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Abstract

Due to the great success of hypergeometric functions, we provide the analytical solutions of certain definite
logarithmic integrals and Nielsen-type integrals in terms of multi-variable Kampé de Fériet functions with
suitable convergence conditions and higher harmonic sums by using series rearrangement technique and
incomplete Gamma function.

Further we also obtain the solution of other related logarithmic integrals in terms of generalized hy-
pergeometric functions and Kummer’s confluent hypergeometric functions by using series rearrangement
technique.

The results presented in the paper and comparable outcomes are hoped to be supplied by the use of
computer-aid programs, for example, Mathematica.

Key Words and Phrases. Polylogarithm functions; Harmonic sums; Finite Mellin transforms; Nielsen-
type integrals.
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1. Introduction, definitions and known results

Here and elsewhere, we use the following standard notations, let R and C denote the sets of real and
complex numbers, respectively. Also let
No =Nu {0} , N={1,2,3,...} = No\{0} ,
Zy ={0,-1,-2,...} =Z" u{0} , 7" ={-1,-2,-3,... },
and Z = Z, UN being the sets of integers.

The incomplete gamma function is denoted by v(z,«) ([23, p.127, Question (2)], see also [I3} p. 15,
Question. (10)]) and is defined by :

= %ZlFl [ = a} . (1.1)
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The polylogarithm function (also known as Jonquiére’s function) ([27, pp.197-198], see also [14] and [15])
Lis(2), is defined for any complex s and z;

Lis(z) = F(z,s) = PolyLog][s, z] := i S i — s#1,

(\z| <1,seC\{1};]2] =1,2 £ 1,R(s) > 0;2 = 1, R(s) > 1).

The polylogarithm integrals ([3, p.79, Equation (14)], see also [I1}, p.1232, Equation (1.1)]) are given by:

Lin(2) = "‘1’1(33):((;1—)7;_)!/0 %[En(z)]”_zﬁn(l—zm)dz,

(n eEN{1}; z € <c).
The Nielsen-integrals ([3] p. 77, Equation (4)], see also [10, p. 647, Equation (1)], [11} p.1232, Equation
(1.3)] and [18]) are given by:

_1\n+p—1 1
Snplx) = ((nlz:)'@/o %[ﬁn(z)]"_l[fn(l — zz)|Pdz,

(n,pEN; a:e(C).

Generalized Nielsen-integrals (|3, p. 80, Equation (18)], see also [12], [24]) are given by:

_1)ntptg—1 pl
Spopg(T) = ((nl)_w/o %[ﬂn(z)]"_l[ﬂn(l — zz)Pen(1 + zx)]|%dz, (1.2)

(p,nEN;:EG(C;qGNO).

2. Development of finite Mellin transform and harmonic sums

The Development of finite Mellin transform and harmonic sums is in the continuation of ([20, p.1,
Equations (1), (3) and (3’) and pp.4-5, Equations (6) and (7)], see also [7], [21]).

One-sided or unilateral Laplace transform is defined by:

Lif(t); 2] = /OO e Ff(t)dt = ¢(z), (2.1

0

then by the substitution ¢ = —¢n(x), the one-sided Laplace transform (2.1 is converted into a finite
Mellin transforms, given by (2.2)):

M{f(—tn()); 2] = 6(z) = / * f(—tn(z))dr, (2.2)

provided that the integrals (2.1)) and (2.2)) exist subject to suitable convergence condition on real part of
complex parameter z.
The infinite Mellin transform is defined by:

Mlg(z): 2] = / (@) = (2), (2.3)

provided that above integral exist.
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This integral transform is closely connected to the theory of Dirichlet series, and is often used in number
theory, mathematical statistics and the theory of asymptotic expansions, it is closely related to the
Laplace transform and the Fourier transform, and the theory of the Gamma function and allied special
functions. Also the Mellin transform is extremely useful for certain applications including solving Laplace
equation in polar coordinates, as well as for estimating integrals.

The substitution = e~ transforms into two-sided Laplace transforms or into the sum of two,
one-sided Laplace transforms , therefore

+oo
b(z) = / e~ g(et)t, (2.4)

z/ eftzg(eft)dt—k/ e = g(et)dt. (2.5)
0 0

In the literature one often defines the transform shifted over "one” as in [34, p.2042, Equation (30)]. One
may consider the Mellin-transformation ([4, p.1, Equation (2)], see also [16, p. 159]) for the function
f(2), in the form:

M{f(z);N}z/0 2N (2)dz,

provided that the above integral exists. Here N denotes the integer moment-index, (which is even or odd
positive integers depending on the quantity being studied).

The Mellin transform of just a power of ¢n(1 — z) can be replaced immediately using the formula, ([3|
p-89, Equation (84)], [34, pp.2042-2043, Equations (35) and (36)]):

(=1)Pp!
(m+1)

/1 2™nP(1 — 2)dz = S1. 1(m+1), (2.6)
0

g eeey
P

in which the S-function has p indices that are all 1.
[7, p137, Equation (1) and p. 312, Equation (1)] see also [20], [21]

> r

/ eorg=1dz = TRy > 0,0(s) > 0). (2.7)
0 as

Using suitable substitution in equation (2.7) and further adjustment of parameters, we can derive the

following integral:

(-=1)T(p+1)
(m+1)pt1 7

/01 2™nP (2)dz = (2.8)

(R(m) > -1, R(p) > —1).

The functions emerging in perturbation calculations in massless Quantum Field Theories belong to the
class discussed by Nielsen [I§] and their Mellin-convolutions. By explicit calculation we will show that
the Mellin-transforms of such functions can be represented by linear combinations of the finite harmonic
sums (see [3, p.77, Equation (3)], [ p.1, Equation (4)]).

N . ny . Nm—1 , .
(sign(k)™ <~ (sign(ks))™ (sign(km))"™
Stk (N) = D0 i D = Y i NEN VL ke # 0.
ni=1 ny no=1 Ny N = Nm

The notation that is used for the various functions and series in this paper is closely related to how
useful it can be for a computer program. This notation stays as closely as possible to existing ones. The
harmonic series [34], p.2037, Equations (1) and (2)] is defined by:

S’rn(n) = Z Z'im’

i=1
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%

"L (—1
:Z(im)’

i=1
in which m > 0. The general single harmonic sums Sy,(N), & > 0 [ p. 3, Equations (14), (15), (16)

and (17)) axe obtained by
50 = SV [ (2

s = S0 [enwp= (S
ffk, eji;ﬁ/[&ﬂﬂv_l<%:;}1>da

One can define higher harmonic series [34, pp.2037-2038, Equations (3), (4) and (5)] given by:

Sm,jl,u-’jp (n) = Z %Sjlw'wjp (7’)7
=1

S_

mmjl:“w]p J17 SJp (Z)>

i=1

with the same conditions on m. The m and the j;, (1 < i < p) are referred to as the indices of the
harmonic series. Hence

<.

S1,—5,3(n ZE

k=1

H
[
=

,75

-
Il

1 j:l

For numerical computations one may use the recursion relations [4, p.22, Equations (163) and (164)] for
complex values of IV, in terms of products of single harmonic sums only

S—l,..., ,...,—l(N)v
k =1 k—2£
1 k
51,.,1(N) =+ > Se(N)Sq, . 1(N).
k =1 k—t

The finite harmonic sums are connected by various algebraic relations. We will only consider the multiple
harmonic sums into a single sum: [4, p.19, Equation (126)] see also [34, p. 2056, Equation (92)]

S14(N) = 3 [SHV) +S(W)].
[, p.20, Equation (144)] see also [34, p. 2056, Equation (93)]
S111(N) = éSf’(N) + %Sl(N)SQ(N) + ésg(N).
[, p.21, Equation (156)] see also [34, p. 2056, Equation (94)]

1 1 1 1 1
Si11,1(N) = 154(N) + §S§(N) + §53(N)51(N) + ZSQ(N)S%(N) + ﬁS%(N)'
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The multi-variable extension of Kampé de Fériet double hypergeometric function [28, p. 454] see also
[9), [31, pp.65-66], [32, p. 1127, Eq. (4.1)] is given in the form:

(ap) : (O);. .5 (BS);

573111,331;';(%" 0 o Ty, Tn
n
(ae) = (Bmi)i- -5 (Bma);
e s1 Sn
o il Ip
= > Als1-..,50) - T (2.9)

where
q1

L dn
_H a)er vt [ L5, ...H(bﬁn))s

j=1

A(s1, ... 8n) =

mi

Z
H (@))s1+..45n H(ﬂ](‘l))m H ﬁ(n)

j=1

and, for convergence of the multiple hypergeometric series in (2.9)),

When 1+44+mp —p—qr >0, k=1,...,n
then |z1] < 00, ...y |2p| < 00.
When 1+44+mp —p—qr =0, k=1,...,n; p>/{

then  |z1|77 + ...+ |za|77 < 1.

When 1+0+my—p—q =0, k=1,...,n; p={

then max{|z1],...,|zal} < 1.

For absolutely and conditionally convergence of above multiple series , the readers and researchers
can refer a beautiful paper of Hai et al. [8, pp.113-114, Theorums 4, 5 and 6], when 1, 2, ..., z, € {—1,1}.
Niukkanen [I9] discovers several possible applications of such multiple hypergeometric functions .

For positive integers mq, ma, ms, ..., m, (r > 1), the following multiple series identity [31] p.102, Equation
(16)], holds true:

Z( Z Z Z@(kl,kg,...,kr;n)>

n=0 k1=0ko=0 k=0

% kimi+kamao+...+k.m,.<n

ZZ Z (I)(k‘l,kg,...,k‘r;’l’l/—mlkl —mgkg—...—mrkjr) 5 (2.10)
k1i,k2,...,k-=0

provided that the above multiple series are absolutely convergent.

The paper considers Kampé de Fériet and related (generalized) hypergeometric functions at special
(constants) arguments implied by Mellin transforms of special ordinary harmonic Polylogarithm. Some
of the integrals are related to Mellin transforms of Nielsen integrals.

The present article is motivated by the work of the researchers: Bliumlein et.al [4], [5], Kolbig et.al [10],
[11], [12], Nielsen [18], Qureshi-Baboo [22], Remiddi et.al [24] and Vermaseren [34], see also sharma et.al
[25], [26] and Tyagi et.al [33].

o Insections 3 and 4, we provide the analytical solution of the logarithmic integral: fo (fn[1 — 2))* (en[1+
2])*dz in terms of multi-variable Kampé de Fériet function and higher harmonic sums.
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e Insection 5, we also yield the solution of Nielsen-type integrals and related integrals: |; 01 Lltn(z))" " [en(1-
zx)[P[fn(1+ zz)]?dz in terms of multi-variable Kampé de Fériet function with suitable convergence
conditions.

0 (fn[1+z dz fl (n] 1+z] n[1+2)"m 4. in terms of generalized

o In section 6, we evaluate special integrals: f_
hypergeometric functions using series rearrangement technlque

b (En[1+z

e In section 7, we obtain the solution of the general integral: f )" dz in terms of Kummer’s

confluent hypergeometric function using incomplete Gamma functron

3. Evaluation of fo m(n[1 — 2])*(¢n[1 + 2])’dz in terms of multi-
variable Kampé de Fériet function ; where £,/ € N and m € C

Theorem 3.1. The following result holds true:

. N Gl L
L —/0 2™ (En[L = 2])*(en[l + 2)) dz = Axmtktt)
k 4

l+m+k+0:1,1;...;1,1;1,1;..; 1, 1;

24m4k+L: 2 ;5 052525 ;2

where R(m + k+£) £ —1,-2,-3, ..... )

Remark: In view of the theorem of Hai et al.[8, pp 113-114, Theorem 4, Equations (3.1), (3.2) and
(3.3)], the right hand side (i.e. multiple hypergeometric series) of equation is absolutely convergent
since arguments € {—1,1}.

Proof: Since

> (—1)9,4
én(l—&—z):—zﬁ; -1<z<1,
q=1 q
(1 — 2) f:zp 1 1
-z — — —1<z<1.
p=1 p
Therefore )
Ly :/ (In[1 — 2])*(én]1 +z])€dz
0

o © 2Pl P2 O APk 0 (=1)11 291 > (—1)92 292 0 (—1)2e 2%
= z — e — — | ... | = —_— — - — —_— | ... | = —F—— | dz
[o(E2)(ss) (22 (s (o) (5 e

(71)Q1+QQ+»--+Qe 1
/ Zerpl+p2»--+pk+th+qz+---+q( dz
0

q1492---qr

p1=1p2=1 pp=1 P1p2---Pk g1=1g2=1 q,=1 N92---q¢
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1
x
(I+m+p1+p2e+P6+ @1+ G2+ ..+ q0)

o
Y
p1=0

0 1 ¢h +q2+...+qe
2

Z Z (14+p1)(L+p2)...(1 + pr) ZZ Z 1+ql 1+Q2) (+Qe>x

p2=0 pr=0 q1=0¢2=0 q¢=
1
{A+m+k+0+Pr1+p2+ ...+ +a+@+...+aq)}

oo

G AR SRR = (s W (D (Doy Vg
T Amtkto) ZZ: Z%%“%mm@ @ s Dz Pas

pr=0q Poren

(L+m+k+ Opitpat. tprtartaot . +ae (1>p1+p2+...+pk (_1)q1+q2+...+ql
(2+m 4k +O)pytpot..4pitai+aat..+a

[o oo o}

IV S S

p1=0p2=0 pr=0¢1=04g2=0 ¢,=0

CNCE T PP

p1lpa!....px! q1!g2!....qe!

[l
~—
]

Iy
~—

—_
—
3

L [N
|~

—_
—
]
>
—

[l
—
Q
=
—

[l
~—
Q
M
—

[l
~—
Q
~

(L+m+ k4 Opitpot.Apitartaat.ta (1)Pr+P2 e (] yartaz e
(2+m+k+ é)pﬁ-pz—&- Aprtaitaat..tae

Now applying the definition of multi-variable extension of Kampé de Fériet function, we obtain the
right hand side of the integral Ll.

4. Evaluation of fo m(¢n[l — 2])*(n[1 + 2])'dz in terms of har-
monic sums; where k,/ and m € N

Theorem 4.1. The following results hold true:
Case I: When / > 2, then

Ly, = /0 2™ (In[l — 2))*(n[l + 2))¢dz

51,10 +m+l+aq)

00 g2+q3+...+q<q1 ——
= (=1)*k! —1)a K
1) qlz::o q%q;qézo =1) Ata—@-—a——q@)l+ae@) -1+q)l+m+l+aq)

(4.1)
Case II: When ¢ =1, then

L :/O (1 — ) (en[1 + 2])dz

= (‘Ukk!z (1+q)((;1_2qm+q)sl L, 12+m+q)
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Proof of case I: Since ¢n(1 + z) = — Zq 1 1)q <& —1 < z <1, therefore

7

1
= 2™ (Inl1 — 2))e(n 2N)dz
Lr/o (en[1 — 2))*(¢n[1 + 2])%d

PID WD B

(11+(12+ +qe
(F)rrer T / s (g1~ 2])Ad.
0

qg1=1g2=1 gq,=1 1192
Now using the integral (2.6]), we have
> > & Q1+qz+ +aqe
‘
SIDID IS S x
i — q1q2-.
g1=1g2=1 ¢q,=1

(=1)F k!
AI+m+qa+gp+..+q)

S, +mtataet.+aq).
k

Now replacing q; by 14+ q1, g2 by 1+ g2, g3 by 1+ ¢s, ... and g¢ by 1 4 g4, we obtain

Ly = (—1)"**k! i i Z (—1)+a+aatta y
14+q)I+q). - I+qg)l+m+L+q +aq+ ... +q)

=0 \g2=0 =0

q1 q2= qe=
xS, . 10+m+Llta+ae+t..+q)

——

k
Now replacing ¢; by ¢1 — ¢2 — q¢3 — ... — q¢ and applying multiple series identity (2.10]), we get the right

hand side of assertion (4.1]). Similarly we can derive case second when ¢ = 1.
Some deductions of case I:
(i): When k=1 and ¢ > 2, then

1
/0 2™ (0n[l — 2])(n[l + 2])'dz

(-pte

00
q1=0

(ii): When k = 2 and £ > 2 and applying the harmonic series relation (2.6]), we have

<(I2+Q3+..4+(MSQ1 Sl (1 +m+l+ q1) )

A+qg—q¢—g——q)(1+qg) . (1+qg)(1+m+L+q)

q2,93,..-9¢=0

/0 (e[l — 2])2(en[1 + 2))dz

B i qzﬂ“j':“é“(_l)ql {(STA+m+Ltq)+Sa(l+m+l+q)}
— e o (I4+g—qg@—-—qg——q)l+q@). . (1+qg)l+m+L+q) /|’

(iii): When k& = 3 and £ > 2 and applying the harmonic series relation (2.7)), we get

/01 2™ (Inf1 — 2])3(n[1 + 2])*dz

oo [a2tas+...+au<q
_ 4@ {83 (B) +351(B) S2 (B) + 253 (B)}
N z:: < qz,qg,Z.:quO (=1) (1+q —qg—q3—...—qg)(l—|—q2)...(1+q¢)(1+m+€+q1)> ’
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where 8 =1+m+ £+ q;.
(iv): When k£ =4 and ¢ > 2 and applying the harmonic series relation ([2.8]), we obtain

/0 (e[l — 2])A(en[1 + 2))dz

> ++Z+ (—1)7 {654 (8) + 353 (8) +8S55 (8) 1 () + 652 (8) S2.(8) + 51 ()}
I+g—@—g——q@)(1+q@). . 1+a)l+m+L+q)

q1=0 q2,93,...q¢=0
where B =1+m+ £+ q;.
Some deductions of case II:
(a): When k=1 and ¢ = 1, then

Yo B S )t
/Oz (n]l = 2])(In[l + z])d qz%( I 2+m+q)51(2+m+q)>.

(b): When k=2 and ¢ =1, then

i< )a{s2 2+m+q)+52(2+m+q)}>.

/Ozm(én[l—z]) (¢n]l + z])d T2 +m+q

q=0

(c): When k =3 and £ =1, then

/0 2™ (n[1 — 2])%(n]1 + 2])dz

2( 1+ ) Q:H >{Sf(A)+3sl ()\)Sg()\)+253()\)}>,

where A =2+ m +q.
(d): When k =4 and ¢ =1, then

1
/0 2™ (n[1 — 2])*(n]l + 2])dz

- ((1 - q)((; 1qum — {651 (\) + 355 (A) + 853 (A) S1 (A) + 652 () ST (\) + SF (A)}) :
q=0

where A =2+ m +q.

5. Evaluation of Nielsen-type integrals and related integrals in
terms of multi-variable Kampé de Fériet function; where
n,p € N and g € Ny

Theorem 5.1. The following result for Nielsen-type integrals holds true:

_1\ntptg—1 1
Supa(®) = ((nl)_w /O Len()]" en(1 — z)Plen(1 + )]0z

_(=1)agpta

~ (p+q)mplg!
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n p q
——N—
p+q,....,p+¢q S R PR R 3 R O I I
..... . Tyeoty &y =T,y — T
«EpEE SUUS sy
1+p+q,...;.1 4+p+q: 2 ;5 .5 2525 .5 2;
n P q

(|x\§1; n,p € N ; qGNo).

Note: S, ,0(x) = Snp(x) 5 Sp—11(x) =Liy(2)
and Kolbig integrals[10, p.647, Equation (2)]:

/0 ()] (1 — 2)Pdz = (=11 (0 — 1)1plS (1),

Proof
Since
oo ZT
n(l—2z2)=— — —-1<z<1,
n( 2) rz::l . <z
= (1)
In(1 =— - —1<z<1.
n(l+ z) ; s z <
Therefore
(o
Snpala) = s [ S (1 s Plen(1 + )
e /1 1[én(z)]n - i 2 - i 2 Z 4( 1)‘51z5173:31 Z 7( DL P
T o (n—=Dplg! Jy = Bop B o T g sqm1
(5.2)
O pritetr, X2 91+ A8q 81+ F5g
e I O S
nilpqul rp=1 7'1 s1=1 Sq (Sq)

1
% / ZT1+...+TP+51+...+5471[gn(z)]nfldz
0

Now using the result (2.8)), we get

R DI 3D P OF

ri=1 rp=1s1=1 sq=1

)S1+ FSqprite ATt tsg

(r1+ .. +7“p—|-81—|- A 8g)(81) - (8q) (1) (1)

Now replacing 1 by 1+, r2 by 1+, ..., 7, by 1 +17p, and s; by 1+ 81,82 by 1+ 52, ..., 54 by 1+ 54,
we obtain

1 & >© X > q+sl+ HSq P+t ATptsit.tsg

DD Z p+q (P oyt 51+ ot )}

r1=0 rp=051=0 54=0

sy (D, (DD,
(2)7"1 (2)T2"’(2)Tp(2)81 (2)82"'(2)Sq
Now applying the definition of multi-variable extension of Kampé de Fériet function, we get the
required result .

Sn.pa(2) ~ plg!
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6. Evaluation of f£)1 %%Dmdz, fol Wdz in terms of gener-
alized hypergeometric functions; where
m,n € N

Theorem 6.1. The following results hold true:
When m > n, then

m—+1
1,1 1
0 o 1m
g 1 m ) ) ) ) )
Ly = / Mdz = ()™ "m! soFois 1], (6.1)
-1 z 2,2,...,2;
—_———
m—+1
When m > 2, then
! —m, 1; 1
L :/ (Un[L + 2)™dz = (—1)™ Ul + 2(n2)™ oFp | ™5 (enf2)) 1| | (6.2)
0 ) _
When m >n > 2, then
m+1 T
L nl 4 2))m (m)! n-lLn-1...,n-1
Lg = dz = ma1Fm 1| -
0o o (= 1) .
NyNy ...y N;
—_———
k+1
N Z 2n—1(p — 1)k+1 k+1Fk B} (6.3)
k=0 n,M,...,n;
—_———

Independent proof of the integral (6.1)):

The integral (6.1) can be solved by substituting 1 + 2 = e~ and using the result (2.7) of Laplace
transforms.
Independent proof of the integral (6.2):

1
Suppose Ls = / (In[l + 2])™d=.
0

Put 1+ z = €', then we have

n[2]
L; = / tmetdt.
0

Now integrating by parts, we get

Ly = {(?)(—1)"1&’”& + (T)(—l)ltmlet + <T;L>(—1)2tm26t2! + (?)(—1)%”36’53! +...

+ (m”i 1)(—1)m_1t6t(m 1)+ (:)(—1)%%!} "

_(_ m+1m' . m n m—k(_1\k !
o= 237 ()t

0

143 Gupta et al 33-47



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

or Ls=(=1)""'m!+2(4n[2)™ 2F0{_m’_1§ (en[2])t

Independent proof of the integral (6.3)):

1 1 m
Suppose Lg :/ Mdz
0

Zn

Now substitute 1 4+ z = ef, then we have

2] ymgt en2] o0 enl2]
Lg = / T qt= / tme t=D(1 — e At = Z (n)r / gme—t(ntr=1) 3y
o (ef=1)" 0 rtJo

r=0

Further, integrate by parts with a =n+ 1 — 1, we get
B i (n), [ <m> tme ot <m> tmlem ot <m> tm2e ol (m> tmSem 13l
— 7! 0 (@) 1 ()2 2 ()3 3 (o)
B ( m ) te”(m—1)! (m) e_mm'rnm
m—1 ()™ m) (o)™t ],

S S SO

r=0 r=0

= () m \n[2J(m—-1) X (n), (m)!
_z; 7! (m—1>[2‘]1(a)m_z rl 29« m+1+z r' (aym+1

r=0 r=0
-~ () m)! = (n)r [~ KI(E) (Unf2)m "
= Tzz:o (7“? (n + 7E _)1)m+1 - Tz:;) (r? LZ_O 2n+’r(_?2n +r— 1)k+1
{(n—1), )" (m)! R (2" & (n),
Z _ m+1'r‘| {(n)r}m _kZ:O k on—1 part 2T(’I’L+T‘— 1)k+1'f‘!.

Now using the well-known definition of generalized hypergeometric function ,F,, we obtain the desired
result.

7. Evaluation of f mi—ﬂ])dz in terms of Kummer’s confluent
hypergeometric functions; where b > a > 0, R(d) > 1, R(c+1) >
0

Theorem 7.1. The following general result holds true:

[T Un[14z = (fn[1 + b])*! c+1;
L7_/ai ZO 7¢+1 il oy —(d+7r—1)n[l +b]| —

_ (fnf1 -i—a])chl1 [ c+1;

c+1 c+2; _(d—i-r—l)én[l-i-a]}}, (7.1)

where R(c+1) > 0 and R(d) > 1
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Independent proof of the integral ([7.1)):

b
In|1 ¢
Suppose Ly = / (en] j 2 dz
@ z
Now substitute 1 4+ z = ef, then we have
en[1+b] = (4 n[1+b]
Ly = / tceft(dfl)(l —e HTddt = Z ( ?T / teetdtr=1)q¢,
In[l4a] r—0 r In[l+al
Further put ¢(d +r — 1) = z, we get
oo (d)7 /(d+r—1)Zn[l+b] B
L; = _ e *zdx
,Z:O rHd+7r =DM Jigrr—1)em1+q)
B o (d)r (d+r—1)¢n[1+D] e (d4+r—1)¢n[l+a] e
L7—Tzz:om o e .’Edl’—o e Yxdx p .
Now using the definition of incomplete Gamma function, we obtain
L7 = iL{v(c—kl (d+7—1)n[1+0b]) —v(c+1,(d+r—1)n[l+a])}.
e ri(d+r —1)ct! ’ ’

Now expressing incomplete Gamma in terms of hypergeometric notation (|1.1)), we get the right hand
side of equation (7.1)) which is always convergent, in view of convergence conditions of hypergeometric
function ,F,(z) when p = ¢ then |z| < .

8. Concluding remarks and Future scope

In this paper we have obtained some results involving hypergeometric functions and harmonic sums. We
conclude our present investigation by observing that several other theorems of the similar types integrals
related with other mathematical functions, different from the following integrals, are obtained in an
analogous manner:

/b (n[1 4+ Z])cdz;

/b (nfl—z), 1 /b (tnl +2])° )

~d (—1)d+1

1 0
/ 2™ (n[l — 2])*(Un[l + 2])dz = (—1)"’/ 2™ (nfl + 2])*(n[l — 2])'dz

0 —1
and generalized Nielsen integrals with special cases.
Moreover the results derived in this paper are quite significant and are expected to be beneficial for
the researchers in the field of applied mathematics, mathematical sciences and other branches of science
and engineering. The interested readers and researchers can consult an appendix (Section 7 on Mellin
Transforms) of the beautiful paper by ”Bliimlein and Kurth” [4, pp.27-39] for the Mellin integrals, which
are different from the present paper.
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