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Using generalized Canavati fractional left and right vectorial Tay-
lor formulae we prove corresponding left and right fractional Hilbert-
Pachpatte type inequalities for Banach algebra valued functions. We cover
also the sequential fractional case. We finish with applications.
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1 Introduction

Motivation follows:
‘We need

Definition 1 (see [5]) A definition of the Hausdorff measure h,, goes as follows:
if (T,d) is a metric space, A C T and 6 > 0, let A(A,0) be the set of all
arbitrary collections (C'); of subsets of T', such that A C U;C; and diam (C;) < 6
(diam =diameter) for every i. Now, for every a > 0 define

hS (A) := inf {Z (diamCy)™ | (Cy), € A(A,6)}. (1)

Then there exists %in(l)hi (A) = suph? (A), and hy (A) := %in(l)hi (A) gives an
- 6>0 -

outer measure on the power set P (T), which is countably additive on the o-field

66 Anastassiou 66-77



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

of all Borel subsets of T. If T = R"™, then the Hausdorff measure h,,, restricted
to the o-field of the Borel subsets of R™, equals the Lebesgue measure on R™ up
to a constant multiple. In particular, hy (C) = u (C) for every Borel set C C R,
where p is the Lebesque measure.

We also need

Definition 2 (/2/, Ch. 1) Let [a,b] C R, X be a Banach space, v > 0; n :=
[v] € N, [-] is the ceiling of the number, f : [a,b] — X. We assume that
f™ € Ly ([a,b],X). We call the Caputo-Bochner left fractional derivative of
order v:

Y ()= L : z— )" ) z € [a
(DY, f) (x) )/< DT (), Ve ot (2)

F'n—v) J,
If v e N, we set DY, f := f®) the ordinary X -valued derivative, and also set
DY, f := f. Here T is the gamma function and integrals are of Bochner type [3].

y [2], Ch. 1, (DY, f) (x) exists almost everywhere in x € [a,b] and DY, f €
Ly ([a’a b] 7X)

If ||f(n)HLoo([a,b],X) < o0, then by [2], Ch. 1, DY, f € C ([a,b], X).

We are motivated by a Hilbert-Pachpatte left fractional inequality:
Theorem 3 (/2/, Ch. 1) Let p,q > 1: %—i—% =1, and v > %, vy > %,
n; = [v;], i = 1,2. Here [a;,b;] C R, i = 1,2; X is a Banach space. Let
fi c C’M*l ([az,bl] ,X), 1= 1,2 Set

ni—1 (25 — t,)jw' ,
Fy (t) =Y g—_,’fﬁ” (t:) (3)
3i=0 v

Y t; € [a;,x;], where z; € [a;,b;]; i = 1,2. Assume that fi(ni) exists outside a
p-null Borel set By, C [a;, 2;], such that

hi (Fy, (By;)) =0, V@i € [a;,b;]; i=1,2. (4)
We also assume that fi(m) € L ([as, bi] , X), and

@) =0, k=010 —1; i=1,2, (5)
and
(D% f) € Ly ([a1,b1], X)), (D2, f2) € Ly ([az, bo] , X) . (6)
Then -
e ILf1 (@)l [ f2 (w2) || dz1das
(1 —ayp)P(V1—D+1 (zo—ag)d2—D+1\ —
p(p(r1—1)+1) q(q(v2—1)+1) )
(b —a1) (b2 — 02)
T ()T () H *a1f1HL 1([a1,b1],X) HD*a2f2HL p(laz,b2],X) (7)
2
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‘We need

Definition 4 (/2/, Ch. 2) Let [a,b] C R, X be a Banach space, « > 0, m :=
[a]. We assume that f™ € Ly ([a,b],X), where f : [a,b] — X. We call the
Caputo-Bochner right fractional derivative of order a:

D™ meant vela
F(m_a)/mu el f ) (1 dJ, Y€ fab].  (8)

We observe that DY f (z) = (—=1)™ f™) (z), form € N, and DY_f (z) = f (z).

(D5-f) (@) =

By [2], Ch. 2, (Dy- f) (=) exists almost everywhere on [a,b] and (D§_f) €

Ly ([av b] 7X)

([ FO L (ax) < 00 and a ¢ N, then by [2], Ch. 2, Di_f € C([a,b], X),
hence || Dg_f|| € C ([a,b]).

We are motivated also by the following Hilbert-Pachpatte right fractional
inequality:

Theorem 5 (/2/, Ch. 2) Let p,q > 1 : %—l—% =1, and oy > %, Qg > %,
m; = [a;], i = 1,2. Here [a;,b;] C R, i = 1,2; X is a Banach space. Let

fi € C™i([as,bi], X), i =1,2. Set

F)= 3 @t oo, )

Y t; € [z;,b;], where x; € [a;,b;]; i = 1,2. Assume that fi(mi) exists outside a
p-null Borel set By, C [x;,b;], such that

hl (FIq (Brl)) = 0’ v T; € [aiabi} ; i = 132~ (10)
We also assume that f-(mi) € Ly ([as, 0], X), and

FE) (b)) =0, ki=0,1,...,,m;—1; i =1,2, (11)

K2

and
(Dy)_f1) € Ly ([a1,01], X) . (D52 fo) € Ly (a2, b2], X)) - (12)
Then

bt ILf1 (@) [[f2 (22) || dz1ds
(b1 zp)Ple1—D+1 (by—mq)2(@2— 1)+1> —=
p(p(a1—1)+1) q(q(a2—1)+1)

(bl - al) (b2 - &2 H
['(a1) T (a2)

Al o ([a1,b1],X) [r2rs f2HL (ann] ) (13)

In this work we derive Hilbert-Pachpatte inequalities for Banach algebra
valued functions with respect to their Canavati type generalized left and right
fractional derivatives. We cover also the sequential fractional case. We finish
with applications.
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2 Background on Vectorial generalized Canavati
fractional calculus

All in this section come from [2], pp. 109-115 and [1].

Let g : [a,b] — R be a strictly increasing function. such that g € C! ([a, b)),
and g=! € C"([g(a),g(d)]), n € N, (X,]-]]) is a Banach space. Let f €
C" ([a,b],X),and call | := fog=' :[g(a),g (b)] — X. Itis clear that [, ', ...,1("™)
are continuous functions from [g (a), g (b)] into f ([a,d]) C X.

Let v > 1 such that [v] = n, n € N as above, where [] is the integral part of
the number.

Clearly when 0 < v < 1, [v] = 0.

I) Let h € C([g(a),g(b)],X), we define the left Riemann-Liouville Bochner
fractional integral as

U0 ()= i [ =0 n (14)

Z0

for g (a) < 20 < z < g (b), where I is the gamma function; I (v) = [~ e 71"~ Ldt.

0
We set J;°h = h.
Let o := v—[v] (0 < o < 1). We define the subspace Cy, , ([g (a) , g (b)], X)
of C" (g (a), g (b)],X), where zq € [a,b] as:

Cilay) (19 (a) ;9 ()], X) =

{hec(lg@),g®)], %) eI € (g (@0),g )], X)}. (15)
Solet h € CY, ) ([g9(a),g(b)],X), we define the left g-generalized X-valued
fractional derivative of h of order v, of Canavati type, over [g (xq),g (b)] as

v — (9@ ()
DY b = (Jf,; Kl D) . (16)

Clearly, for h € Cy, | ([g(a),g(b)],X), there exists
1 d [~ _
’ _ d )
(Dian) 9= F—a7 5 / Lo @a )
for all g (zg) <z < g(b).
In particular, when fog~! € Cyzo) ([g (a),g (b)],X), we have that

(D3 (Fo07™) ()= f_adi (=0 (fog )" (ar, (18)

< ). We have that D;‘(%) (f ogfl) — (fog*l)(”) and

for all g (zg) < 2 < g(b
DYy (fog™") = fog™" see[1].
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By [1], we have for fo gt € €, ([g(a),g(b)],X), where @ € [a,0]
the following left generalized g-fractional, of Canavati type,X-valued Taylor’s
formula:

Theorem 6 Let fog™! e C¥
(i) If v > 1, then

o) ([9(a), g (b)], X), where zg € [a,b] is fived.

M1 e oo (0 (e
) - fla)= 3 28 )k' @) o) +
k=1
1 g(x) vt (s )
m /g(zo) (9(z)—1) (Dg(xo) (fog )) (t) dt, (19)

for all xg <z <b.
(i) If 0 < v < 1, we get

g(z)
F@ =55 | 0@ =07 (D (Fog™)) a0

for all xg < x <b.

IT) Let h € C ([g (a) , g (b)] , X), we define the right Riemann-Liouville Bochner
fractional integral as

(J2-h) (2) = ﬁ / (t—2)"""h(t)dt, (21)

for g (a) <z <2z <g(b). Weset J) _h=h.
Leta:=v-[r] (0 < a<1). WedeﬁnethesubspaceC(x )— (lg(a), g ()], X)

of C"/([g (a) g (b)], X), where zg € [a,b] as:
Cg(ffo)— (lg(a),g(b)],X) =

{hec(lg(),g®)], X): 1152 D € C (g (a) g (w0)], )} . (22)

Solet h € Cy .\ (lg(a),g(b)],X), we define the right g-generalized X-
valued fractional derivative of h of order v, of Canavati type, over [g (a), g (x0)]
as

!
v . 11—« v
DYy = (~1)"" (Jg( ol D) . (23)

Clearly, for h € Cy(, ) (lg(a), g (b)], X), there exists

Lyt peteo)
( Z(l‘o)—h) (2) = ls(ll)_a)jz/ (t—2)"" a7 (@) at, (24)

for all g(a) <z <g(xg) <g(b).
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In particular, when fog~! e Cyzo)— (l9(a) g (b)], X), we have that

_1\n1 g(xo)
(Phan- oo™ = rigyas [ €97 Gea ™)™ @
Z (25)
for all g (a) < z < g (o) < g (b).
We get that
(D;L(fvo)* (fo 9_1)) (z) = (1" (fog )" (2) (26)

and (D0, (Fog™)) (2) = (Fog™) (2). all 2 € [g(a) g (). see [1].

By [1], we have for fog™! € Chizo)— (19 (a) g (0)], X), where z € [a,b] is
fixed, the following right generalized g-fractional, of Canavati type, X-valued
Taylor’s formula:

Theorem 7 Let fog™! e C? ([g(a),g(b)],X), where xo € [a,b] is fived.

(i) If v> 1, then ool
N I N o
Fa) - Flag) = Y U0 )M 66O ) g o)
k=1
1 g(xo) . ) B
I'(v) /g@) (t=g()) 1( owo)— (fo9g ))(t)dt, (27)

for all a < x < xy,
(i) If 0 < v < 1, we get

1 g(zo) b1 , B
F@ =gy [ 0@ (D (eg ™)) G 03

all a < x < xg.
III) Denote by

We mention the following modified and generalized left X -valued fractional Tay-
lor’s formula of Canavati type:
Theorem 8 Let f € C* ([a,b],X), g € C'([a,b]), strictly increasing: g~ €

O (g (@).g ). Assume that (Di,. (Fog™)) € 2, (g(a).g(B)].X).
0<v<l, x€lab], fori=0,1,....,m. Then

O (T

9(x)
G L 0@ = (D (rog ) ()

(zo)
(30)
all zg < x <b.
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IV) Denote by

D;TE‘,I;O)_ = DZ(-TU)_DZ("IJO)_.“DZ(‘TO)_ (’ITL times), m & N. (31)

We mention the following modified and generalized right X-valued fractional
Taylor’s formula of Canavati type:

Theorem 9 Let f € C' ([a,b],X), g € C*([a,b]), strictly increasing: g~ €

O (19 (@) (). Assume that (D, (fog™)) € C2) (g (a).g (). ).
0<v<l, xz€[a,b], for alli=0,1,....,m. Then

9(xo)
f(z) = w /q(w) (2 — g (x) Tt (Dé?;ﬁ)lly (fo g_l)> (2)dz,
| (32)

alla <x<zo<h.

3 Banach Algebras background

All here come from [4].
‘We need

Definition 10 (/4], p. 245) A complex algebra is a vector space A over the
complez filed C in which a multiplication is defined that satisfies

z (yz) = (zy) 2, (33)
(x+y)z=2z4yz, z(y+2)=zy+xz, (34)

and
a(zy) = (ax)y =z (ay), (35)

for all x,y and z in A and for all scalars a.
Additionally if A is a Banach space with respect to a norm that satisfies the
multiplicative inequality

leyll < llzll lyll (z €A, yeA) (36)
and if A contains a unit element e such that
re=er=z (z€A) (37)

and

lell =1, (38)

then A is called a Banach algebra.
A is commutative iff xy = yx for all z,y € A.
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‘We make

Remark 11 Commutativity of A will be explicited stated when needed.

There exists at most one e € A that satisfies (37).

Inequality (36) makes multiplication to be continuous, more precisely left and
right continuous, see [4], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is some-
thing more general and it is defined abstractly, that is for x,y € A we have
xy € A, e.g. composition or convolution, etc.

For nice examples about Banach algebras see [1], p. 247-248, § 10.3.

We also make

Remark 12 Next we mention about integration of A-valued functions, see [4],
p. 259, § 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some
compact Hausdorff space Q on which a complex Borel measure p is defined, then
[ fdp exists and has all the properties that were discussed in Chapter 3 of [4],
simply because A is a Banach space. However, an additional property can be
added to these, namely: If x € A, then

/fdu / ) du(p) (39)
fdu)z= [ f(p)z du(p). (40)
(7)==

The Bochner integrals we will involve in our article follow (39) and (40). Also,
let f € C([a,b],X), where [a,b] CR, (X,||]]) is a Banach space. By [2], p. 3,
f s Bochner integrable.

and

4 Main Results

We start with a left generalized Canavati fractional Hilbert-Pachpatte type in-
equality over a Banach algebra.

Theorem 13 Let p,q > 1, such that % + % =1, and (A,|]|) is a Banach
algebra; and i = 1,2. Let also xo; € [a;, b)) C R, v; > 1, n; = [v4], fi €
C™i ([a;,bi], A); gi € Ct ([as, b;]), strictly increasing, such that gi_1 e C™ (g; (a;),9: (b)]),
with (fiogi_l)(ki) (9i(z0;)) = 0, ki = 0,1,...,n; — 1. Assume further that

fiogit € Gy (l9i (@) gi (bi)], A). Then

/ 1(b1) /(12(52) H fiogy ) (Zl) (f2 oggl) (ZQ)H dz1dza
g g2

(z21—g1 (z01))P 1 —D+? + (22*92(102))(1("2_1)“) -
p(p(v1—1)+1) q(q(v2—1)+1)

1(zo1) (zo02)
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(91 (b1) — g1 ﬁﬁg%?— g2 (z02) (41)
1750

Lqy([g1(z01),91(b1)] HH g2(z02

Proof. By (19) and assumptions we get that
1 zi .
-1 o il Vi ) -1 . .
(fi297) () = 53 /q ot (DY oy (Fr097)) () dti, (42)
for all g; (zo;) < z; < g (bi); 1 =1,2

Ly ([92(02),g2(b2)],A)

By Holder’s inequality we obtain

HumgﬂwmurénllmwlhV”H@&mﬂﬁwfﬂwwﬁﬁ

; - 21 — ¢, )Pr1=D)
F(l/l) (L - ( 1 tl) dtl)

3 =

1(zo1)

Q=

([ @ roa) o] )

Py —1)+1 !
ey (R ) o)
That is

(43)

p(ri—1)+1
1 I (z1i—gi(zon) 7
H(fl %G )(21)|| < T (1) -

(p(vi — 1)+ 1)7

) D91 (zo1) (f1091 ) (t1) thl Ea (44)
(0 )l )

for all g1 (z01) < 21 < g1 (b1)
Similarly, we prove that
1 (g (we) T
-1 22 — 92 (To2 1
<
H (f2 © 92 ) (ZQ)H =T (v2)

(q(vs— 1)+ 1)7

1
Z2 v » » >
‘(D!]z(woz) (f2 © 92 )) (tQ)H dto
g2(z02)
for all g3 (zg2) < 22 < go (b2)

Therefore we have

; (45)

p(r1—1)+1
_ 1 (z1— g1 (zn v
fiogit) (z1)] < ;
[reor) G P -1 +1)r
9
74
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H H (D;;ll(‘rm) (fl ° gfl)) ’ ¢.[91(201),91(b1)] | (46)
for all gy (zo1) < 21 < g1 (b1);
and a(vg 141
[(faog5) ()] < T 5/2) (22 ~ g2 (w02)) q;
(q(r2—1)+ 1)«
H H( 92(@o2) f2 °92 ))‘ p.lg2(w02),92(b2)] 47

for all go (z02) < 22 < g2 (ba).
Hence we get that

1(fog) ||| (20 027) (22)] < !

T ()T (ve) (p(v1 — 1)+ 1)¥ (q(va— 1) +1)7

p(ri—1H+1 q(vp—1)+1

(5191 (@) 7 (22— o (w02)) (48)

DU o1 ‘ HH PZ o -1 ‘
HH( g1(zo1) (fl 91 )) a[91 (01),91 (b1)] ( g2 (202) (f2 92 )) plga(z02).ga(ba)]
(using Young’s inequality for a,b > 0, arbi < % + Z)

1 (21— g1 (o))" D! + (22 — g2 (w02)) "2~ V!
L (v1)T (v2) p(p(v1 —1)+1) @z —1) +1)

DVt oo} HH D2 o a1 7

HH( o) (fl . )) Lq([g1(z01),91(b1)],A) ( 92(w02) (f2 92 )> Lp([92(z02),92(b2)],A)

V (21, 22) € [91 (zo1) g1 (b1)] X [g2 (z02) ; g2 (b2)] -
So far we have

||(f1 o 91_1) (z1) (f2 092_1) (ZQ)H

((21791@01))17(”1—1)4—1 + (22*92(Z02))q(yz_1)+1) — (50)
p(p(v1—1)+1) q(q(v2—1)+1)
[(fiogr") )| |(fae92) (22)] (51)

((21*!]1(9001))17(”171)4rl + (Z2*92(9002))Q(V271)+1) o
p(p(r1—1)+1) a(g(v2—1)+1)

1 . B
aomeeal ICATGEER)] |

HH( nateon) (f2002 ) Ly ([92(w02),92 (b2)],A) |

V (21, 22) € [g1 (zo1) , g1 (b1)] X [92 (z02) , g2 (b2)] -

The denominators in (50), (51) can be zero only when both z; = ¢1 (zo1)
and 22 = g2 (1’02) .

Therefore we obtain (41), by integrating (50), (51) over [g1 (zo1), g1 (b1)] X
[92 (202) , g2 (b2)] . m

We continue with a right generalized Canavati fractional Hilbert-Pachpatte
type inequality over a Banach algebra.

Lq([g1(z01),91(b1)],A)

10
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Theorem 14 All as in Theorem 13, however now it is fiog; * € Cg”:(mm)i (lgi (ai) , gi (b))], A),
fori=1,2. Then

/91(:7001) /92(!7002) || (fio 91_1) (21) (fo 0 92_1) (zg)H dz1dzo
g g

x —z)P(rv1—1)+1 T —z5)a(v2—1)+1 —
o) S (WS o Pl )
(91 (w01) — g1 (a1)) (g2 (wo2) — g2 (a2)) (52)
(vy)T (v2)
° o g5t H‘ .
HH g1(zo1) ~(frogn ‘H Lq([91(a1),91 (zo1)],A) HH g2 (r02) (f209:7) Ly ([92(a2),92(z02)],A)

Proof. Similar to Theorem 13, by using now (27). m
Next comes a sequential left generalized Canavati fractional Hilbert-Pachpatte
type inequality over a Banach algebra.

Theorem 15 Let p,q > 1, such that 1 [11 =1, and (A, |]) is @ Banach
algebra; and i = 1,2. Let also f; € C{)([a“ b;],A); g € C* ([az, bi]), strictly
increasing, such that g; * € C* ([gi (a;), i (b;)]). Assume that m <v; <1,

zoi € [ai,bi], and DI (fiogit) € Cui (93 (ai) ,9i (b)), A), for ji =
0,1,....,m; € N. Then

/91(b1) / 2(b2) [(frogit) (z1) (f2095") (22)]| dz1dze
o —an p((m1+1)vy—1)+1 2o —ao(x q((ma+lva—1)+17\ —
g1(z01) Jg2(wo2) ( : zfﬁv(((fﬁl)ll)ul—nJrl) = q?35<253)+1>u2-1)+1) )

(91 (b1) = g1 (01)) (g2 (b2) — g2 (wo2))
['((m1+ 1) v1) T ((m2 + 1) va)

szrl)l/Q
Lq([91(x01),91(b1)],A) HH 92(w02) (£ 209z

(53)

(m1+1 v
HH g1(xo1) 091

p([92(w02),92(b2)], Ay

Proof. Using (30), as similar to Theorem 13 the proof is omitted. m
The right side analog of Theorem 15 follows:

Theorem 16 Let p,q > 1, such that £ + 1 = 1, and (A,|-||) is a Banach
algebra; and i = 1,2. Let also f; € CF([aZ, ],A) gi € C* ([az, i]), strictly
increasing, such that g;'* € C* ([g; (a;),gi (b;)]). Assume that m <y <

1, zo; € lai,b;], and DZ;?;O . (fiog;1> c C;”(IO )— ([gi (as) ,9: (b;)], A), for
ji=0,1,....m; € N. Then

/01 (zo01) / 2(z02) ||(f1 IS gl_l) (z1) (fg og2_1) || dz1dzy
g g

1(a1) (91 z01)—z)P M1ty — D+ (92(wo2) —2p)9(tm2F1va— 1)+1) B

2(az)

p(p((m1+1)r1—1)+1) fI(Q((m2+1)V2 1)+1)

(91 (z01) — g1 (a1)) (92 (z02) — g2 (a2))
['((m1+1)v1) T ((m2 +1)va)

e )|
Lo([91(a1),91 (z01)], A) HH satens) (J2992

(54)

(m1+1 v -1
HH g1(wo1)— 091 )

Lp(lg2(a2),92(x02)],4)

Proof. Using (32), as similar to Theorem 13 is omitted. m

11
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5 Applications
We give

Corollary 17 (to Theorem 13) All as in Theorem 13 for g; (t) = €', i = 1,2.
Then

/ / [|(f1 0log) (21) (f2 olog) (22)|| dz1dza

(21— emm)p(lq 1)+1 (22781'02)(1(1‘271)4’1 —
p(v1—1)+1) a(a(r2—1)+1)

(ebl — 61601) (€b2 — 63302)
I'(v1)T (v2)
11D2r (1 0108)ll, (fonos,1,) 11D2202 (F2 0 108l (fonos 2], )

(55)

We finish with

Corollary 18 (to Theorem 15) All as in Theorem 15 for [a1,b1] C R, [a2,bs] C
(0,00), and g1 (t) = €' and go (t) = logt. Then

/ /bg(b? [(f1 olog) (21) (f2 0 €') (22) dz1d2s
eo1 JI

Zl_ew01)P((ml+1)V1*1)+1 (22—10g(m02))'I((m2+1)V271)+1 —
P DI T a(a((mat Do 141

og(zo2)

(e’ — e0) log (ba/x02)
I((m1+1)v1) I ((ma + 1) v2)

m2+1)l/2 t
log(a:og)

(56)

ot

eo1 eb1], L, ([log(o2) log(b2)],A)
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