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Abstract
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Pachpatte type inequalities for Banach algebra valued functions. We cover
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1 Introduction

Motivation follows:
We need

De�nition 1 (see [5]) A de�nition of the Hausdor¤ measure h� goes as follows:
if (T; d) is a metric space, A � T and � > 0, let � (A; �) be the set of all
arbitrary collections (C)i of subsets of T , such that A � [iCi and diam (Ci) � �
(diam =diameter) for every i. Now, for every � > 0 de�ne

h�� (A) := inf
nX

(diamCi)
� j (Ci)i 2 � (A; �)

o
: (1)

Then there exists lim
�!0

h�� (A) = sup
�>0
h�� (A), and h� (A) := lim

�!0
h�� (A) gives an

outer measure on the power set P (T ), which is countably additive on the �-�eld
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of all Borel subsets of T . If T = Rn, then the Hausdor¤ measure hn, restricted
to the �-�eld of the Borel subsets of Rn, equals the Lebesgue measure on Rn up
to a constant multiple. In particular, h1 (C) = � (C) for every Borel set C � R,
where � is the Lebesgue measure.

We also need

De�nition 2 ([2], Ch. 1) Let [a; b] � R, X be a Banach space, � > 0; n :=
d�e 2 N, d�e is the ceiling of the number, f : [a; b] ! X. We assume that
f (n) 2 L1 ([a; b] ; X). We call the Caputo-Bochner left fractional derivative of
order �:

(D�
�af) (x) :=

1

� (n� �)

Z x

a

(x� t)n���1 f (n) (t) dt; 8 x 2 [a; b] : (2)

If � 2 N, we set D�
�af := f (�) the ordinary X-valued derivative, and also set

D0
�af := f: Here � is the gamma function and integrals are of Bochner type [3].

By [2], Ch. 1, (D�
�af) (x) exists almost everywhere in x 2 [a; b] and D�

�af 2
L1 ([a; b] ; X).
If


f (n)



L1([a;b];X)
<1, then by [2], Ch. 1, D�

�af 2 C ([a; b] ; X) :
We are motivated by a Hilbert-Pachpatte left fractional inequality:

Theorem 3 ([2], Ch. 1) Let p; q > 1 : 1
p +

1
q = 1, and �1 > 1

q , �2 >
1
p ,

ni := d�ie, i = 1; 2. Here [ai; bi] � R, i = 1; 2; X is a Banach space. Let
fi 2 Cni�1 ([ai; bi] ; X), i = 1; 2. Set

Fxi (ti) :=

ni�1X
ji=0

(xi � ti)ji

ji!
f
(ji)
i (ti) , (3)

8 ti 2 [ai; xi], where xi 2 [ai; bi]; i = 1; 2. Assume that f (ni)i exists outside a
�-null Borel set Bxi � [ai; xi], such that

h1 (Fxi (Bxi)) = 0, 8 xi 2 [ai; bi] ; i = 1; 2: (4)

We also assume that f (ni)i 2 L1 ([ai; bi] ; X), and

f
(ki)
i (ai) = 0, ki = 0; 1; :::; ni � 1; i = 1; 2; (5)

and �
D�1
�a1f1

�
2 Lq ([a1; b1] ; X) ;

�
D�2
�a2f2

�
2 Lp ([a2; b2] ; X) : (6)

Then Z b1

a1

Z b2

a2

kf1 (x1)k kf2 (x2)k dx1dx2�
(x1�a1)p(�1�1)+1
p(p(�1�1)+1) + (x2�a2)q(�2�1)+1

q(q(�2�1)+1)

� �
(b1 � a1) (b2 � a2)
� (�1) � (�2)



D�1
�a1f1




Lq([a1;b1];X)



D�2
�a2f2




Lp([a2;b2];X)

: (7)
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We need

De�nition 4 ([2], Ch. 2) Let [a; b] � R, X be a Banach space, � > 0, m :=

d�e. We assume that f (m) 2 L1 ([a; b] ; X), where f : [a; b] ! X. We call the
Caputo-Bochner right fractional derivative of order �:�

D�
b�f

�
(x) :=

(�1)m

� (m� �)

Z b

x

(J � x)m���1 f (m) (J) dJ; 8 x 2 [a; b] : (8)

We observe that Dm
b�f (x) = (�1)

m
f (m) (x) ; for m 2 N, and D0

b�f (x) = f (x) :

By [2], Ch. 2,
�
D�
b�f

�
(x) exists almost everywhere on [a; b] and

�
D�
b�f

�
2

L1 ([a; b] ; X).
If


f (m)



L1([a;b];X)
<1, and � =2 N; then by [2], Ch. 2,D�

b�f 2 C ([a; b] ; X) ;
hence



D�
b�f



 2 C ([a; b]) :
We are motivated also by the following Hilbert-Pachpatte right fractional

inequality:

Theorem 5 ([2], Ch. 2) Let p; q > 1 : 1
p +

1
q = 1, and �1 > 1

q , �2 >
1
p ,

mi := d�ie, i = 1; 2. Here [ai; bi] � R, i = 1; 2; X is a Banach space. Let
fi 2 Cmi�1 ([ai; bi] ; X), i = 1; 2. Set

Fxi (ti) :=

mi�1X
ji=0

(xi � ti)ji

ji!
f
(ji)
i (ti) , (9)

8 ti 2 [xi; bi], where xi 2 [ai; bi]; i = 1; 2. Assume that f (mi)
i exists outside a

�-null Borel set Bxi � [xi; bi], such that

h1 (Fxi (Bxi)) = 0, 8 xi 2 [ai; bi] ; i = 1; 2: (10)

We also assume that f (mi)
i 2 L1 ([ai; bi] ; X), and

f
(ki)
i (bi) = 0, ki = 0; 1; :::; ;mi � 1; i = 1; 2; (11)

and �
Da1
b1�f1

�
2 Lq ([a1; b1] ; X) ;

�
D�2
b2�f2

�
2 Lp ([a2; b2] ; X) : (12)

Then Z b1

a1

Z b2

a2

kf1 (x1)k kf2 (x2)k dx1dx2�
(b1�x1)p(�1�1)+1
p(p(�1�1)+1) + (b2�x2)q(�2�1)+1

q(q(�2�1)+1)

� �
(b1 � a1) (b2 � a2)
� (�1) � (�2)



D�1
b1�f1




Lq([a1;b1];X)



D�2
b2�f2




Lp([a2;b2];X)

: (13)

In this work we derive Hilbert-Pachpatte inequalities for Banach algebra
valued functions with respect to their Canavati type generalized left and right
fractional derivatives. We cover also the sequential fractional case. We �nish
with applications.
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2 Background on Vectorial generalized Canavati
fractional calculus

All in this section come from [2], pp. 109-115 and [1].
Let g : [a; b]! R be a strictly increasing function. such that g 2 C1 ([a; b]),

and g�1 2 Cn ([g(a); g(b)]), n 2 N, (X; k�k) is a Banach space. Let f 2
Cn ([a; b] ; X), and call l := f �g�1 : [g (a) ; g (b)]! X. It is clear that l; l0; :::; l(n)

are continuous functions from [g (a) ; g (b)] into f ([a; b]) � X:
Let � � 1 such that [�] = n, n 2 N as above, where [�] is the integral part of

the number.
Clearly when 0 < � < 1, [�] = 0.
I) Let h 2 C ([g (a) ; g (b)] ; X), we de�ne the left Riemann-Liouville Bochner

fractional integral as

(Jz0� h) (z) :=
1

� (�)

Z z

z0

(z � t)��1 h (t) dt; (14)

for g (a) � z0 � z � g (b), where � is the gamma function; � (�) =
R1
0
e�tt��1dt:

We set Jz00 h = h:
Let � := ��[�] (0 < � < 1). We de�ne the subspace C�g(x0) ([g (a) ; g (b)] ; X)

of C [�] ([g (a) ; g (b)] ; X), where x0 2 [a; b] as:

C�g(x0) ([g (a) ; g (b)] ; X) =n
h 2 C [�] ([g (a) ; g (b)] ; X) : Jg(x0)1�� h

([�]) 2 C1 ([g (x0) ; g (b)] ; X)
o
: (15)

So let h 2 C�g(x0) ([g (a) ; g (b)] ; X), we de�ne the left g-generalized X-valued
fractional derivative of h of order �, of Canavati type, over [g (x0) ; g (b)] as

D�
g(x0)

h :=
�
J
g(x0)
1�� h

([�])
�0
: (16)

Clearly, for h 2 C�g(x0) ([g (a) ; g (b)] ; X) ; there exists�
D�
g(x0)

h
�
(z) =

1

� (1� �)
d

dz

Z z

g(x0)

(z � t)�� h([�]) (t) dt; (17)

for all g (x0) � z � g (b) :
In particular, when f � g�1 2 C�g(x0) ([g (a) ; g (b)] ; X), we have that�
D�
g(x0)

�
f � g�1

��
(z) =

1

� (1� �)
d

dz

Z z

g(x0)

(z � t)��
�
f � g�1

�([�])
(t) dt; (18)

for all g (x0) � z � g (b). We have that Dn
g(x0)

�
f � g�1

�
=
�
f � g�1

�(n)
and

D0
g(x0)

�
f � g�1

�
= f � g�1, see [1].
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By [1], we have for f � g�1 2 C�g(x0) ([g (a) ; g (b)] ; X) ; where x0 2 [a; b]

the following left generalized g-fractional, of Canavati type,X-valued Taylor�s
formula:

Theorem 6 Let f � g�1 2 C�g(x0) ([g (a) ; g (b)] ; X), where x0 2 [a; b] is �xed.
(i) If � � 1, then

f (x)� f (x0) =
[�]�1X
k=1

�
f � g�1

�(k)
(g (x0))

k!
(g (x)� g (x0))k +

1

� (�)

Z g(x)

g(x0)

(g (x)� t)��1
�
D�
g(x0)

�
f � g�1

��
(t) dt; (19)

for all x0 � x � b:
(ii) If 0 < � < 1, we get

f (x) =
1

� (�)

Z g(x)

g(x0)

(g (x)� t)��1
�
D�
g(x0)

�
f � g�1

��
(t) dt; (20)

for all x0 � x � b:

II) Let h 2 C ([g (a) ; g (b)] ; X), we de�ne the right Riemann-Liouville Bochner
fractional integral as�

J�z0�h
�
(z) :=

1

� (�)

Z z0

z

(t� z)��1 h (t) dt; (21)

for g (a) � z � z0 � g (b) : We set J0z0�h = h:
Let � := ��[�] (0 < � < 1). We de�ne the subspace C�g(x0)� ([g (a) ; g (b)] ; X)

of C [�] ([g (a) ; g (b)] ; X), where x0 2 [a; b] as:

C�g(x0)� ([g (a) ; g (b)] ; X) :=n
h 2 C [�] ([g (a) ; g (b)] ; X) : J1��g(x0)�h

([�]) 2 C1 ([g (a) ; g (x0)] ; X)
o
: (22)

So let h 2 C�g(x0)� ([g (a) ; g (b)] ; X), we de�ne the right g-generalized X-
valued fractional derivative of h of order �, of Canavati type, over [g (a) ; g (x0)]
as

D�
g(x0)�h := (�1)

n�1
�
J1��g(x0)�h

([�])
�0
: (23)

Clearly, for h 2 C�g(x0)� ([g (a) ; g (b)] ; X) ; there exists�
D�
g(x0)�h

�
(z) =

(�1)n�1

� (1� �)
d

dz

Z g(x0)

z

(t� z)�� h([�]) (t) dt; (24)

for all g (a) � z � g (x0) � g (b) :
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In particular, when f � g�1 2 C�g(x0)� ([g (a) ; g (b)] ; X), we have that�
D�
g(x0)�

�
f � g�1

��
(z) =

(�1)n�1

� (1� �)
d

dz

Z g(x0)

z

(t� z)��
�
f � g�1

�([�])
(t) dt;

(25)
for all g (a) � z � g (x0) � g (b).
We get that�

Dn
g(x0)�

�
f � g�1

��
(z) = (�1)n

�
f � g�1

�(n)
(z) (26)

and
�
D0
g(x0)�

�
f � g�1

��
(z) =

�
f � g�1

�
(z), all z 2 [g (a) ; g (b)] ; see [1].

By [1], we have for f � g�1 2 C�g(x0)� ([g (a) ; g (b)] ; X) ; where x0 2 [a; b] is
�xed, the following right generalized g-fractional, of Canavati type, X-valued
Taylor�s formula:

Theorem 7 Let f � g�1 2 C�g(x0)� ([g (a) ; g (b)] ; X), where x0 2 [a; b] is �xed.
(i) If � � 1, then

f (x)� f (x0) =
[�]�1X
k=1

�
f � g�1

�(k)
(g (x0))

k!
(g (x)� g (x0))k +

1

� (�)

Z g(x0)

g(x)

(t� g (x))��1
�
D�
g(x0)�

�
f � g�1

��
(t) dt; (27)

for all a � x � x0;
(ii) If 0 < � < 1, we get

f (x) =
1

� (�)

Z g(x0)

g(x)

(t� g (x))��1
�
D�
g(x0)�

�
f � g�1

��
(t) dt; (28)

all a � x � x0:

III) Denote by

Dm�
g(x0)

= D�
g(x0)

D�
g(x0)

:::D�
g(x0)

(m-times), m 2 N. (29)

We mention the following modi�ed and generalized left X-valued fractional Tay-
lor�s formula of Canavati type:

Theorem 8 Let f 2 C1 ([a; b] ; X), g 2 C1 ([a; b]), strictly increasing: g�1 2
C1 ([g (a) ; g (b)]). Assume that

�
Di�
g(x0)

�
f � g�1

��
2 C�g(x0) ([g (a) ; g (b)] ; X),

0 < � < 1, x0 2 [a; b], for i = 0; 1; :::;m. Then

f (x) =
1

� ((m+ 1) �)

Z g(x)

g(x0)

(g (x)� z)(m+1)��1
�
D
(m+1)�
g(x0)

�
f � g�1

��
(z) dz;

(30)
all x0 � x � b:
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IV) Denote by

Dm�
g(x0)� = D

�
g(x0)�D

�
g(x0)�:::D

�
g(x0)� (m times), m 2 N. (31)

We mention the following modi�ed and generalized right X-valued fractional
Taylor�s formula of Canavati type:

Theorem 9 Let f 2 C1 ([a; b] ; X), g 2 C1 ([a; b]), strictly increasing: g�1 2
C1 ([g (a) ; g (b)]). Assume that

�
Di�
g(x0)�

�
f � g�1

��
2 C�g(x0)� ([g (a) ; g (b)] ; X),

0 < � < 1, x0 2 [a; b], for all i = 0; 1; :::;m. Then

f (x) =
1

� ((m+ 1) �)

Z g(x0)

g(x)

(z � g (x))(m+1)��1
�
D
(m+1)�
g(x0)�

�
f � g�1

��
(z) dz;

(32)
all a � x � x0 � b:

3 Banach Algebras background

All here come from [4].
We need

De�nition 10 ([4], p. 245) A complex algebra is a vector space A over the
complex �led C in which a multiplication is de�ned that satis�es

x (yz) = (xy) z; (33)

(x+ y) z = xz + yz, x (y + z) = xy + xz; (34)

and
� (xy) = (�x) y = x (�y) ; (35)

for all x; y and z in A and for all scalars �.
Additionally if A is a Banach space with respect to a norm that satis�es the

multiplicative inequality

kxyk � kxk kyk (x 2 A, y 2 A) (36)

and if A contains a unit element e such that

xe = ex = x (x 2 A) (37)

and
kek = 1; (38)

then A is called a Banach algebra.
A is commutative i¤ xy = yx for all x; y 2 A:

7
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We make

Remark 11 Commutativity of A will be explicited stated when needed.
There exists at most one e 2 A that satis�es (37).
Inequality (36) makes multiplication to be continuous, more precisely left and

right continuous, see [4], p. 246.
Multiplication in A is not necessarily the numerical multiplication, it is some-

thing more general and it is de�ned abstractly, that is for x; y 2 A we have
xy 2 A, e.g. composition or convolution, etc.
For nice examples about Banach algebras see [4], p. 247-248, § 10.3.

We also make

Remark 12 Next we mention about integration of A-valued functions, see [4],
p. 259, § 10.22:
If A is a Banach algebra and f is a continuous A-valued function on some

compact Hausdor¤ space Q on which a complex Borel measure � is de�ned, thenR
fd� exists and has all the properties that were discussed in Chapter 3 of [4],

simply because A is a Banach space. However, an additional property can be
added to these, namely: If x 2 A, then

x

Z
Q

f d� =

Z
Q

xf (p) d� (p) (39)

and �Z
Q

f d�

�
x =

Z
Q

f (p)x d� (p) : (40)

The Bochner integrals we will involve in our article follow (39) and (40). Also,
let f 2 C ([a; b] ; X), where [a; b] � R, (X; k�k) is a Banach space. By [2], p. 3,
f is Bochner integrable.

4 Main Results

We start with a left generalized Canavati fractional Hilbert-Pachpatte type in-
equality over a Banach algebra.

Theorem 13 Let p; q > 1, such that 1
p +

1
q = 1, and (A; k�k) is a Banach

algebra; and i = 1; 2. Let also x0i 2 [ai; bi] � R, �i � 1, ni = [�i], fi 2
Cni ([ai; bi] ; A); gi 2 C1 ([ai; bi]), strictly increasing, such that g�1i 2 Cni ([gi (ai) ; gi (bi)]),
with

�
fi � g�1i

�(ki)
(gi (x0i)) = 0, ki = 0; 1; :::; ni � 1. Assume further that

fi � g�1i 2 C�igi(x0i) ([gi (ai) ; gi (bi)] ; A). ThenZ g1(b1)

g1(x01)

Z g2(b2)

g2(x02)



�f1 � g�11 � (z1) �f2 � g�12 � (z2)

 dz1dz2�
(z1�g1(x01))p(�1�1)+1

p(p(�1�1)+1) + (z2�g2(x02))q(�2�1)+1
q(q(�2�1)+1)

� �
8

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 30, NO.1, 2022, COPYRIGHT 2022 EUDOXUS PRESS, LLC

73 Anastassiou 66-77



(g1 (b1)� g1 (x01)) (g2 (b2)� g2 (x02))
� (�1) � (�2)

(41)





D�1
g1(x01)

�
f1 � g�11

�






Lq([g1(x01);g1(b1)];A)







D�2
g2(x02)

�
f2 � g�12

�






Lp([g2(x02);g2(b2)];A)

:

Proof. By (19) and assumptions we get that

�
fi � g�1i

�
(zi) =

1

� (�i)

Z zi

gi(x0i)

(zi � ti)�i�1
�
D�i
gi(x0i)

�
fi � g�1i

��
(ti) dti; (42)

for all gi (x0i) � zi � gi (bi); i = 1; 2:
By Hölder�s inequality we obtain

�f1 � g�11 � (z1)

 � 1

� (�1)

Z z1

g1(x01)

(z1 � t1)�1�1



�D�1

g1(x01)

�
f1 � g�11

��
(t1)




 dt1 �
1

� (�1)

 Z z1

g1(x01)

(z1 � t1)p(�1�1) dt1

! 1
p
 Z z1

g1(x01)




�D�1
g1(x01)

�
f1 � g�11

��
(t1)




q dt1!
1
q

=

1

� (�1)

(z1 � g1 (x01))
p(�1�1)+1

p

(p (�1 � 1) + 1)
1
p

 Z z1

g1(x01)




�D�1
g1(x01)

�
f1 � g�11

��
(t1)




q dt1!
1
q

:

(43)
That is 

�f1 � g�11 � (z1)

 � 1

� (�1)

(z1 � g1 (x01))
p(�1�1)+1

p

(p (�1 � 1) + 1)
1
p Z z1

g1(x01)




�D�1
g1(x01)

�
f1 � g�11

��
(t1)




q dt1!
1
q

; (44)

for all g1 (x01) � z1 � g1 (b1).
Similarly, we prove that



�f2 � g�12 � (z2)

 � 1

� (�2)

(z2 � g2 (x02))
q(�2�1)+1

q

(q (�2 � 1) + 1)
1
q

 Z z2

g2(x02)




�D�2
g2(x02)

�
f2 � g�12

��
(t2)




p dt2!
1
p

; (45)

for all g2 (x02) � z2 � g2 (b2).
Therefore we have



�f1 � g�11 � (z1)

 � 1

� (�1)

(z1 � g1 (x01))
p(�1�1)+1

p

(p (�1 � 1) + 1)
1
p
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�D�1
g1(x01)

�
f1 � g�11

��






q;[g1(x01);g1(b1)]

; (46)

for all g1 (x01) � z1 � g1 (b1);
and 

�f2 � g�12 � (z2)

 � 1

� (�2)

(z2 � g2 (x02))
q(�2�1)+1

q

(q (�2 � 1) + 1)
1
q





�D�2

g2(x02)

�
f2 � g�12

��






p;[g2(x02);g2(b2)]

; (47)

for all g2 (x02) � z2 � g2 (b2).
Hence we get that

�f1 � g�11 � (z1)



�f2 � g�12 � (z2)

 � 1

� (�1) � (�2) (p (�1 � 1) + 1)
1
p (q (�2 � 1) + 1)

1
q

(z1 � g1 (x01))
p(�1�1)+1

p (z2 � g2 (x02))
q(�2�1)+1

q (48)





�D�1
g1(x01)

�
f1 � g�11

��






q;[g1(x01);g1(b1)]







�D�2
g2(x02)

�
f2 � g�12

��






p;[g2(x02);g2(b2)]

�

(using Young�s inequality for a; b � 0, a
1
p b

1
q � a

p +
b
q )

1

� (�1) � (�2)

 
(z1 � g1 (x01))p(�1�1)+1

p(p (�1 � 1) + 1)
+
(z2 � g2 (x02))q(�2�1)+1

q(q (�2 � 1) + 1)

!






�D�1

g1(x01)

�
f1 � g�11

��






Lq([g1(x01);g1(b1)];A)







�D�2
g2(x02)

�
f2 � g�12

��






Lp([g2(x02);g2(b2)];A)

;

8 (z1; z2) 2 [g1 (x01) ; g1 (b1)]� [g2 (x02) ; g2 (b2)] :
So far we have 

�f1 � g�11 � (z1) �f2 � g�12 � (z2)

�

(z1�g1(x01))p(�1�1)+1
p(p(�1�1)+1) + (z2�g2(x02))q(�2�1)+1

q(q(�2�1)+1)

� � (50)



�f1 � g�11 � (z1)



�f2 � g�12 � (z2)

�
(z1�g1(x01))p(�1�1)+1

p(p(�1�1)+1) + (z2�g2(x02))q(�2�1)+1
q(q(�2�1)+1)

� � (51)

1

� (�1) � (�2)







�D�1
g1(x01)

�
f1 � g�11

��






Lq([g1(x01);g1(b1)];A)





�D�2

g2(x02)

�
f2 � g�12

��






Lp([g2(x02);g2(b2)];A)

;

8 (z1; z2) 2 [g1 (x01) ; g1 (b1)]� [g2 (x02) ; g2 (b2)] :
The denominators in (50), (51) can be zero only when both z1 = g1 (x01)

and z2 = g2 (x02) :
Therefore we obtain (41), by integrating (50), (51) over [g1 (x01) ; g1 (b1)] �

[g2 (x02) ; g2 (b2)] :

We continue with a right generalized Canavati fractional Hilbert-Pachpatte
type inequality over a Banach algebra.
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Theorem 14 All as in Theorem 13, however now it is fi�g�1i 2 C�igi(x0i)� ([gi (ai) ; gi (bi)] ; A),
for i = 1; 2. ThenZ g1(x01)

g1(a1)

Z g2(x02)

g2(a2)



�f1 � g�11 � (z1) �f2 � g�12 � (z2)

 dz1dz2�
(g1(x01)�z1)p(�1�1)+1

p(p(�1�1)+1) + (g2(x02)�z2)q(�2�1)+1
q(q(�2�1)+1)

� �
(g1 (x01)� g1 (a1)) (g2 (x02)� g2 (a2))

� (�1) � (�2)
(52)





D�1

g1(x01)�
�
f1 � g�11

�






Lq([g1(a1);g1(x01)];A)







D�2
g2(x02)�

�
f2 � g�12

�






Lp([g2(a2);g2(x02)];A)

:

Proof. Similar to Theorem 13, by using now (27).
Next comes a sequential left generalized Canavati fractional Hilbert-Pachpatte

type inequality over a Banach algebra.

Theorem 15 Let p; q > 1, such that 1
p +

1
q = 1, and (A; k�k) is a Banach

algebra; and i = 1; 2. Let also fi 2 C1 ([ai; bi] ; A); gi 2 C1 ([ai; bi]), strictly
increasing, such that g�1i 2 C1 ([gi (ai) ; gi (bi)]). Assume that 1

(mi+1)q
< �i < 1,

x0i 2 [ai; bi], and D
ji�i
gi(x0i)

�
fi � g�1i

�
2 C�igi(x0i) ([gi (ai) ; gi (bi)] ; A) ; for ji =

0; 1; :::;mi 2 N. ThenZ g1(b1)

g1(x01)

Z g2(b2)

g2(x02)



�f1 � g�11 � (z1) �f2 � g�12 � (z2)

 dz1dz2�
(z1�g1(x01))p((m1+1)�1�1)+1

p(p((m1+1)�1�1)+1) + (z2�g2(x02))q((m2+1)�2�1)+1

q(q((m2+1)�2�1)+1)

� �
(g1 (b1)� g1 (x01)) (g2 (b2)� g2 (x02))
� ((m1 + 1) �1) � ((m2 + 1) �2)

(53)





D(m1+1)�1
g1(x01)

�
f1 � g�11

�






Lq([g1(x01);g1(b1)];A)







D(m2+1)�2
g2(x02)

�
f2 � g�12

�






Lp([g2(x02);g2(b2)];A)

:

Proof. Using (30), as similar to Theorem 13 the proof is omitted.
The right side analog of Theorem 15 follows:

Theorem 16 Let p; q > 1, such that 1
p +

1
q = 1, and (A; k�k) is a Banach

algebra; and i = 1; 2. Let also fi 2 C1 ([ai; bi] ; A); gi 2 C1 ([ai; bi]), strictly
increasing, such that g�1i 2 C1 ([gi (ai) ; gi (bi)]). Assume that 1

(mi+1)q
< �i <

1, x0i 2 [ai; bi], and D
ji�i
gi(x0i)�

�
fi � g�1i

�
2 C�igi(x0i)� ([gi (ai) ; gi (bi)] ; A) ; for

ji = 0; 1; :::;mi 2 N. ThenZ g1(x01)

g1(a1)

Z g2(x02)

g2(a2)



�f1 � g�11 � (z1) �f2 � g�12 � (z2)

 dz1dz2�
(g1(x01)�z1)p((m1+1)�1�1)+1

p(p((m1+1)�1�1)+1) + (g2(x02)�z2)q((m2+1)�2�1)+1

q(q((m2+1)�2�1)+1)

� �
(g1 (x01)� g1 (a1)) (g2 (x02)� g2 (a2))

� ((m1 + 1) �1) � ((m2 + 1) �2)
(54)





D(m1+1)�1

g1(x01)�
�
f1 � g�11

�






Lq([g1(a1);g1(x01)];A)







D(m2+1)�2
g2(x02)�

�
f2 � g�12

�






Lp([g2(a2);g2(x02)];A)

:

Proof. Using (32), as similar to Theorem 13 is omitted.
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5 Applications

We give

Corollary 17 (to Theorem 13) All as in Theorem 13 for gi (t) = et, i = 1; 2:
Then Z eb1

ex01

Z eb2

ex02

k(f1 � log) (z1) (f2 � log) (z2)k dz1dz2�
(z1�ex01 )p(�1�1)+1

p(p(�1�1)+1) + (z2�ex02 )q(�2�1)+1
q(q(�2�1)+1)

� �
�
eb1 � ex01

� �
eb2 � ex02

�
� (�1) � (�2)

(55)

kkD�1
ex01 (f1 � log)kkLq([ex01 ;eb1 ];A) kkD

�2
ex02 (f2 � log)kkLp([ex02 ;eb2 ];A) :

We �nish with

Corollary 18 (to Theorem 15) All as in Theorem 15 for [a1; b1] � R, [a2; b2] �
(0;1), and g1 (t) = et and g2 (t) = log t. ThenZ eb1

ex01

Z log(b2)

log(x02)

k(f1 � log) (z1) (f2 � et) (z2)k dz1dz2�
(z1�ex01 )p((m1+1)�1�1)+1

p(p((m1+1)�1�1)+1) + (z2�log(x02))q((m2+1)�2�1)+1

q(q((m2+1)�2�1)+1)

� �
�
eb1 � ex01

�
log (b2=x02)

� ((m1 + 1) �1) � ((m2 + 1) �2)
(56)





D(m1+1)�1

ex01 (f1 � log)








Lq([ex01 ;eb1 ];A)







D(m2+1)�2
log(x02)

�
f2 � et

�






Lp([log(x02);log(b2)];A)

:
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