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Abstract

The present paper aimed to explore the linear moment problem for the
real sequences defined by the nonhomogeneous linear recursive relation.
Various properties are provided, especially, those related to the Hankel
matrices. Some considerations in connection with K-moment problem,
for the nonhomogeneous recursive are discussed.
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1 Introduction

In view of its fundamental role in various fields of mathematics and applied
science, the linear moment problem has been extensively studied in the literature
(see [4,5,9,11-13]). Especially, it has been shown that this problem is useful for
some topics in physics, such that the quantum dynamical systems, the resolvent
R,(X) of a given Hamiltonian A, which can be written as an infinite series in
terms of 1/, whose coefficients are the moment p,, = (¢|A™|p) of order n of the
operator A, where ¢ is a state vector of the given system (see [4,12] for example).
Furthermore, the linear moment problem is also related to the Lanczos numerical
method, which is an important technique for finding the positions of n particles
such that the first 2n — 1 moments own given values (see [5,13] for example).
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Recently, the linear moment problem has been investigated in the literature, by
various methods (see, for example, [4,9,11,12]).

The linear moment problem is simple to formulate. Indeed, let H be a
real separable Hilbert space, L(#H) be the space of linear operators on H and
S(H) C L(H) the subspace of self adjoint operators on H. For a given operator
A € L(H) and non-vanishing = € H, the sequence I' = {ay, }n>0 defined by
an = (A™z|x) for n > 0, is called the moment sequence of A on z, and «,, is
the moment of order n of the operator A on x. The linear moment problem
is the reciprocal of the previous situation. More precisely, let T' = {O‘n}ogngp
(p < 400) be a sequence of real numbers, the linear moment problem associated
with I' consists to find a self-adjoint operator A € S(H) and a non-vanishing
vector x € H such that,

apn = (A"z|z), for 0 <n <p. (1)

The problem (1) is called the full linear moment problem when p = 400 and
the truncated linear moment problem for p < 400 (see [7-9,12], for example).

On the other hand, the linear moment problem (1) for the sequence T', is
also related to the classical power K-moment problem (K is a closed set of R),
whose aim is to find a positive Borelean measure p with supp(u) C K such that

ay, = / t"du(t), for 0 <n <p, (2)
K

where p < +0o. The moment problem (2) is important in operator theory,
particularly, it is related to the study of the shift of subnormal operators and
subnormal extension (see [1,3,6-8]). Recently, the two preceding moment
problems (1) and (2) have been studied in [3,9-11], for some sequences defined
by linear recursive relations. Moreover, it was established the closed connection
between the full and the truncated moment problem for recursive sequences
in [9,11]. More precisely, let {u,}n>0 be the sequence satisfying the following
linear recursive relation of order r,

Upt1 = AoUp + A1UR—1 F+ -+ Ap_1Up_py1 forn>r— 1, (3)

where wug,u1,...,u,—1 are the initial data, it was shown in [9-11] that, for the
linear moment problems (1), the full one (p = +o0) and the truncated one
(p < +00) are closely related. Especially, it was shown in [9] that in the finite
dimensional case (dimg H < +00), the two preceding linear moment problems
(the full and the truncated) are identical. On the other side, it was shown in [9]
that the full and truncated moment problem (2), for the recursive sequence (3),
are equivalent.

The purpose of this paper is to study the linear moment problem (1), for
a real non-homogeneous recursive sequence {v,}n>o of order r, defined by the
following recursive relation,

Upt1 = QoUp + @1Vp—1 4+ + Qr_1Un_ypt1 + Cpy1 for n >r —1, (4)
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where the coefficients ag,...,a,—1 (r > 2, a,_1 # 0) are real numbers, vy =
Qp,...,Upr—1 = ap_1 are the initial values, and C = {c,}n>, is a (non trivial)
real sequence. It seems to us that properties of the linear moment problem (1)
for nonhomogeneous sequences (4), can be useful for the study of certain related
perturbed physical systems. For the K-moment problem (2), it can be also, for
studying the perturbed moment, of the shift of operators.

In this study, we characterize the solution of the linear moment problem (1)
for sequences (4) in the general setting, especially, when the operator A € S(H),
namely, A is self-adjoint. When the real separable Hilbert space H is of finite
dimension and the non-homogeneous sequence {v,}»>0 is a moment sequence
of an operator A, on a non-vanishing x € H, we establish that the sequence
{¢n}n>r is a linear recursive sequence of type (3). And when the real separable
Hilbert space H is of infinite dimension and the non-homogeneous sequence
{vn}n>0 is & moment sequence of an operator A, on a non-vanishing =z € #,
then the general term of the sequence {c,}n>,, is expressed as a limit of

(s)

Cn = hgl l®), where ¢y is a linear recursive sequence of type (3). We establish
S—r+00

the solution of the linear moment problem (1), using the properties of the Hankel
matrices. The special case when {¢,}n>, is a linear recursive sequence of type
(3), is discussed. Moreover, the K-moment problem (2) for nonhomogeneous
recursive sequences (4) is provided, using the spectral measures of self-adjoint
operators. By the way, some other consequences are derived, especially, the
Stieltjes and Hamburger moment problems (2), for the nonhomogeneous recursive
sequences (4), are discussed through the spectral measures of self-adjoint operators.
It should be noted that the study of these two problems for the sequences (4),
is not common in the literature.

2 Linear moment problem and sequences (4)

Let improve the connections between solutions of (4) considered as a difference
equation and the linear moment problem (1). Let {Q,},>, be the family of
polynomials defined by @Q,,(2) = 2" " P(z), where P(z) = 2" —apz" "1 —a;2" 2 —
-+« —ap_1, is the so-called characteristic polynomial of the homogeneous part
of the sequence (4). Let z # 0 be an element of H and A € S(H). Suppose
that v, = (A"x|z), for every n > 0. Then, we have, (A" z|z) = ag(A"x|z) +
oot a1 (A" | 2) 4 ¢y, for every n > r — 1. Therefore, we derive ¢, 41 =
(Qn+1(A)z|x), for every n > r — 1. Consequently, we can state the following
proposition.

Proposition 2.1. Let T = {v, }n>0 be a sequence (4), of characteristic polynomial
P(z) = 2"—apz" ' —a12" 2~ -—a,_1. Suppose that T = {v,}n>0, is a moment
sequence of an operator A € S(H), namely, v, = (A"zx|z), for every n > 0,
where & # 0. Then, the sequence {cp}n>r is given by cpp1 = (Qny1(A)z|x), for
every n > r — 1, where Q,(z) = 2" "P(z).

Therefore, the question of studying the converse of the preceding affirmation
of Proposition 2.1 arises.
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Theorem 2.2. Let T = {v, }n>0 be a sequence (4), of characteristic polynomial
P(z)=2"—apz" ' —a12" %~ —a,_1. Let A€ S(H) and x # 0 € H. Then,
we have v, = (A"x|z), for every n > 0, if and only if, v, = (A"z|zx) for
n=0,1,...,7—1 and ¢, = (A" "P(A)z|x), forn > r.

Proof. Suppose v, = (A"z|x) (n > 0), for some = # 0 in H and A € S(H).

r—1 r—1

Then, we have ¢, = Uk—z A;Vk—j—1 = <(Ak - ZajAkjl)x|x> = <Ak7TP(A)x|9:>,
j=0 j=0

for every k > r. Conversely, suppose that v,, = (A"z|x), forn =0,1,...,r — 1

and ¢, = (A" "P(A)z|z) for every n > r. Therefore, we have
r—1
vy = Z a;j (A" x|z) + (P(A)x|z) = (A"2|z).
§=0

And, by induction, we derive that v, = (A"z|x), for every n > 0. O

As a consequence of Theorem 2.2, we obtain the following corollary.

Corollary 2.3. Let A € S(H) and x € H, then under the data of Theorem 2.2,
the following statements are equivalent,

(i) v, = (A™z|x), for every n > 0.

(ii) v, = (A"z|z), forn=0,1,....2r—1, andc, = Y ajcp_j_1+ (A" ?"z|2)
0

for every n > 2r, where z = P(A)x.

Proof. Tt suffices to establish the equivalence between (ii) and the second statement
of Theorem 2.2. Let A be a self-adjoint operator, suppose that v, = (A"z|x)
forn=0,1,...,7 =1 and ¢, = (A" "P(A)zx|x), for every n > r. Then, for z =

P(A)z, we have, (A""%"z|z) = (A" "z|P(A)x) — Y a; (A" "7 P(A)z|z) =

§=0
r—1
Cn — Y. GjCp_j_1, for any n > 2r. Conversely, suppose that (ii) holds. A
§=0

direct computation shows that ¢,, = (A" "P(A)z|z), forn =r,r+1,...,2r—1.
On the other hand, by induction we prove that ¢, = (A"""P(A)z|z), for every
n > 2r. It follows that (i) and (ii) are equivalent. O

We conclude this section by the following observation. Let 7 = {vy, }n>0 be a
sequence (4), whose characteristic polynomial is P(z) = 2" —ag2" ! —a;2" "2 —

- — ay—1. Suppose that there exist A € S(H) and = € H such that v, =

r—1
(A"z|z). Then, we have, cor, — Y ajcop—j—1 = ||A*""P(A)z|]? for every k > r.
3=0
r—1
Therefore, when co;, # 0, for some k € N, we have co, > Y ajcop—j—1, for

any k > r. This later inequality is a necessary condition for the existence of
the solution of the linear moment problem (1), for the sequence 7 = {v, }n>0
defined by (4).
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3 The linear moment problem (1) for sequences
(4)

Let H be a finite dimensional Hilbert space over R (m = dimg H) and T =
{vn}n>0 a sequence (4). A straightforward computation and by using Theorem
2.2, allows us to see that 7 = {v, },,>0 is a moment sequences of a self-adjoint

S
operator A on a non-vanishing vector = of H if and only if v, = Y )\j”ijHz
Jj=

form=0,1,...,7r—1 and

"L P(\ N
en= 3 PO 2, )
j=1 7Y

where z; = Iljz € H; (0 < j < s), the subspace of the eigenvectors of A,
corresponding to the eigenvalues A; (0 < j < s). Expression (5) is nothing else
but the analytic formula of the sequence {c¢,}n>r, viewed as a linear recursive
sequence of type (3) of order s. More precisely, (5) implies that {c,}n>, is
a linear recursive sequence of type (3), of characteristic polynomial K(z) =

i=-

(z — Aj). Thus, we can state the following proposition.
J

Proposition 3.1. Let T be a sequence (4). Suppose that T is a moment

sequences of a self-adjoint operator A on the finite dimensional Hilbert space

‘H. Then, the nonhomogeneous part C is a linear recursive sequence of type (3)

of order s (with s < dim#H ). More precisely, the characteristic polynomial of C
S

is K(z) = [1(z—Aj), where the A\; (0 <j <s) are the eigenvalues of A.

j=1

Suppose that # is a separable real Hilbert space (over C) of infinite dimension.
The simplest spectral theorem (after the algebraic case) concerns a compact self-
adjoint and a compact normal operator A on H, and asserts that H coincide
with the closure of the orthogonal sum of the eigenspaces H,,, corresponding to
all possible eigenvalues {A,, },,>0. With a view to generalization it is convenient

+oo

to express it under the spectral resolution form Az = > A\,I,z, where II,, is
n=0

an orthoprojection onto H,,, the eigenspace corresponding to the eigenvalue A;,

—+oo
and x = Y II,z. We consider the class of operators satisfying the Spectral
ne=

Theorem, Woich are called spectral operators or S-operators for short.

Let T = {vn}n>0 be a sequence (4), with characteristic polynomial P.
Suppose that 7 is a sequence of moments of an S-operator A of L(#H), on a
non-vanishing vector € H, namely, v, = (A"z|x), for every n > 0, where A is

+oo
an S-operator and x = > I,z € H.

n=0
Let s > 1 and consider the sequence {v,(f )}nZO defined as follows: v§5) = v;
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fori=0,1,...,r — 1, and
07(184)-1 = aovgf) + aﬂ};&zl 4t ar_lvifzr_,_l + cgf_‘)_l, (6)

S

for n > r — 1, where ¢{¥ = ZL@H%HQAP". It is easy to see that ¢, =
p=0 P
lim ¢, For n = r, expression (6) shows that we have v, = lim o). By
s—+oo s——400
induction on n, we have v, = sEg_noo vﬁls), for every n > r. In conclusion, we

have the following result.

Theorem 3.2. Let T = {v, }n>0 be a sequence (4), with characteristic polynomial

P. Suppose the Hilbert space H is of infinite dimension and that T is a moment
+oo

sequences of an S-operator A on H, on a non-vanishing vector x = Y ,x.
n=0

Then, we have v, = lir+n vff), for every n > r, where {vff)}n>0 18 a sequence
S—r+00 -

(4), whose associate nonhomogeneous term is

9N~ POw) r
Cg) = Z ,.p pr”Q)‘p " (7)
p=0 P

1 2

where P(z) = 2" —agz" ' —a12" % — -+ —a,—1 (a,—1 #0) is the characteristic

polynomial of T and x, = ll,a € H. Moreover, expression (7) stands for the
. (s) . ) .
analytic formula of the sequence {cy’ }n>0, viewed as a linear recursive sequence

of type (3).

From Theorem 3.2, we derive that

X P(A ,
en =3 PO 20, ©
p=0 7P

Remark 3.3. If there exists s > 1 such that A\, = 0, for every p > s+1, we show
that expressions (5) and (8) are identical. Suppose that for every N > 0 there
exists k > N such that Ap # 0. Therefore, expression (8) doesn’t represent a
recursive sequence of finite order. Meanwhile, we can approximate this situation
by a family of sequences (4), whose associated ¢, is given by expression (7).

4 Hankel matrices and solution of the linear moment
problem (1)

In this section, we present algebraic treatment of the Hankel matrix related
to the sequences defined by (4), and its use for characterizing the existence of
solutions for the linear moment problem (1).

Let Hj, be the Hankel matrix of size k+ 1, whose entries are defined from the

elements of the sequence 7" = {v;},, in the sense that Hy := (vit;)o<; j<p
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The j column of Hj, will be denoted by V; := (Uj+z)];:0 ,0 <3 <k, so that
Hj, can be briefly written as Hxy = (Vg Vi --- Vj). Observe that we can
verify that

Vit =aoVegp—1 +a1Vegpo+---+a,_1 Vi + 6r+k7 9)

s r+k—1
where C,yp = (Crq0),y -

With a vectorial representation, we can write the matrix H,.,,, as follows

Hr+n = (VO Vi -+ Vo, v, .- Vr+k T VrJrnfl) .

Using expression (9) and some computational techniques emanated from determinant
properties, we get,

detHyey =det (Vo Vi o Vi | @ v G o Copaa)

Repeating the same treatment on the matrix Sy := (vi4j11)g<; < One gets
out of it by the following result. T

Proposition 4.1. Let T = {v,}n>0 be a sequence (4),
Hyyn = (Vigj)o<ij<rin—1 and Syin = (Vitj+1)0<i j<r+n—1

be the Hankel matrices associated with T . Then, we have

Vo e VUr—1 Cr e Cr4n—1
Vr—1 tee V2r—2 C2r—1 e C2r4n—2
det Hyy,p = + (10)
Ur et V2r—1 Cor e C2r4n—1
Ur4+n—1 e V2r4+n—2 C2r4n—1 ce C2r42n—2
and
U1 e Uy Cry1 v Cr+n
(% e V2r—1 Cor e C2r4n—1
det Syin = + : (11)
Vr+1 e v2r C2r41 e C2r4n
Ur4n - V2r4n—1 C2r4n - C2r42n—1

Expression (10) shows that, for n > 0, it appears only the columns which
depend on the entries of the sequence {¢,},>, after the r-th column, in the
determinant of the Hankel matrix H,,,. A similar situation is observed for the
matrix Sk = (Vitj+1)p<i j<k -

If the sequence C = {¢, }n>r is also of type (3) of order s, then the r+s—th
column of the matrix H,,,, is a linear combination of the columns r,r+1,...,r+
s —1, and the r + s+ 1 — th column of the matrix S, is a linear combination
of the columns r+ 1,7+ 2,...,7 + s. Therefore, by Proposition 4.1, we get the
following property.
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Proposition 4.2. If the sequence {cp}n>r is also a linear recursive sequence
of type (3) of order s, then we have,

1. det H.q, = 0, for n > s, if and only if, the v + s + 1-column of the
matric Hy4,, is a linear combination of the previous s columns, namely,
the r,mr+1,....,7+ s — 1 columns of the matriz Hy,.

2. det Sy, = 0, for n > s+ 1, if and only if, the s + 1-column of the
matric Sy4n 1S a linear combination of the previous s columns, namely,
ther+1,r+2,...,7r+ s columns of the matrix H,,,.

The two Hankel matrices Hy 4, = (Vitj)o<ij<r+n—1 a0d Sriyn = (Vigj+1)0<i,j<rtn—1
and their determinants (10)-(11), play a central role for solving the two moment
problems (1)-(2) and their applications.

We recall that it was established in [12, Lemma 1.1] that a N x N Hermitean
matrix A is strictly positive definite if and only if each sub-matrix A, =
(@ij)1<i,j<k has det(Ax) > 0, for £ = 1,2,...,N. For a given Hankel matrix

H = (mit;)i,j>0, we consider the family of sub-matrices H,, = (Mmit;)o<i j<n-
Then, [12, Proposition 1.2] shows that for a Hankel matrix the family of sesquilinear
form F = {H,}n>0, defined by H,(a,8) = Z;‘L,kzo mjira;Be, is (strictly)
positive definite if and only if det(H,,) > 0, where H,, = (mit;)o<i,j<n. Equivalently,
we say that the Hankel matrix H,, = (m;4;)o<i j<n is positive definite if and
only if det(H,) > 0, where H,, = (m;1;)o<i,j<n-

In order to establish the existence of solution of the linear moment problem
(1), we will present a result of the closed relation between Hankel positive
matrix, self-adjoint operator and measure. More precisely, we recall that from [6]
the following theorem.

Theorem 4.3. If {v,}, - is a sequence of real numbers, the following statements
are equivalent. -

(a) There is a self-adjoint operator A and a vector e such that e € dom A"

for all n and v, = (A™e,e), for alln > 0.

n
(b) If o = (aw, . .., ), where a; € C, then we have Z Mmjyraoy > 0, for
J,k=0
every n > 0.

(c¢) There is a positive reqular Borelean measure i on R such that / [t]"du(t) <
oo for alln >0 and v, = /t"du(t),
Therefore, for the Hankel matrix H = (mj4;)i >0, the second assertion of B
Theorem 4.3, implies that the sesquilinear form defined by H, (o, 8) = Z?,k:o M+ Bk,

is a (strictly) positive definite form if and only if the matrix H, = (mi1;)o<i,j<n
is (strictly) positive definite, for every n > 0. Equivalently, the second assertion
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of Theorem 4.3, shows that the Hankel matrix H = (m;;); j>o0 is positive, or
in an equivalent way, det H,, > 0, for every n > 0, where H,, = (mi+j)0§i7j§n-

Combining Proposition 4.1 and Theorem 4.3, we can formulate the following
result.

Theorem 4.4. Let T = {vn}n>0 be a sequence (4). Then, the following
assertions are equivalent,

1. The linear moment problem (1) for sequence (4) owns a solution.
2. The Hankel matric H = (vi4;); j>0 5 positive.

3. det H, > 0, for every 0 <n <r —1 and det H,y, > 0, for every n > 0,
where det Hy, 4, is given by (10).

Let 7 = {v, }n>0 be asequence (4) and suppose that the associated nonhomogeneous
part C = {cp}n>r is a sequence of type (3) of order s, whose characteristic
polynomial is Q(z) = 2° — bp2* 1 —b12°72 — ... — by 1. Let R(z) = 2" —
apz" ' —a12" "2 —---—a,_; be the characteristic polynomial of the homogeneous
part of (4). The linearization process of [2, Theorem 2.1 (Linearization Process)]
applied to the sequence (4), allows us to show that 7 = {v, },>0 is a sequence of
type (3) of order r+ s, with initial data vg, v1,. .., v,+s—1 and whose coefficients
€0, C1, - - -, Crys are obtained from its characteristic polynomial given by P(z) =
Q(2)R(z). Therefore, following Proposition 4.2, we get the following property.

Proposition 4.5. Let T = {v,, }n>0 be a sequence (4) and Hy+p, = (Vitj)o<i,j<r+n—1
its associated Hankel matrices of order r + n. Suppose that C is a sequence of
type (3) of order s. Then, we have det H,1,, =0, for every n > s.

On the other hand, let A be a self-adjoint operator on a Hilbert space
H be a solution of the linear moment problem (1) on a vector on a non-
vanishing © € H, associated with the sequence 7 = {v,}n>0 defined by (4).
By the linear recursive relation (3), related to the linearized expression of
(4), we have (A"P(A)z|z) = (P(A)z|A"z) = 0, for every n > 0, where
P(z) = Q(2)R(z) is the characteristic polynomial of the linearized sequence
of (4). Therefore, we have (A" P(A)z|A™P(A)x) = 0, for every n > 0, m > 0,
especially ||[A"P(A)z|| = 0, for every n > 0. This implies that A™x is a linear
combination of z, Az, ..., A"t 1z. Therefore, when the nonhomogeneous part
Cis an s — GF'S, if the linear moment problem owns a solution A, a self-adjoint
operator on a Hilbert space H, then it has a solution A on some r+s-dimensional
Hilbert space (for more details see [11, Proposition 2.2 ]). This allows us to
suppose that the Hilbert space H is of finite dimension (r 4 s). Therefore, we
have the following result.

Proposition 4.6. Let T = {v,}n>0 be a sequence (4), with positive definite
associated Hankel matriz H,., and let P(z) the characteristic polynomial of its
homogeneous part. Suppose that C is a linear recursive sequence of type (3) of
order s, whose characteristic polynomial is Q(z). Then, there exists a (deg(P)+
deg(Q))-dimensional Hilbert space H(ry and a self-adjoint operator A on H 7y,
solution of the moment problem (1).
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Proposition 4.6 shows the main role of the recursiveness of the sequence
{¢n}n>0, in reducing the study of the linear moment problem (1) to the finite
dimensional Hilbert space H.

5 Some considerations on the K-moment problems
(2) for sequences (4)

The aim here is to apply results of the preceding sections for solving the K-
moment problem (2) for nonhomogeneous recursive sequences (4), using results
of the linear moments problems in Hilbert spaces H. More precisely, the solution
of K-moment problem (2) is obtained in terms of representing measure of the
self-adjoint operator A and the vector x € H solution of the linear moment
problem (1), for the nonhomogeneous recursive sequences (4). The Stieltjes and
Hamburger moment problems for the nonhomogeneous recursive sequences (4)
are discussed.

5.1 K-—moment problems associated with sequences (4)

Recall that the purpose of the K—moment problem associated with a given
sequence T = {v, }o<n<p, where K is a closed subset of R, is to find a positive
Borel measure 1 such that Expression (2) is verified, namely,

Up = / t"du(t) and supp(p) C K.
K

As mentioned above, the problem (2) has been studied in the literature, by
various methods and techniques. It is called the full moment problem when
p = 400 and the truncated moment problem, for p < 400 (see [7-9]). Using
the spectral representation of the self-adjoint operators, we can show that the
linear moment problem (1) and the moment problem (5.1) are equivalent (see
for example [6]). Moreover, using Theorem 4.3 and Theorem 4.4, we get,

Theorem 5.1. Let T = {v,}n>0 be a sequence (4). Suppose that the Hankel
matriz H = (vi1)i j>0 is positive. Then, there exists a positive Borel measure

W such that
Un = / t"du(t),
K

where K = supp(u). Namely, the there exists a positive Borel measure p solution
of the K-moment problem (2).

Now consider the moment problem (2) for a sequence T = {vy, }n>0 given by
(4). Let u be a positive Borel measure of support K. Then, following the proof

of Theorem 2.2, we have v,, = / t"du(t) for every n > 0, if and only if, v, =
K

/ t"du(t) forany n=0,...,r—1land ¢, = / t" 7" P(t)du(t) for n > r, where
K K
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K = supp(p). Moreover, a direct computation allows us to get the following
result.

Proposition 5.2. Under the preceding data, the following assertions are equivalent.

(i) v = [ t"du(t), for every n >0, where K = supp(u).

r—1
(i) vy = [ t"dp(t) forn=0,...,2r—1 andcp,— Y ajcn_j_1 = [} =2 P(t)*dp(t),
j=0
for every n > 2r, where K = supp(p).
It is easy to show that the second assertion of the Proposition 5.2 implies
r—1
2
that cop — Zaj62k7j71 = /[tkiTP(t)} du(t), for any k > r, and if there
j=0
r—1
exists ko > 7 such that cop, — Y. ajcop,—j—1 = 0, then supp(n) C Z(P) U {0}
Jj=0
or equivalently the sequence 7 is an r — GF'S, in which case the sequence C
vanish. This allows us to give a necessary condition for a sequence (4) to be a
moment sequences of some positive Borel measure. Thus, we recover Lemma
2.2 of [10], considered for the special case of the Hausdorff moment problem.

Since the sequence C is a nontrivial, if a sequence (4) is a moment sequence of
r—1

a positive Borel measure p, we have cof > Zaj@k._j_l, for k > r. Hence, we
§=0

can obtain the following.

Proposition 5.3. Let T = {v,}n>0 be a sequence (4). If T is a moment
r—1

sequences of a positive Borel measure i, then cop > > ajcon—j—1 for any k > 7.
j=0

Using Proposition 4.5, we can easily establish the following.

Proposition 5.4. Let T = {v,}n>0 be a sequence (4), p a positive Borel
measure and p a measure given by t"dp(t) = P(t)du(t). Then u is a solution
of the full moment problem (2) associated with T if and only if 1 is a solution
of the truncated moment problem (2) associated with T, = {vn}o<n<r—1 and
{Cn+rtn>0 is a moment sequences of p.

Particularly, when 7 = {v,}n>0 is a sequence of type (3) of order r (i.e
¢n, = 0, for every n > 0), then the second assertion of the preceding proposition
is equivalent to the fact that p is a solution of the truncated moment problem
(2) associated with 7 = {vn }o<n<r—1 and [, t"dp(t) = [, t" " P(t)dpu(t), for
every n > r. The last statement is equivalent to supp(u) C Z(P), and we obtain
Lemma 2.2 of [10] in the particular case of the Hausdorff moment problem.

5.2 Moment problems (2) associated with sequences (4),
with ¢, satisfying (3)
Let consider the linear moment problem (1) for sequence sequences (4), where

the sequence C = {c, }n>, satisfies the linear recursive relation (3). Then, by
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Proposition 4.2, Theorem 4.4, Proposition 4.6 and Theorem 5.1, we get the
following result concerning the Hamburger moment problem for sequences (4).

Theorem 5.5. Let T = {v,}n>0 be a sequence (4). Suppose that C = {cy}n>0
is a sequence of type (3) of order s. Then, a necessary and sufficient condition
that there ezists a measure p solution of the truncated Hamburger moment
problem associated with a sequence T = {vp}n>o is that the Hankel matriz
H, s is positive definite or equivalently det H, > 0 forn=0,1,...,r + s.

Similarly, we get the following result concerning the Stieltjes moment problem
for sequences (4).

Theorem 5.6. Let T = {v,}n>0 be a sequence (4). Suppose that C = {cy,}n>0
is a sequence of type (3) of order s. Then, a necessary and sufficient condition
that there exists a measure p solution of the truncated Stieltjes moment problem
associated with a sequence T = {v,}n>0 is that the two matrices H,1s and
Sris are positive definite or equivalently det H,, > 0 and det S,, > 0 for n =
0,1,...,74+s.

Note that a similar result can be established for the Hausdorff moment
problem.
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