

2v—1
< i Sax D (=*71)

_ (Afl/ZBAfl/Q) 1/2

for any v € [0,1].
Now, if we multiply (2.17) in both sides with A'/? we get the desired result
(2.12). O

Corollary 3. Let A, B be as in Corollary 2.
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(i) If0<mI < A<m'I<M1I<B<MI, then

. (Rt —1)Inh* = if v e [3,1],

1—v
4(h") (@™ =) m@)™ v fo.3).
(i) If 0 <mI < B<m'I < M'I <A< MI, then
(2.19) (0 <) H, (A, B) — A4B
(R2 1 — 1) Inh=2"" if v e [1,1],

<

S hl—l/

> =

—2v+1 —2v+4+1 .
((h’) - 1) In (i) ifvelol).
Proof. If the condition (i) is valid, then we have

M’ M
I<—/I:h’I§X§hI:—I7
m

3

which, by (2.12) gives

(2.20) 0< H,(A B)- AtB < max D (z*"71) A.

4 (W)Y welh’ h]
Observe that, if v € [%, 1] , then

2v—1\ __ 2v—1\ __ 2v—-1 _ 2v—1
mgf;?)fh] D (x ) =D (h ) = (h 1) Inh .

If v € [0,3], then

2v—1\ _ Nn2v—1\ n2v—1 n2r—1
Jmax D (x )_D((h) )_((h) 1)1n(h) .

By (2.20) we get the desired result (2.18).
If the condition (ii) is valid, then we have

1 1
—I<X<—-I<I
0<I<X < I<I,

which, by (2.12) gives

(2.21) 0<H,(A B)—- AtB < max D <x2”_1) A.

T aelb b

4()
Ifve [%, 1] , then

B G

Ifve [0, %] , then

a1t

By (2.21) we get the desired result (2.19). O
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3. MULTIPLICATIVE REVERSE INEQUALITIES FOR HEINZ MEAN
We have the following generalization of Theorem 2:

Theorem 5. Assume that A, B are positive invertible operators and the constants
M > m > 0 are such that the condition (2.1) is valid. Then for any v € [0,1] we
have

(3.1) AV,B < At,Bexp[d4v (1 —v) (F (m, M) — 1)]
where
K((m) if M <1,
F(m,M):=¢ max{K (m),K (M)} ifm<1< M,

K (M) if1 <m,
In particular, we have

(3.2) AVB < AtBexp[F (m,M) —1].

Proof. From the inequality (1.5) we have for ¢ =1 and b = x that

(3.3) (1—v)4ve <a¥exp {41/ (1-v) (K <313) - 1)]
=z"exp[dv (1 —v) (K (x) — 1)]
for any > 0 and hence

(3.4) l1-v)I+vX<X” hax exp [dv (1 —v) (K (z) —1)]

m<x<M

= X" exp [41/(1 —v) < max K (z) — 1)]
for any operator X with the property that 0 < mlI < X < MI and for any
ve[0,1].
If the condition (2.1) holds true, then by multiplying in both sides with A~1/2
we get mI < A='/2BA~1/2 < MT and by taking X = A~Y/2BA~1Y/2 in (3.4) we

get
(3.5) (1-v)I+vA~Y2BA~1/?
—1/2p 4-1/2\" _ _
< (A BA ) lax, exp [dv (1 —v) (K (z) —1)]
= (A—1/2BA—1/2> exp {4y (I1-v) <mr§nf§XMK (x) — 1)}

for any v € [0,1].
Now, if we multiply (3.5) in both sides with A'/? we get

(36) (1-v)A+vBA
12 ((4—1/2 1 4—1/2\" 4172 B -
<A (A BA ) A2 max expldv (1) (K («) - 1)

_ 4L/ (A71/2BA71/2>”A1/2 exp {41, (1-v) ( max K (z) — 1)}

m<lax<M

for any v € [0,1].
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Since
K(m) if M <1,
Ig}aé(MK(m): max {K (m), K (M)} ifm <1< M,

K (M) if1 <m,
then by (3.6) we get the desired result (3.1). O
Corollary 4. With the assumptions of Theorem 5 we have
(3.7 AVB <exp[dv(1—v)(F (m,M)—1)]H, (A, B).

Corollary 5. For two positive operators A, B and positive real numbers m, m’,
M, M’ satisfying either of the following conditions:
(i))0<mI<A<mI<MI<B<MI,
(1)) 0<mI<B<m'I<MI<A<LMI;
we have
(3.8) AVB <exp[dv (1l —v)(K (h)—1)]H, (A, B).
We also have:

Theorem 6. Assume that A, B are positive invertible operators and the constants
M > m > 0 are such that the condition (2.1) is valid. Then for any v € [0,1] we

have
(3.9 H,(A,B) <exp[®©, (m,M)—1] AtB
where
K (mI=1) if M <1,
(310) O, (m, M) :=¢ max{K (m>~) K (M*-1)} ifm <1< M,

K (MPr=1) i1 < m.
Proof. From the inequality (1.5) we have for v = %
c+d
== c
. < - —
(3.11) S s ew (K (d) 1)

for any ¢,d > 0.
If we take in (3.11) ¢ = @' 7¥b” and d = a”b'~" then we get

1-vpv vpl—v 1—2v
(3.12) % < exp (K ((Z) ) - 1) Vab
for any a, b > 0 for any v € [0, 1].
This is an inequality of interest in itself.
If we take in (2.19) @ = x and b = 1, then we get

1—v v
(3.13) % < exp (K (z'7%) = 1) Va,
for any = > 0.
Now, if z € [m, M] C (0,00) then by (2.20) we have
1—v v
(3.14) % < +/zexp (xer?ﬁ}f\/f] K (xl_Q") — 1)
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for any = € [m, M].
If v € (0,3), then

K (m'=2") if M <1,

max K (z'7%) =¢ max{K (m'"?), K (M%)} ifm<1< M,
z€[m,M]

K (Ml_Q”) if 1 <m.
Ifve (%, 1), then

max K ($1_2")

2v—1
z€[m,M] )

= max K (J:
z€[m,M]

K (m?~1) if M <1,

maX{K (m2”_1) ,K(MQV_l)} iftm<1<M,
K(MQV—l) if 1 <m.

Therefore, by (3.14) we have

$17V4*$V

(3.15) 5

< exp[® (m, M) — 1] V&
for any = € [m, M] C (0,00) and for any v € [0, 1].
If X is an operator with mI < X < M, then by (3.15) we have

)(lfu +>)(V

5 <exp[O (m, M) —1] X/2.

If the condition (2.1) holds true, then by multiplying in both sides with A=1/2 we
get mI < A~1/2BA~Y2 < MT and by taking X = A~Y/2BA~'/2 in (3.15) we get
1 “1/2p 4172\ —1/2p 4-1/2)"

(3.16) - [(A BATY2) g (a7 2BATR)

1/2
<exp[O(m,M)—1] (A_l/QBA_1/2> .

Now, if we multiply (3.16) in both sides with A/2 we get the desired result (3.9). O

Finally, we have

Corollary 6. For two positive operators A, B and positive real numbers m, m’,
M, M’ satisfying either of the following conditions:
(i))0<mI<A<m'I<MI<B<MI,
(i) 0 <mI<B<m'I<MI<A<MI,
we have for h = % and b/ = %I,/ that

(3.17) H, (A, B) < exp [K (h'QV*”) . 1] A#B,

where v € [0, 1].
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