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Abstract

Motivated from the fixed point hypothesis, we demonstrate the pres-
ence and uniqueness for coupled coincidence type point including a con-
tractive condition for a map in partially metric utilizing mixed g-monotone.
A model is likewise outfitted to exhibit the legitimacy of the speculations
of our outcomes.
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1 Introduction

A different idea of generalized metric space perceived as partial metric space
offered by Matthews [6]. Many authors had given imperative results on such
type of spaces [8, 9, 10].

Bhaskar and Lakshmikantam [2] established coupled fixed point and demon-
strated certain coupled fixed point results for maps which gratify the property
of mixed monotone. Also, present applications for periodic boundary value
problem. Authors have extended numerous outcomes on coupled fixed point
hypotheses on metric spaces, e.g., in [1, 2, 3, 4, 5, 7, 11].

We foremost verify the presence of coupled coincidence points. Then, we
demonstrate uniqueness of coupled coincidence point results for a map having
the property of mixed g-monotone in partial metric spaces. At the end we
support the result by giving an example.
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The view of partial metric spaces given by Matthews [6].
Definition 2.1. [6] Presuppose Z be a null set. A partial metric on Z defines
as a function p: Z x Z — R, for every s,t,z € Z:

(1) s=t <= p(s,s)=p(s,t) =p(t1)
(2) p(s,8) <p(s,t),

(3) p(s,t) =p(t,s)

(4) p(s,t) <p(s,t) +p(z,t) — p(z,2)

A pair (Z,p) known as partial metric space, and p is partial metric on Z where,
Z is a null set.
If p is a partial metric on Z, the function p” : Z x Z — R, defined as

p'(s,t) = 2 p(s,t) —p(s,s) — p(t, 1)

is a metric on Z.

The prevailing definitions given by [2].

Definition 2.2. [2] A point (s,v) € Z x Z for amap T : Z x Z — Z possesses
T(s,v) = s,T(v,s) = h then it is known as coupled fixed point.

Definition 2.3. [4] Assume (S, <) is partially ordered set, let two mappings
F:5x8 — Sand g: S — S. Then F possesses property of the mixed
g-monotone if F(s,w) is g-non-decreasing in its starting element and is g-non-
increasing in its next element, for s,w € S

81,82 € 5,981 < gsa = F(s1,w) < F(s2,w)

<
> F(s,ws).

wy,wg € S, guwy < gwe = F(s,wq)

2 Main Theorem

Theorem 2.1. Presuppose (Z,<,p) be a complete partially ordered set. Pre-
suppose mappings T : Z X Z — Z and g : Z — Z possesses property of
mized g-monotone. Presuppose T(Z x Z) C g(Z) and for any so,vo € Z with
gso < T(so,v0) and gvg > T (vo, So)

p(T(s,v), T(u, 2)) < p(gs, gu) — ¥(p(gv, g2))
+ L min{p(gs, T(s,v)), p(gu, T (u, 2)), (2.1)
p(gu, T(s,v)),p(gs, T(u,2))}

for every s,u,v,z € Z with gs > gu, gv < gz, and L > 0. Here) : [0,00)— [0,00)
is a map which is non-decreasing, continuous and non-negative in (0,00), ¥ (0)
= 0 and lim;_,, ¥ (t) = co. Presuppose either Z has the subsequent properties
or T is continuous.

1. If a decreasing sequence {vy,} — Z, therefore gu,, > v for every m.

2. If an increasing sequence {s,,} — Z, therefore gs,, < s for every m.
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Then T and g possesses coupled coincidence point.
Proof. Presuppose sg,vg € Z such that gsg < T'(sp,v0) and gvg > T(vg, So)-
Since T(Z x Z) C g(Z), select s1,v1 € Z thus gs; = T(so,v9) and gv; =
T(’U(),Zo).

Again, take s9,v5 € Z such that gss = T(s1,v1) and gve = T'(v1,81). As
T possesses the property of mixed g- monotone, we have gsg < gs; < gss and

guz < guy < gug. Persistent the same procedure, we can create {z,,} and {v,,}
in Z such that

95m = T(Sm-1,Vm-1) < gSm41 = T(Sm,Vm)
and
gUm+1 = T(Umy Sm) S gUm = T(Um—lv Sm—l)-

If, for some integer m, we have (¢Sm+1, 9Vm+1) = (9Sm, gum), then T(sp,, vy) =
98m and T'(vp,, $m) = gum,thus T and g has a coincidence point (S, U ).

We presume that (¢Sm+1, 9Vm+1) 7# (9Sm, gum) for all m € N, that is, we assume
that either gs;,4+1 # gSm Or gUm41 # GUm. we have,

P(g8m+1,98m) = p(T(8msvm), T(Sm—1, Vm—1))
< p(95m, 9sm—1) — Y(P(9VUm, gUm—1))
+ L min{p(gsm, T (Sm,Vm))s P(g8m—1,T (Sm—1, Vm—1)),
P(98ms T(g8m—1,Vm—1))s P(98m—1, T (Sm, vm)) }
= p(98m: 9Sm—1) — Y(P(9Vm; GUm—1))

(2.2)
similarly,
P(9Vm+1, 90m) < P(GUm, GUm—1) — Y (P(9Sm, 9Sm—1)) (2.3)
Let 0m = p(gSm+1,95m) + D(9Vm+1, gvm)-
Add (2) and (3), we have
O < 1 — P (6m—1) (2.4)

If 3m; € N* s.t. p(gsm1vgsm1fl> = Oﬂp(gvmlvgvnnfl) = 0, then gs;,, -1 =
9Smy = T(g8my—1,90my—1); GVmy —1 = GVm, = T(gUm,, gSm,—1) and T" has cou-
pled coincidence point and the evidence is done. In other case p(gSm+1, 9Sm) #
0; p(gVm+1,9vm) # 0 for every m € N. At that point utilizing presumption on

P, we get
5m < 5m—1 - w(dm—l) < 6m—1 (25)
Om 1s a positive sequence and possesses a limit 6*. Take limit m — oo, we have

283 Richa Sharma 281-289



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

Thus ¥(6*) = 0, utilizing supposition on v , we accomplished §* = 0, ie.
limy, 500 (0) = 0

lim p(Serh Sm) +p('Um+17Um) =0

m— o0

= n}i_{noop(sm—i-ly Sm) = n}i_r}loop(vm-i-hvm) =0 (26)

We will show that {gs;}, {gvm} are Cauchy groupings in Z. Assume that in
any event one {gs,,} or {gv,,} be not a Cauchy sequence. At that point there
exists € > 0 and two subsequence mj > ng > k such that

T = p(gsnbkagsnk) +p(gvmk,911nk) Z €, (27)
V k =1,2,3,.... Further, relating to ng, select my such that it is smallest
integer my > ny > k gratify (2.7), we have
P(gSmus 9Sni) + P(GVmy, gun,) < €. (2.8)
Using triangle inequality and (2.7) and (2.8), we get

S p(gsmk7gsnk) +p(gvmk’gvnk)
< PG9S, 9Sn—1,) + P(9Sn—1,: 9Sn,.) + P(Vns GUn—1, ), P(GVn—1, > GUn,,)
<€+ 0m,_,
Let k — oo and taking equation (2.6), we have lim,, 00 1 = € > 0.
Now, we get
p(gsmk+1vgsnk+1) = p(T(gsmkagUmk)v T(gsnk’gvnk))
< p(gSmys 95ni) — Y(P(gUmy, gUn,) + L min{p(gsmy, T(gSmys GUmy,))s P(98ns, T(98ns s GUn,)),
P(ankvT(gsnkvQ'Unk))vp(gsmwT(Qsmmgvmk))}
S p(gS”Lk?gSnk) - w(p(gvmk7gvnk)'

(2.9)
Similarly,
P(9Vmssr GVnir) < P(GUmy» GUny) — P(D(gSmys GSny,)- (2.10)
Using (2.9) and (2.10), we get
Trt1 < 1 — Y(rg) (2.11)
VEkel,23,...take k — oo in equation (11).
€= klirgo Trp1 < klirgo[rk —Y(ry)] <e. (2.12)

a contraction. Thus {gs,,} and {gv.,,} are Cauchy sequence.

Using lemma, {gs,,} and {gv,,} are Cauchy sequence in (Z,p). As, (Z,p) is
complete, thus (Z,p?) is complete, so 3 s,v € Z

limy,, s 00 pt (gsma 5) = limy, 00 pt (’Uma U) =0

By lemma, we get
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p(8,8) = limy .00 P(95m, 8) = liMm 00 P(9Sm, 9Sm)
p(Uy U) = limy, 00 p(gUm, U) = limy, o0 p(gvm, gvm)
By condition and equation we get lim,, oo P(gSm, gSm) = 0.
Thus follows as p(u, w) = lim,—eo P(gSm, ©) = liMy,—00 P(gSm, gSm) = 0, sim-
ﬂarly p(’U, ’U) = lim, 00 p(gvn% ’U) = limy, 00 p(gvma gvm) =0
We now prove thatT'(s,v) = s,T(v, s) = v.

Casel: As Z is a complete, Is,v € Z
lim;;, 00 Sm = 8, limy, 0 v = v we prove that (s,v) is coupled coincidence point
of T and g.

s= lim gspy1 = lm T(spm,vm) =T( im s, lim v,)
n—oo m—r 00

v= lim gupy1 = lim T(vy,sn) =T( im v,, lim s,;,) '
m—oo m—oo m—ro0 m— o0
As g is continuous, we attain
lim g(gsm)=gs, lm g(gv,) = gv. (2.14)

m—r oo m—r oo

Commutativity of T and g gives

g(gsm+1) = g(T(Smavm)) = T(gsmagvm)

g(gvm"rl) = g(T(Uma Sm)) = T(g?}m’ gsm). (215)

By continuity of T, {g(gsm+1)} is converges to T'(s,v) and {g(gvm,+1)} converges
to T'(v, z). From uniqueness of the limit and (2.14), we accomplish T'(s,v) = gs
and T'(v, s) = gv, consequently, T and g possesses a coupled incident point.
Case2: Presuppose that the condition (a) and (b) of the result holds.

The sequence {gsm} — s, {gum} — v

p(T'(s,v),95) < p(T'(s,v),9Sm+1) + P(gSm+1,95)

= p(T(S, U)a T(Sm7 vm)) +p(gsm+17 gS)

< p(9s,95m) — ¥(p(gv, gvm))

+L min{p(g&T(saU))ap(gsmaT(57mvm))ap(95mvT(s>U))vp(gsaT(vavm))} +p(g$m+1795)
Letting m— oo, we have p(T'(s,v),s) <0

Thus T'(s,v) = s, correspondingly, in similar way we can prove that T'(v, s) =
. O

Theorem 2.2. Presuppose the assumptions of Theorem 3.1 hold. Presuppose
there exists z € Z which is comparable to s and v for every s,v € Z. Thus T
and g possesses only one coupled coincidence point.

Proof. Succeeding the proof of Theorem 3.1, the arrangement of coupled coin-
cidence points of T" and g is non-empty. We will prove that coupled coincidence
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points are (s,v) and ($,9), then

then
gs = gé and gv = g9. (2.16)

Select (d, z) € Z x Z comparable with both.

Let dy = d,zp = z and choose dy,z1 € Z so that gdi = T'(do,20) and
921 = T(20,dp).
Then, similarly to the evidence of Theorem 3.1, we can inductively define se-
quences {gd,,} and {gz,,} as follows

9dmi1 =T (dm, zm) and gzmi1 =T (zm, dm)-

Since (gs, gv) = (T(s,v),T(v,s)) and (T'(d, z),T(z,d)) = (gdi, gz1) are com-
parable, then gs < gd; and gv > gz;. It is easy to prove using the mathematical
induction,

95 < gdy gv > gzm Ym €N

Now, from the contractive condition (1)

p(98; 98m+1) = p(T(5,0), T(Sm, vm))
< p(gs, 95m) — Y (p(gv, gum))
+ L min{p(9s,T(s,0)), 2(gSms T (Sm,Vm)); P(gSm, T(8,v)),p(g8, T(Sm,m))}

< p(gs, 95m) — ¥(p(gv, gum))
(2.17)

Similarly

(90, gm+1) = p(gv, gum) — V(P(95, 95m)) (2.18)

Adding (2.17) and (2.18), we get

(95, 95m+1) + p(90, gUm11) < p(95, 95m) + P(gv, gvm) — [ (p(gv, gum)) + L (P(95, 95m))]

(2.19)
This implies
p(95, 98m+1) + P(9v, gUmi1) < p(g$, gsm) + p(gv, gum) (2.20)
Thus, the sequence is non-increasing. hence, there exist a > 0.
Jim  p(gs, gsm) +p(gv, gvm) = @ (2:21)
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We shall prove that @ = 0. Presuppose in contrary, a > 0. Take m — oo in
equation (2.21), we have

asa—yla)<a (2.22)
a contradiction. Therefore, a = 0, that is
lim_p(gs, gsm) + p(gv, gvm) = 0.
It implies

lim p(gs,gsm) = lim p(gv, gu,) = 0.

m—r o0 m—o0

Similarly, we can prove

lim p(gé, gsm) = n%i_{noop(gﬁ,gvm) =0.

m— o0
From last equalities, we have gs = ¢g$ and gv = gv. O

Example 2.3. Presume Z = [0,1] with usual partial metric p defined as p :
Z x Z — [0,1] with p(s,v) = maz(s,v). The (Z,p) is complete partial metric
space for any s,v € Z.

p(s,v) = |s — vl
Thus (Z,p?) is complete Euclidean metric space.
Presume the mapping T : Z x Z — Z given as T(s,v) = £

Take 1) : [0,00) — [0, 00) such that ¢(t) =

As, T has the property of mixed g-monotone property and is continuous.
Now, we discuss the following possibilities for (s, v) and (u, z) with gs < gu, gv >
gz

Case 1- If (s,v) = (u, z) = (0,0)
Then clearly p(T'(s,v),T(u,z)) =0
Thus (1) holds.

Case 2- If (s,v) = (u, z) = (1,0)
Then LHS of (1)
— p(T(5,0), T(u,2)) = p(T(1,0), T(1,0)) = p(3, 1) =
which is less than RHS of (1)
Thus (1) holds.

Case 3- If (s,v) = (u, 2) = (1,1)
Thus (1) holds.

Case 4- If (s,v) = (1,0); (u, z) = (0,0)
Thus (1) holds.

Caseb- If (s,v) = (1,0); (u,2) = (1,1)
Thus (1) holds.

N

Therefore, all the properties of Theorem 3.1 are gratified.
Also, g and T possesses unique coupled coincidence point as (0, 0).
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Conclusions

As introduced toward the start of this work, Bhaskar and Laksmikantham,
stretch out this hypothesis to partially ordered metric spaces and present the
idea of coupled fixed point for mixed-monotone map.

Acquiring results as concerns the presence and the uniqueness of certain
coupled coincidence point hypotheses for a map possesses the property of mixed
g-monotone in partial metric spaces.

Acknowledgement

The authors express their sincere thanks to the reviewers and editors for their
valuable comments and suggestions.

References

[1] Aydi H (2011) Some coupled fixed point results on partial metric spaces.
International Journal of Mathematical Sciences, Article ID 647091.

[2] Bhaskar T G, Lakshmikantham V (2006) Fixed point theorems in partially
ordered metric spaces and applications. Nonlinear Analysis: Theory, Meth-
ods and Apllications, 65(7:1379-1393.

[3] Chouhan V S, Sharma R (2017) Coupled fixed point theorems involving ra-
tional expressions in partially ordered cone metric spaces. Communications
in Optimization Theory, 2017:1-15.

[4] Ciric L, Lakshmikantham V (2009) Coupled fixed point theorems for non-
linear contractions in partially ordered metric spaces. Nonlinear Analysis:
Theory, Methods and Applications, 70(12):4341-4349.

[5] Ciric L, Olatinwo M O, Gopal D, Akinbo G (2012) Coupled fixed point the-
orems for mappings satisfing a contractions of rational type on a partially
ordered metric space. Advances in Fixed Point Theory, 2(1):1-8.

[6] Matthews S G (1994) Partial metric topology. Proc 8th summer conference
on general topology and application, in Annals of the New York Academy
of Sciences, 728:183-197.

[7] Nabil T (2021) Applying hybrid coupled fixed point theory to the nonlin-
ear hybrid system of second order differential equations. J. Computational
Analysis and Applications, 29(3):494-504.

[8] Nazam M, Arshad M, Park C, Yun S (2019) Fixed points of Ciric type
ordered F-contractions on partial metric spaces. J. Computational Analysis
and Applications, 26(8):1459-1470.

288 Richa Sharma 281-289



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.2, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

[9] O’Neill S J (1995) Two topologies are better than one. Tech. Rep., Univer-
sity of Warwick, Coventry, UK.

[10] O’Neill S J (1996) Partial metrics, valuations and domain theory. Proc 11th
summer conference on general topology and application, in Annals of the
New York Academy of Sciences, 806: 304-315.

[11] Sharma R, Chouhan V S, Mishra S (2019) Coupled fixed point theorems
for rational contractions in partially ordered cone metric spaces. AIP Con-
ference Proceedings 2095, 030022, doi.org/10.1063/1.5097533.

289 Richa Sharma 281-289



